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The Fourier Theorem
If f(x) is a piecewise continuous function on (&, /), then

o5}

f(x) :a—0+z a, cos(n—m)+bn sin(n—ﬂ-x
2 T L

n=l

B

1 nix
where a, =— x)cos| — | dx
=1 e
B
1 nwx
b =— sin| — | d
=g sl 1 as
ngzhalf period

Parseval’s Identity

(o)

%Ij[f(x)]z dx =a—23+2[a3 +b,%]

n=l1
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Question 1

f(x):x, xeR, —r<x<rx.

f(x)=rf(x+27).

Determine the Fourier series expansion of f (x).
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Question 2

A function f(x) is defined in an interval (-L,L), L>0.

a) State the general formula for the Fourier series of f (x) in (-L,L), giving

general expressions for the coefficients of the series.

b) Find the Fourier series of

f(x)=2x, w<xsrx.

(o)

2=

n=l

4(_1)n+1

n

{_

sin(nx)}
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Question 3

2t+2 —1<t<0
(t): 0 0<r<1

f(t)=f(t+2).

Determine the Fourier series expansion of f (7).

(o)

j-t 2 | e

n=l

e a-
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Question 4

1, _
1+4t 4<t<0

r={
I—Zt 0<r<4

f()=f(1+8).

Determine the Fourier series expansion of f (7).

J@n=1)m]
(2n—-1)°
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Question 5

The “Top Hat” function is defined as

for xe R, f(x)=f(x+27).

Determine the Fourier series expansion of f (x).

f(x)=%+%2[(_l) C;’Z[_(f"_l)xw
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Question 6

f(x+2)=f(x)-

Determine the Fourier series expansion of f (x).

2 - cos[(Zn—l)ﬂ'x:l -~ - sin (n7x)
fx)=3 zzz! (2n-1) }zZ{ " }
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Question 7
A function f(x) is defined in an interval (-L,L), L>0.

a) State the general formula for the Fourier series of f (x) in (-L,L), giving

general expressions for the coefficients of the series.

b) Find the Fourier series of

¢) Hence determine the exact value of
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Question 8

A function f(x) is defined in an interval (-7, 7).

a) State the general formula for the Fourier series of f (x) in (-7,7), giving

general expressions for the coefficients of the series.

b) Find the Fourier series of

0 —%SXS—%E
fx)=41 —%ﬂ<x§%ﬂ
1
0 zﬁSxSﬂ

¢) Hence determine the exact value of

1 1 1 1 1
+

35 79 11

2 2n—1 3 5 7 9 11

n=l

—a n+l
P9t {H) Coswx)] Ll
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Question 9

A function f(x) is defined in an interval (@, +2L), L>0.

a) State the general formula for the Fourier series of f(x) in (@@ +2L), giving

general expressions for the coefficients of the series.
f(x)=x,0<x<4.
b) Find the Fourier series of f(x)...

i. ...1inthe interval 0 <x <4, with period 4.

ii. ... in the interval 0<x <4, with period 8, by building a suitable
“extension” to f(x).

Illustrate the solution in each case with a sketch.

x= 2—%2[%sin (%n%x)}
n=I

X

Z
T
n=l

_(_1)n+l

n

sin (

%m)]
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Question 10

A function f(x) is defined in an interval (@, +2L), L>0.

a) State the general formula for the Fourier series of f(x) in (@@ +2L), giving
general expressions for the coefficients of the series.

f(x)zxz, 0<x<l.

b) Find the Fourier series of f(x)...

i. ... 1inthe interval 0 < x <1, with period 1.

ii. ... in the interval 0<x<1, with period 2, by building a suitable
“extension” to f(x).

Illustrate the solution in each case with a sketch.

