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Question 1  (*%)

Show that if y=a at r =0, the solution of the differential equation

=

B ofa? 7).

where a and @ are positive constants, can be written as

y=acosar.

proof
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Question 2 (**+4)

Show that a general solution of the differential equation

5ﬂ:2y2—7y+3

dx
is given by
ye Ae*-3
24 -1

where A is an arbitrary constant.
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Question 3 (**+)

Show that a general solution of the differential equation

S I
dx

is given by
y =lln[26_x (x2 +1)+ K}
2 9
where K is an arbitrary constant.

proof
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Question 4  (**+)

N y241 , x>0, with y=0at x=2.
dx

Show that the solution of the above differential equation is

N
Y 4 x
proof
Question 5 (¥*%)
d
ex—y+y2=xy2, x>0, y>0
dx

Show that the solution of the above differential equation subjectto y=e at x=1,is
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Question 6  (**%)

A curve y= f(x) satisfies the differential equation

dy x+1
-2 ys1,x>-]
Y TR - xe2) T

a) Solve the differential equation to show that
1n(y—5)+%x2 +4x-2In(x+1)=C.
When x=0, y=2.
b) Show further that
2 &L
y=1+(x+1)"e 2" .

proof
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Question 7  (¥*%)

ﬂ+1— > , x>0.

de a0 (x242)(4a2 +3)

Given that yzllnl at x=1, show that the solution of the above differential

276
equation can be written as

proof
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Question 8  (**%)

ﬂ:l—\/},yzo,y;tl.
dx

Find the solution of the above differential equation subject to the condition y =0 at

x=0, giving the answer in the form x=f(y).
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Question 9 (¥*%)

Solve the differential equation

b _, 2

dx y2 ’

subject to the condition y =2 at x =1, giving the answer in the form x= f ().
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Question 10  (**%4)

The function y = f (x) satisfies the differential equation

dy _ 2xy(y+1)

dx sin? (x+%7£) ’

subject to the condition y=1 at x=0.

Find the exact value of y when x = %

1
L] y=r
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Question 11 (***%4)

A curve passes through the point with coordinates [1 , log, (log, e):| and its gradient

function satisfies

ﬂ=2y, xeR, x<2.
dx

Find the equation of the curve in the form y = f ()

[ ], |y=—log, [(2—x)1n2]
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Question 12 (¥¥%%)
dy |y -y

=, —F, x>0, y>0.
dx x4_x2

Find the solution of the above differential equation subject to the boundary condition

y=i at x=2.
V3

Give the answer in the form y = Tx) , where f(x) is a function to be found.
X

[ L r()=v3+47-1
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1T ORDER

BY STANDARD
INTEGRATING
FACTORS
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Question 1  (*%)

Solve the differential equation

dy . . 1.\
d—s1nx+2ycosx—4s1n XCOSX, y(gﬁ)—

17
x 4

Give the answer in the form y= f(x).

y= sin? x + 4cosec®x

Question 2 (*%)

dy . ) .
d—smx =sinxsin2x+ ycos x.
X

Given that y :% at x= % , find the exact value of y at x= %

1+42
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Question 3 (*%)

dy o 30N o 27 _
xa+2y—9x(x +1) , with y=5- at x=2.

Show that the solution of the above differential equation is

\S]O%}

_2(3
y—xz(x +1) ’
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Question 4  (*%)

20_grams of salt are dissolved into a beaker containing 1 litre of a certain chemical.

The mass of salt, M grams, which remains undissolved ¢ seconds later, is modelled
by the differential equation

an oM
dt 20—t

+1=0,r20.

Show clearly that

M =15(10-1)(20-1).

proof
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Question 5 (**+4)

d )
d_y + ky =cos3x, k is a non zero constant.
X

By finding a complimentary function and a particular integral, or otherwise, find the
general of the above differential equation.
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Question 6  (**+)

Given that z = f(x) and y = g(x) satisfy the following differential equations

£+2z:e_2x and Q+2y:z,
dx dx

a) Find z in the form z = f(x)

@,
X

b) Express y in the form y = g(x), given further thatat x=0, y=1,

z=(x+C)e_2x y =(lx2+2x+l)e_2x
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Question 7  (¥*%)
A curve C, with equation y = f (x), passes through the points with coordinates (1,1)

and (2,k), where k is a constant.

