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SUMMARY OF THE LAPLACE TRANFORM

The Laplace Transform of a function f (), 7>0 is defined as

[}

[ (0]=7(5)= j e £(1) d,

0

where se C, with Re(s) sufficiently large for the integral to converge.

The Laplace Transform is a linear operation

Llaf(t)+bg(t)]=aLl] f(r)]+bL[g(r)]-

Laplace Transforms of Common Functions

, ﬁ(tn): :+1
£(1)=§, E(a)=%, 5(;):%2, E(;Z):S%, £(ﬁ):si4,....
. E(e‘”)zﬁ | “”)=Sia
o [(cosat)= e L(sinar)= szjaz
e [L(coshat)= 22 L(sinhar) = A2 ilaz

Laplace Transforms of Derivatives
o L[x(0)]=%()
o L[5(1)]=5%()-x(0)
o L[(1)]= %) - sx(0)~£(0)

. E[x(t)] = s3f(t)—s2x(0) —sx(0)—x(0)
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Laplace Transforms Theorems

1% Shift Theorem

Lle f(0)]=Tls+a) or £[e"E(r)]=F(s~a)

274 Shift Theorem
Llf(t=a)]=e® f(s). t>a or L] f(t+a)]=e®f(s), t>—a.

E[H(t—a)f(t—a)]ze_“sf(s) or E[H(t+a)f(t+a)]=e“s]7(s)

Multiplication by "

Division by ¢
5{@} = Jmf(a) do

t
provided that lim [Mj exists and the integral converges.
t—0 t

Initial/Final value theorem

lim[ f(¢)]=lim[s f(s)]| and lim[f(¢)]=1im[sf(s)]

t—0 §—>00 t—o0 s—0
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The Impulse Function / The Dirac Function

1.

N

w

§(t—c):{°° =L, 50):{«» t=0

0 r#c 0 r=#0

b
1 a<c<b
J- d(r—c) dt:{ a=c

0 otherwise

0 otherwise

’ _ {f(a) a<c<b
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Question 1

Find, from first principles, the Laplace Transform of
f(1)=k, 120

where k 1S non zero constant.

Question 2

Use integration to find the Laplace Transform of

where a is non zero constant.
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Question 3

Find, from first principles, the Laplace Transform of

f(t)=cos(at), 120
g(t)=sin(at), t>0

where a is non zero constant.
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Question 4

Use integration to find the Laplace Transform of

f(r)=cosh(at), t>0

where a is non zero constant.
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Question 5

Find, from first principles, the Laplace Transform of
f(t)=sinh(ar), 120

where a 1S non zero constant.

Question 6

Use integration to find the Laplace Transform of

where n#...—4,-3,-2,-1,0.

METHeD 4 — BY A Retogio) Eonia
(I I

C METHOD B — BY GaMMA Foneriell

( METBD € — B DIFFQOTIATIN W ReRecT o
) A PARAMERD
A "

Created by T. Madas



Created by T. Madas

Question 7

The Heaviside function H(z) is defined as

Determine the Laplace transform of H(7—c).
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Question 8

The Heaviside step function H(z) is defined as

H(t):{l 120

0 r<0

Determine the Laplace transform of H(z—c) f (¢ —c), where f(t) is a continuous or

piecewise continuous function defined for t > 0.

E(H(t—c)f(t—c)) =e E(f(t))

Question 9
Find the Laplace transform of & (t — c) , where c¢ is a positive constant, and hence

state the Laplace transform of &(¢).

L[6(t—c)|=e?|, |£[8(1)]=1
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Question 10
Given that F(t) is a piecewise continuous function defined for ¢ >0, find the

Laplace transform of F (t) 8(z—c), where ¢ is a positive constant.