2

xz:%_'_Z{Cosn(f;;zx)_sin(j;ﬂx)}, x2—l+%i!ﬂcos(mf}c)}

n=l1

e
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Question 11

for xe Ry f(x)=f(x+27).
a) Determine the Fourier series expansion of f(x).

b) Hence determine the exact value of

(%)

r=1

¢) Show that

[e%)

sin%—cos% - 2
(2n+1)° 82

n=0

T 4 COSI:(ZI’I—I))C] = 1 275_2
jo-12 D | Bt
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Question 12

The periodic function f is defined as

Fl1)=

0 -—-1<5t<0
2 0<t<l

forte R, f(t)=f(t+2).

Determine the Fourier series expansion of f (7).

1) :é+2{(_w Xni,cﬁs(”’”) +[(‘2:“ [’ -q]sin(nm)}
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Question 13

f(x)zx, xeR, 0<x<L2rx.
f(x)=r(x+27).
a) Determine the Fourier series expansion of f (x).

b) Hence determine the exact value of

(o)

n=l1

o) e}

sy sin nx (—1)n+1_£
flx)=x 22 n |’ Z 2n—1 4

n=I n=l1
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Question 14

Created by T. Madas

A function f(x) is defined in an interval (-7, 7).

a) State the general formula for the Fourier series of f (x) in (-7,7), giving

general expressions for the coefficients of the series.

b) Find the Fourier series of

f(x)=3x*-72*, —7<x<7.

¢) Hence determine the exact value of

o e
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Question 15

,xeR, —r<x<rx.

f(x)=lx
f(x)=rf(x+27).
a) Determine the Fourier series expansion of f (x).

b) Hence determine the exact value of

(o]

Z(zrl—l)z'

r=1

(o)

T 4 Cos[(Zn—l)x:I 1 :75_2
1145 ﬁz (2n=1)’ ’Z(zr-l)z 3

n=l
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Question 16

f(x)zx, xeR, —-1<x<1.
f(x)=rF(x+2).
a) Determine the Fourier series expansion of f (x).

b) Hence determine the exact value of

oo

(—1)’”l sinn
. .

n=l1

[es)

2 (—1)”+1 sin nzx = (—I)IH-1 sinn 1
F)=2 (St 1
V/4 n n )

n=l
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Question 17
f(x)=x%, xeR, 2<x<2.
f(x)=f(x+4).

Determine the Fourier series expansion of f (x).
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Question 18

A function f(x) is defined in the interval (-7, 7).

a) State the general formula for the Fourier series of f (x) in (-7,7), giving

general expressions for the coefficients of the series.

b) Find the Fourier series of

f(x)=x,-7w<x<m.

¢) Hence determine the exact value of
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Question 19

f(x)=x2, xeR, 0<x<1.

Determine the Fourier series of f(x) as

a) ... as half range cosine expansion.
b) ... as half range sine expansion.
f(x) :%+% [( nz) cos(nﬂ'x)} ,
n=l
() :%Z{%[(z_n%)(_l)" —Z}Sin(nﬁx)}
V4 3 n

iy i 4 ;
e ’ AJ = l
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Question 20

f(x)Z xeR.

7—x 0<x<x
0 7m<x<2r'’

f(x)=f(x+27).
a) Determine the Fourier series expansion of f(x).

b) Hence determine the exact value of

(%)

r=1

s 2cos| (2m—1)x] wa— 1 _7;_2
f(x)_4+2! z(2m—-1)° T ’Z(zr—1)2_8

| =1
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Question 21
f(x)=x2, xeR, —7<x<rx.
f(x)=rf(x+27).
a) Determine the Fourier series expansion of f (x).

b) Hence determine the exact value of

[o)

Z(_l)z,m |

n=l1
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Question 22

f(x)=

f(x)=
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x2, xeR, 0<x<L2rx.

f(x+27).

a) Determine the Fourier series expansion of f (x).

b) Hence determine the exact value of

3 Am? 4 cosnx  zsinnx Z (—l)n+1 _7[_2
3 n* no | n’ 12
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Question 23

Itis given that for xe R, -z <x<r,

W=Z-2 C"S[(Z”‘?x], | =]+ 27
2z (2n=1)

n=l1

a) Use the above Fourier series expansion to deduce the Fourier series expansion
of sgn(x).

b) Verify the answer of part (a) by obtaining directly the Fourier series expansion
of sgn(x).