Given further that the equation of C satisfies the differential equation

7 d
X —y+xy(x+3) SifF,
dx
determine the exact value of k .
e+1
k =
8e
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Question 8  (**%)

A curve C, with equation y = f (x), meets the y axis the point (0,1).
It is further given that the equation of C satisfies the differential equation

dy
—=x-2y.
dx 4

a) Determine an equation of C.

b) Sketch the graph of C.

The graph must include in exact simplified form the coordinates of the
stationary point of the curve and the equation of its asymptote.
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Question 9 (¥*%)

D=

(1—x2)ﬂ+y:(l—x2)(l—x) , —l<x<l1.

dx

. 1 . . . .
Given that y = at x =—, show that the solution of the above differential equation

Srs

can be written as

y=§ (l—xz)(1+x).

, |proof
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Question 10 (**%)

The general point P lies on the curve with equation 'y = f(x).

The gradient of the curve at P is 2 more than the gradient of the straight line
segment OP .

Given further that the curve passes through Q(1,2), express y in terms of x.

y=2x(1+Inx)
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Question 11 (**%)

XZ

d _
x—y+3y=xe

,x>0.
dx

Show clearly that the general solution of the above differential equation can be
written in the form

2 3 2 —)C2 i
yx~+|x“+1)e ~ =constant.

proof
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Question 11  (**%4)
The curve with equation y= f(x) passes through the origin, and satisfies the

relationship

i[y(xz+1):|=xs+2x3+x+3xy.
dx

Determine a simplified expression for the equation of the curve.
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Question 12 (**%4)

LA s 5

dex (i +2) (42 +3)

1
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, x>0.

Given that y= zlnl at x=1, show that the solution of the above differential

6
equation can be written as

, |proof
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Question 13 (**%4)
dy
2x—4y* )2 +y=0.
( Y )dx Y

By reversing the role of x and y in the above differential equation, or otherwise, find
its general solution.

[ 1 |w*=y'+c
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Question 14  (¥*%%¥)
. . : . . T T
It is given that a curve with equation y= f (x) passes through the point Rl - and

satisfies the differential equation

?—\/tanx sin2x=y.

X

Find an equation for the curve in the form y = f(x).
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Question 15  (¥¥%%)

Find a simplified general solution for the following differential equation.

xﬂ=2x2+2xy+y.
dx

y=Axe “—x
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Question 16 (¥*%%)

The curve with equation y = f (x) has the line y =1 as an asymptote and satisfies the

differential equation

R
X

—x=xy+1, x#0.

Solve the above differential equation, giving the solution in the form y = f(x).
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Question 17  (¥*%%)

It is given that a curve with equation x = f(y) passes through the point (O, ) and

=

satisfies the differential equation

(2y+3x)ﬂ: V.
dx

Find an equation for the curve in the form x= f (y).
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Question 18  (¥*%%)
It is given that a curve passes through the point (=2,0) and satisfies the ordinary

differential equation

ﬂ_ 1
dx x+y2.

Show that an equation of C is
(y+1) +x+1=0.

proof
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Question 19

The variables x and y satisfy

(****)

(2y—x)ﬂ:y, y>0, x>0.
dx

1
If y=1at x=2,show that x=y+—.
y
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Question 20

The variables x and y satisfy
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dy _ vyl
dx  y—x—xy—1

y>0.

If y=1at x=1-1n4, show that y+In(y+1)=0 at x=3.

, , |proof
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Question 21 (Gk¥¥EF)

Use suitable manipulations to solve this exact differential equation.

dy . _ 2 1) _
4xa+sm2y—4cos v, y(z)—O.

Given the answer in the form y = f(x).

, I:l y= arctan{2—%}
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1T ORDER
HOMOGENEOUS
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Question 1  (**+)

Solve the differential equation

2
@:z_(zj >0
dx x ’ ’

subject to the condition y=1 at x=1.
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Question 2 (**+4)

@: (4x+ y)(x+ y) >0

dx xz

a) Use a suitable substitution to show that the above differential equation can be
transformed to

dv 2
—=(v+2) .
xdx (v+2)

b) Hence find the general solution of the original differential equation, giving the
answer in the form y= f(x).

¢) Use the boundary condition y=-1 at x =1, to show that a specific solution of
the original differential equation is

@ -
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Question 3 (**+)

By using a suitable substitution, solve the differential equation

d
xy—y:x2+y2, x>0,

dx

subject to the boundary condition y=1 at x=1.