L[F(1) 8(t-c)]=F(c)e™
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Question 1

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) E(t3+2e_2t)
b) L (e_zt cosh 3t)
c) L (t2 sin t)

Tl

d L

e
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Question 2

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) L(3cos2r—2sinh3r)

b) £(2e™ cosh4r)

¢ L(4re™)

sint
@ ﬁ[TJ

nL
(s-4)

1 s+2
s“+4s+13
2s+ —
23S » 26 .1 s+6 , 4 1 arctan(—j, 3t2e* |, e % cos3t
s°+4 sT=9| |s +65-7 (s+1) s
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Question 3
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Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a)

b)

c)

d)

e)

E(e3t+3sin Zt)
£(3e3t sin2t)

L(tcosh2r)
ﬁ[l_COStj
t
1 S5s+1
(55
sc—5=12

1 S
&)
s°—6s5+10

1

6

6

+
s—3 s> 44

52 —6s+13]

, ln\/

S

+1

C13eM42e7,

e” (cost+3sint)
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Question 4

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

4 2
2 £[2t -:St j

b) E(ezt cost)

¢) L (4rsinh3r)
—t

d) E(e —IJ
t

0 El(%—sj
s2—2s

b C‘l( 2s—10 j

§242s+17

12 2s+ 24 _ )
_4+iz’ 4 S+ > S, ln( P j, 4+5e*|, |e” (2cos4t —3sin4r)
sT s s°+6s—7| [s°+9 s
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Question 5

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) £(2t2—5)
b) £(e'sinh2s)

¢) E(t3 ezt)

d) L(sinZt)
t

3s+4
52 +9

1 2—s
02 ()
s +4s—12

-

i3_§’ 5 2 , 6 ,arctan(gj, 3cos3t+%sin3t —e
s” S| |8 —2s-3 s
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Question 6
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Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) L[(1+2)(1+3)]

b) £(e* sin2)

c) E[St cosh (%t”

. le* (2cos2t —3sin2t)|,

a) E(l—costh
1
o 2514 j
52 —8s+20
e s2—15s+41
| (s+2)(s-3)*
7 2
2 5 6 6 12857 +32 s2+
DR L ) ’ 5| |In 2
S s° S| |sT=6s5+13 (4s2—1) K

3e 4 (1-2)e”
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Question 7
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Determine each of the following inverse Laplace transforms, showing, if appropriate,
the techniques used.

a) c!

b) £

c) o

d !

45> —55+6
(s+1)(s2+4)

s*—81

s +4

oy

65>=2

3e '+ cos 2t —3sin2¢|,

(sin37+ 2sinh3r)

W=

, |tcosh2¢],

1% sint
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Question 8

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) L(cos6r)

b) £(re¥)

© C_l(sz+66s+18]
d) E[(t—3)3H(t—2)J

e) L[45(1=2)]

f) £_1 5¢7°
N

|, l4e®] [sH(-1)

127 sin3¢|,

s> 436
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Question 9

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) L (e3t cosh 4t)

b) E(tz cosht)

) ! (ij

s —6s+18

d) L[H(z—1)sin(3r-3)]

e) E[et 5(t—2)}

s=3 25> + 65

3¢’ ~2(5+2)
2 ; 3 ©
s —6s—17 (s2 _1)

5249

e (cos3t+3sin3t)|,
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Question 10

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) E(tz e_%tj

6s5s+1
b) El( j
952 +1

© E[et_s H(t—S)]

—4s5

186
d) 5(2 }
s°+4

0 z[ﬁ e%té'(t—3)}

H L]e H(i-2)]

(1—6)3, 2 cosh(Le)+sinh (L)), x| AH(t—4)sin(2¢-8)|, [4e7%],
2s+1

3 3
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Question 11

Find each of the following Laplace transforms or inverse Laplace transforms, showing,

where appropriate, the techniques used.

a) E[tsin (%tﬂ

o
(s-2)°

o L[(t-5)H(r-5)]

b) 5{

3 e—2s

s2 1}

e) £[r2 5(t—2)]

d) El{

n c(2)