¢) Hence determine the exact value of

(o)

(_1)r+1
2r—1 -

r=1

] |sen(x)=2 N M iﬂzf

T (2n_4)2 2r—1 4

n=l1

r=l1
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Question 24

f(x)=f(x+7).

Determine the Fourier series expansion of f (x).

(o)

W cos[(4n—2)x] 1 3 (=1)" sin 2nx
“”“TZ (2n-1)7 +EZ "

n= n=

Created by T. Madas



Created by T. Madas

Question 25

A function f(x) is defined in an interval (-L,L), L>0.

a) State the general formula for the Fourier series of f (x) in (-L,L), giving

general expressions for the coefficients of the series.

b) Determine the Fourier series of

x sinhz  2sinhx
et = -
T T

2

n=l1

(-1)" I:Cos(nx) —nsin (nx):I

141>

Created by T. Madas




Created by T. Madas

Question 26

A function f(x) is defined in an interval (-L,L), L>0.

a) State the general formula for the Fourier series of f (x) in (-L,L), giving

general expressions for the coefficients of the series.

b) Show that

e“e 5——5——sinh(ar)

z a“+n

[P - 2espiCOY

¢) Determine the Fourier series of
f(x)=e",a>0,-7<x<rx.

d) Hence find the Fourier series of cosh(ax) and sinh(ax), for —7<x<7.

(o) -

Lo _ sinh (ar) ., 2sinh (arr) Zl(—l)" [ acos(nx)—nsin(nx)]

ar “ a’+n’

n=l1

ar T

cosh (ax) = sinh (ar) y 2asinh(arx) Z!LOSEM)

Sinh(ax) :%Z{n(_gz +S:21(nx)
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Question 27

A function f(x) is defined in an interval (-L,L), L>0.

a) State the general formula for the Fourier series of f (x) in (-L,L), giving

general expressions for the coefficients of the series.

b) Determine the Fourier series of
f(x)=¢e", —m<xsm.

¢) Hence find the Fourier series of sinh x and coshx, for —z<x<rx.

(o) —_

o = sinh 7 + 2sinh 7 2 : (-1)" [cos(nx)—nsin(nx):l

7 75 1+n*

n=

o) B

g n+l .
sinh x = 28inh 7 § n(-1) s;n(nx) ;
V2 I+n

n=l

(o] —_

. . n
Coshx:s1nh7£+2smhﬂ'§ : (=1)" cos(nx) ’

z 7 1+n?

n=l1
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Question 28
A function f is defined by

f(t)=V]cos ot

,teR,
where V' and @ are positive constants.
Show that the Fourier series of f is given by

2V 4V
f(1) =7+7[%cos(2(ot) —%cos(4(ot)+%cos(6(ot)+...]

proof
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Question 1

A function f(x) is defined in an interval (-L,L), L>0.

a) State the general formula for the Fourier series of f(x) in (-L,L), giving

general expressions for the coefficients of the series.

b) Find the Fourier series of

, —W<SXxST.
¢) State Parseval’s identity for the Fourier series of f (x) from part (a).

d) Hence show that

o)

Z;J_“

- (2n-1)" 96"
T 4 C cos| (2n—1)x |
= ,,Z[ — }
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Question 2

A function f(x) is defined in an interval (-L,L), L>0.

a) State the general formula for the Fourier series of f(x) in (-L,L), giving

general expressions for the coefficients of the series.

b) Find the Fourier series of
f(x)=sign(x), -#<x<7.
¢) Prove Parseval’s identity for the Fourier series of f(x) in (-7, 7).

d) Hence show that

' 4 - sin[(Zn—l)x]
w032 P
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Question 3

A function f(x) is defined in an interval (-L,L), L>0.

a) State the general formula for the Fourier series of f(x) in (-L,L), giving

general expressions for the coefficients of the series.

b) Find the Fourier series of

f(x)=%+%sign(x) , =T<x<r.