&
&=

Question 4  (**4)

By using a suitable substitution, or otherwise, solve the differential equation

d
—y=x2+2xy+y2,
dx

subject to the condition y(0)=0.
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Question 5 (**+4)

By using a suitable substitution, solve the differential equation

2
ay _xy+y”

> x>0,
dx X

subject to the condition y =—1 at x=1.
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Question 6  (¥%%)

dy _ x%+3y°

, x>0, y>0.
dx Xy

show.that

Given the boundary condition y(1)= % ’

, |proof
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Question 7  (¥*%)

By using a suitable substitution, solve the differential equation

Q_x3+y3

dx Xy 2

subject to the condition y=1 at x=1.

vy =x*(3lnx+1)

Question 8  (¥*%)

By using a suitable substitution, solve the differential equation

d
2x2—y=x2+y2, x>0,
X

subject to the condition y(1)=0.

\
T
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Question 9 (¥*%)

By using a suitable substitution, solve the differential equation

d
x—y—y:xcos(lj, x#0,
dx X

subject to the condition y(4)=7.

The final answer may not involve natural logarithms.

dy )
bV
\\\\\\\\
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Question 10 (**%)
d
xyd—yz(x—y)2 +xy, y(1)=0.
4

Show that the solution of the above differential equation is

y
(x—y)er=1.

proof
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Question 11 (*¥%)

Use the substitution y=xv, where v=v(x), to solve the following differential

equation

In x
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e Bl g B
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Question 12 (**%)

Solve the following differential equation

dy 3x+2
D272 y1)=3.
dx 3y-=2x

Give the final answer in the form F(x,y)=12

[ ] ]3y*—dxy-3:2=12
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Question 13 (**%4)

Find a general solution for the following differential equation

(2x+ y)ﬂ+x=0.
dx

The final answer must not contain natural logarithms.

LX
y+x=Ae ™
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Question 14  (**%4)

Solve the following differential equation.

(xy+4x2)%:2y2+9xy+6x2, y(%)zO.

(y+2x)2:x2(y+3x)

@ PACTAC FoAcont B INWetiod (eoued 0v)

® Howe THE 0D.E BeComts

—yvexgl o X rnaEre?
Ay + A2

28 Ay + 6

— Ve u%{

A+ 4w

; 2
= (y+2) =
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Ax(yae)
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8o sk
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= ) s Py
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Question 15  (¥¥%%)

Solve the differential equation

dx B 2

Give the answer in the form y* = f(x).

d 4,202 44
(xyz)—x r Yy Ty ,y(e):\/ze.
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Question 16  (¥#%%)

Solve the differential equation

A T S A SIAAD YMoGaNe
O=NT | bHRe V=)
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Question 17  (¥*%%)
It is given that a curve with equation f (x,y)=0 passes through the point (0,1) and

satisfies the differential equation

X
dx x2+y2

By solving the differential equation, show that an equation for the curve is

2

2y2

, |proof

D0 ODE (I + 4puiotedous 24S Wihaf 1y
STHNOAOD SURSTITUTION

V@)

S e ol
o = Y Mgy

€. AND SOWE By SEPALATING VAUIARLLS

Ly ou SN | =ty oty A
" gt | = - =-hosa

M ..' I (SR R TS
ax o B2 i 20

= viad o _V_ = h(x) = A+l
ax + o

= adu - _V 1 = hy = A+ i
c s
ax 2

Created by T. Madas



Created by T. Madas

1T ORDER
BERNOULLI TYPE

Created by T. Madas



Created by T. Madas

Question 1  (**+)

a) Show that the substitution z = 5
y

into the new differential equation

transforms the above differential equation

£+2z =—4x.
dx

b) Hence find the general solution of the original differential equation, giving the

answer in the form y? = f (x).

2
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Question 2 (**%)

a) Use the suitable substitution to solve the differential equation

xzd—§+xy:y2, y(%)zZ.

Give the answer in the form y= f(x).

b) Verify the answer of part (a) by solving the above differential equation with
an alternative method.

[T, |y=—2

0 @ ST ¥ Pe-LdmbME O E = hlv-2l- lvl = 2l £ A
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Question 3 (**%)

Solve the differential equation

x%+y :4x2y2, y(%) =2.