5 2t

16s t’e

120

, |3H(7—2) sinh (r—2)|, |9 ¥],

(4s2 +1)2
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Question 12

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) £[H(t—2) sin(%t—l)}

e—4s
b) El{ 2}

S

¢) L|2tsint 5(t—§ﬂ

—

d) £ tze_%tH(t—2)}

D -2(s+2)
2 | [~ H(i-4)], |ze ™, 86—[4s2+8s+5}
45> +1 (25+1)°

[YS1=Y
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Question 1

The Heaviside function H(z) is defined as

Determine the Laplace transform of H(7—c).
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Question 2

The Heaviside step function H(z) is defined as

1 120
)=
0 <0
Determine the Laplace transform of H(z—c) f (7 —c), where f(t) is a continuous or

piecewise continuous function defined for t > 0.

E(H(t—c)f(t—c)) =e E(f(t))
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Question 3

The piecewise continuous function f (7) is defined as

4 0<tr<2
f(t)=412-4t 2<t<4
-8 t>4

a) Sketch the graph of f(1).

b) Express f () in terms of the Heaviside step function, and hence find the
Laplace transform of f ().

f(t)=4H(t)=4(t=2)H(r-2)+5(r—4)H(t =4)|.| L (f (1)) == ———

b ExPossog THe U In Tious oF "eavisines

= {o - W - Ulie2) o
+ (-t Heka) —ta-be)icey) ot
+ G-a) H(t-4)

=) = W ¢ (E-WOHM-D) ¢ (st20) BBy
=40 = 4l - 4 (4 + SCE-94EY)

=80 Ly () es(8)
—JE@):;L~§§’$+ v

NE B ﬁmmt‘: 6]
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Question 4

The piecewise continuous function f (t) is defined as

8 0<tr<4

12—t 4<t<6

F)=1" 6" 6<<10
_1

11 2t t>10

Express f(¢) in terms of the Heaviside step function, and hence find the Laplace
transform of f(z).

F(1)=8H(t)—(r—4)H(1=4)+(1—4)H(t—6)—=L(:=10)H (s -10)

2 bl
8 e—4s e—6s e—lOs
‘C(f(t)):;_ |2 + % r e
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Question 5

The piecewise continuous function f (¢) is defined as

T -2t 0<t<3

1 3<t<7
f(r)= -6 7<t<15
0 i-7.5|>7.5

Express f () in terms of the Heaviside step function, and hence find the Laplace

transform of f(z).

F(e)=(7-20)H(r)+2(r=3)H(t=3)+(t=7)H(r=7) - (r—15)H(r =15)-9H(r -15)|,

5(7 —9e_153)—2+ 2e WP IpF
L(f(1))= 5
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Question 6

The piecewise continuous function f (t) is defined as

2.3 - 3 —3s
f(t)zcl[—+ S~ J

s s s
Sketch the graph of f ().

graph
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Question 7

The piecewise continuous function f (¢) is defined as

f(t)=£_l{e 5 (3se2“'—4es+5)}.

a) Determine an expression for f(z).

b) Sketch the graph of f(t).

f()=3H(r)-4(t-1)H(r=1)+5(r—2)H(r-2)

q) T = “ ’H: \' s 5) ;‘ = 7‘ “ S - te” :"‘:
b ®

(s oot (

< S o

{ X . |

5 it ‘,‘ ) t K

NG N % B "\Ll i \

HEDLIN r i
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Question 8

The piecewise continuous function f (t) is defined as

£(t)= [{%(2—26““—6““)} .

Sketch the graphof f (7).