¢) Prove the validity of Parseval’s identity for the Fourier series of f(x) in the

interval (—L,L) .

d) Hence show that

1, 2\ snlen- )]

[ l+lsign(x):—+—
22 2 7 (2n—1)

n=1
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Question 4
f(x)=x,xeR, —7<x<7.
£(x)=f(x+27).

Use Parseval’s identity for the Fourier coefficients of f (x) to determine the exact

value of

Created by T. Madas



Created by T. Madas

Question 5
f(x)=x2, xeR, —7<x<rx.
f(x)=rf(x+27).

Use Parseval’s identity for the Fourier coefficients of f (x) to determine the exact

value of
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Question 6

A function f(x) is defined in an interval (-L,L), L>0.

a) State the general formula for the Fourier series of f(x) in (-L,L), giving

general expressions for the coefficients of the series.

b) Prove the validity of Parseval’s identity for the Fourier series of f (x) in the

interval (=L,L).

¢) Find the Fourier series of

d) Hence show that
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Question 7

A function f(x) is defined in an interval (-L,L), L>0.

a) State the general formula for the Fourier series of f(x) in (-L,L), giving

general expressions for the coefficients of the series.

b) State and prove Parseval’s identity for the Fourier series of f (x) in (=L,L).

¢) By considering the Fourier series of

ind 6
show that Zi - )
n® 945
n=l1

You may use without proof the following results.

° jx3 sin nx dx =%[nx(6—n2x2)cosnx+3(n2x2 —2)sinnxJ+ C
n

n=1
>is
[ ] - =
n*t 90

n=l1

proof
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FOURIER SERIES
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Question 1

A periodic function f(7) is defined in the interval (=L,L), L>0, f(t+2L)= f(z).

It is further given that f () is continuous or piecewise continuous in (—L,L) and has

Fourier series

o)

ao nit . nit
t)=—+ cos| — |+b, sin| — | |,
FO=5 ) (Lj " (Lj

n=l

L
witll i — f(t)cos[n—mj dt,n=0,1,23, ..
L), L

L
and b, -1 f(t)Sin[n—mj dt, n=1,2,3,4, ..
L), L

Show that the complex Fourier series expansion of f(z) is

, |proof
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Question 2

f+8)=[(1).

f@):¥ ~2<t<2

0 2<t<6’

Determine the complex Fourier series expansion of f (7).

f(t)=%+%2[e‘l‘nmi sinc(%nﬁ)}
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Question 3

Fl1)=

1 0=Zt<a
1 —
{0 a<t<T 4<2 A )=1(1)

Determine the complex Fourier series expansion of f (7).

e 3 ool 5 s )

n=—oo

n#0
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Question 4
f()=t, 0<t<1, f(t+1)=f(1).

Determine the complex Fourier series expansion of f (7).

.
f(f)=§+$

n=—oco

n#0

2|

€

2nrxti

n

|
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Question 5
f(t)=e™ , 0<t<2, f(t+2)=1(1).

Determine the complex Fourier series expansion of f (7).
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Question 6

Determine the complex Fourier series expansion of f (7).

Created by T. Madas

f(t)=cos(mt) —%St<%, f(e+1)=1(1).

(_1)n+1 p2nti

4n® -1
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Question 7
f(t)=sin(m) , 0<r<1, f(r+1)=f(1).

Determine the complex Fourier series expansion of f (7).

2 = 2nrxti
f(t) :_;Z|::n2 —l:l

Nn=—oo0
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Question 8

The function f is defined as

where V and T are positive constants.

Determine the complex Fourier series expansion of f (7).
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