° s et )

( 5 IT: @

(0= ot - 2kpHe-

= 2k ) Wt —

W oo | o |
oct ey + ) 2t
hetee ‘ 2 | st o “ "

A974 | 2t g2t 6t | et

@ (AU B0 LETOING ojeck R NNy AT A=y I=6
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Question 9

The piecewise continuous function f (t) is defined as

—4s —8s
f(t)=£_1|:2_3e 2+e :I

A

Sketch the graph of f ().

graph
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Question 10

The piecewise continuous function f (¢) is defined as

7 _ 96—158 ) - 2 + 26—38_'_ e—7S_ e—ISS

SZ

f(t)=£_l S(

Sketch the graph of f(z).

graph
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Question 11

The piecewise continuous function f (t) is defined as

F)=c (l—e_z“')(l+e_4“') |

S

Sketch the graph of f(z).

graph
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Question 1

The piecewise continuous function f(z) is defined for >0 and further satisfies

flit@)=1(1).

Show from the definition of a Laplace transform, that

)= [

0

proof
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Question 2

and  f(r+2)=f(1),220.

f(t):{_l 0<r<1

1 1<t<?2

Determine the Laplace transform of f (7).
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Question 3

fU) 1 0Ll d
= an
0 1<tk?2

Determine the Laplace transform of f (7).

Question 4

and

f(t):{z 0<1<3

0 3<r<4

Determine the Laplace transform of f (7).

f(t+2)=f(r), t20.

f(t+4)=f(r), 120.
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Question 5

2 0=<t<l
f(t):{0 1<;<3 and  f(t+4)=f(r), 120.

Determine the Laplace transform of f (7).
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Question 6

f(t)=¢,t20 and  f(t+2)=f(1).
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Question 7
f(t)=2t,t20 and  f(t+2)=f(1).

Show that the Laplace transform of f(z) is

2(62S—2s—1)
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Question 8

and

f1)=

sint 0<t<rx
0 T<Lt<2w

Show that the Laplace transform of f(z) is

1

f(t+27)=f (1), t20.

(s2+1)(1+e_’”)

proof
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Question 9
f(t)=2, 120 and  f(t+3)=f(1).
Show that the Laplace transform of f () is

2e3-2-65-95>
s3 (e3s_ 1)

proof

(MY A
Vo Le
&= T o<t <3 Xt o -
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Question 10

The piecewise continuous function f (¢) is defined as

1=2e5+e7

f)=L -
s(l—e )

Find an expression for f (7).

1 051
-1 1<t<?2
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Question 11

The piecewise continuous function f (¢) is defined as

Find an expression for f (7).
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Question 12

The piecewise continuous function f (t) is defined as

3_2_65—9s>
s3(e3s—l)

Fl=c'|*

Find an expression for f(z).

ft)=1* 0<r<3  f(t+3)=f(1)
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Question 1

Use Laplace transforms to solve the differential equation

ﬁ—2x:4, 120,
dt

subject to the initial condition x =1 at t =0.

, x=3e%-2

O THUNs THE UPLACE ToAnSRRU OF THE ob€ j we.T £

. | e -2
= =d LEw T s
© THese Aet supe SHIDAAD RESverg

o - s

Question 2

Use Laplace transforms to solve the differential equation
ﬂ+2y=10e“, x>0,
dx

subject to the boundary condition y=6 at x=0.
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Question 3

Use Laplace transforms to solve the differential equation

Q—4y:2e2x+e4x, x>0,
dx

subject to the boundary condition y =0 at x=0.

Question 4

Use Laplace transforms to solve the differential equation

2
d—g— D oy=26¥. x20,
dx dx

subject to the boundary conditions y =35, ? =7 at x=0.
X

y=2e"+4e"
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Question 5

Use Laplace transforms to solve the differential equation

e dz

—=2=—+10z=10e",
dt dt
) ", . .. dz
subject to the initial conditions z=0, z =1 at r=0.
t

y =e* +cos 3t +sin 3¢
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Question 6
Use Laplace transforms to solve the differential equation
d? y

?—4);:240052)(, x20,

subject to the boundary conditions y =3, % =4 at x=0.
X

[ L ly=4e®+2¢2*~3cos2x

%}"*F aloa , x>o | 2o, y=3 aiu P S

WO Te 0.0.6 1N COMPACT Foldl 4 TALE (ARAG TRANSERIS N

g e A -3
= 5”— 4y = Uhwos2a
— AJ-sy-y -4 - J\ [1““7-‘21] INVOETING- Ghu 0ty SN STt tous )

- 5’5—35—# —ug = N'Z’f'u» Y= 4:+1e‘“»3wh/
2 = o 5
= (F-0F = e T2

G = 3B 2
=9 T " Eaca
S LY

(aGse2] GGG

AL FACINS Mbnly 2y INsttctrony Goort. <2 )
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Question 7
Use Laplace transforms to solve the differential equation
d’y _dy

?4—554‘6)):361‘4'6,

subject to the initial conditions y =4, % =—-17 att=0.
t

y —e M +7e 1 61-4
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Question 8

ﬂ+y=e_t and —-x=e'.
dt dt

Use Laplace transformations to solve the above simultaneous differential equations,
subject to the initial conditions x=0, y=0 at#=0.

, |[x=—cosht+sint+cost, y=cosht+sint—cost

\
OU g .t
at - i
: . | ST © 50 ) xe0, Y=o
A . )%=y Y

Trty=¢
et p 3
ol g=2  WiE-l= SA+ 1B 4+3(2C+D)

T= 5+5430cx)

2 A = —Gdk +lsk tont
e
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Question 9

&,

dx 2
=x+< and
il dt

3
—= F=x.
dt )

Use Laplace transformations to solve the above simultaneous differential equations,
subject to the initial conditions x=1, y=3 at t=0.

x=eX+re¥, y= 3e2t+%te2t
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Question 10

2 2
d—lesﬂ—9y+22ef and d—2y=2x+e3f.
dr dt dt
The functions x= f(z) and y=g(r) satisfy the above simultaneous differential
equations, subject to the initial conditions
dx dy

x=2, y=-3, —=10, —=-1 at r=0.
dt dt

a) By using Laplace transforms, show that

—35° +11s* +90s> — 3845 +198

(s—l)(s—3) ’

(s*-30s+18)7

where y = E[g(t)].

b) Given further that s* =30s+18 is a factor of —3s> +11s* +90s> —3845+198,
find expressions for x and y.

x=4e¥-2¢', y=e¥-4e!
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Question 11

Use Laplace transforms to solve the differential equation

d*x
—+x=f(1),
dt? (1)
J 0 1<0
given further that le,zleatt:O,and f(t)=4t 0<t<x
1
T 1>

x=t+cost—(t—x)H(t—7)+sin(t—7)H(t - 7)
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Question 12

Use Laplace transforms to solve the differential equation

2
d—;+2@+5x=5(t—2),
dt dt

given further that x=0, @:1 at 1=0.

dt

x=e'|sin2r—e* sin(2t—4)H(t—2)}
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Question 13

Use Laplace transforms to solve the differential equation

2
d—;+4@+3x=25(t—6),
dt dt

given further that x=0, @=2 at 1=0.

dt

Created by T. Madas



Created by T. Madas

Question 14

Use Laplace transforms to solve the differential equation

dzy
_+y:f ),
e (1)

given further that ~y=0, % =latr=0,and f (t) is a known function which has a
t

Laplace transform.

You may leave the final answer containing a convolution type integral.

y=sint+j f(u)sin(t—u) du
0
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Question 15

d*x _dx
—+2—+2x=f(1).
52 +2x= (1)

a) Use Laplace transforms to solve the above differential equation, given further

that x=0, ?:0 at t=0, and~ f(r) is. a known function which has a
1

Laplace transform.

You may leave the answer containing a convolution type integral.

b) If f(r)=e* find x=x(t) explicitly.

t
_pila _ . 2
x:jof(t—u) e " sinu dul, x:—%e t[3smt+cost]+%e !
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