Question 4  (**%)

By using a suitable substitution, solve the differential equation

xyﬂ+2y2 =x, y(1)=0.
dx

Give the answer in the form y> = f (x).
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Question 5 (¥*%)

Solve the differential equation
dy

—+y=dx’, y(0)=
dx

6~

Give the answer in the form y* = f(x).
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Question 6  (¥**4)

dy 2y
dx X

Given that y(1) =1, show that

- 3x+2x° '

:y4’ x>0, y>0_

proof

Created by T. Madas




Created by T. Madas

Question 7  (¥*%4)

Solve the differential equation

dy  xy 3
—+ =y, y(0)=1.
dx 1+ x> v (0)

Give the answer in the form y* = f(x).

R 1
y =
(1 +x2 ) (1—2arctan x)
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Question 8  (*¥**4)

Solve the differential equation

ﬂ:y(1+xy4), y(0)=1.

dx
1 r
—=—(1+3e7)-x
Yy
. - »
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Question 9 (¥**¥)

A curve C passes through the point (1,1) and satisfies the differential equation

d 3
_y_l:x_:;, x>0’ y>0,
dx x 4y

subject to the condition y=1 at x=1.

a) Find an equation of C by using the substitution z = y4.

b) Find an equation of C by using the substitution v = 4

Give the answer in the form y* = f(x).
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15T ORDER
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DIFFERENTIATION

TECHNIQUES
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Question 1  (**+)

dy 12x+7
22T y()=1.
dx 6y—Tx

Use a method involving partial differentiation to show that the solution of the above
differential equation can be written as

(ax+by)(cx+dy) =10,

where a, b, ¢ and d are integers to be found.

(3x=y)(2x+3y) =k
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Question 2 (**%)

Solve the differential equation

dy _2xy+6x
dx 4y3_x2’

subject to the boundary condition y=1 at x=1.

Created by T. Madas

x2y+3x2—y4=3
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Question 3 (**%)

Find a general solution of the following differential equation

dy y(y2—3x2+1)
dx x(x2 —3y2—1) '

xy(x2 - y2 —1) = constant
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Question 4  (¥*%)

Find the solution of the following differential equation

dy _ 1—3x2y
dx = ¥ +2y’

subject to the boundary condition y=1 at x=1.

x3y+y2—x=1
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Question 5 (¥*%)

Solve the differential equation

dy _ 42— y(2€2x+1)

B

dx e+ x

subject to the boundary condition y=2 at x=0.
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Question 6  (¥*%4)

Find a general solution of the following differential equation

dy cosxcosy+ sin? x

dx  sinixsiny+cos’ y

1

sin x cos y—Z(sin 2x+sin2y)+=(x—y)=constant

=
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Question 7  (¥*%)

Determine the solution of the following differential equation by looking for a suitable
integrating factor.

2
d xX+y
_y:—( ) . y(1)=1.
dx 1-2xy—x

X =3y+3xy(x+y)=4
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Question 8  (*¥**4)

Find a general solution of the following differential equation by looking for a suitable
integrating factor.

dx xlnx
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Question 9 (¥**4)

a) Find an integrating factor for the above differential equation and hence show

Y=y2oa?

b) Verify the answer of part (a) by a solving the differential equation by a
suitable substitution.

proof
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Question 10  (**%4)

Find a general solution of the following differential equation by looking for a suitable
integrating factor.

x? :—2+4yzlny+Cy2

©

6]

NN AN YN S A, SN~ S SNV

Question 11  (¥*%4)

Find a general solution of the following differential equation by looking for a suitable
integrating factor.

dy _2y-2y°
dx = 2xy—x
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Question 12 (**%4)

Find a general solution of the following differential equation by looking for a suitable
integrating factor.

G Fom
dx  4y+9x>

3x2y3 i y4 =C
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Question 13 (¥*%4)
dy
(2x-4y?) =+

By finding a suitable integrating factor for the above differential equation determine
its general solution.

xyz—y4=C

@ULTIRY Thoouc Y THe 1HRQATIG. AT
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Question 14  (**%4)

Find a general solution of the following differential equation by looking for a suitable
integrating factor.

dy _ Y +ay+y
dx x+2y

ye'(y+x)=C
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Question 15 (**%4)

Determine the solution of the following differential equation by looking for a suitable
integrating factor.

x?(x+y)+y(3x+y)=0, y(1)=1
X

2yx3 +x2y2 =3
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Question 16  (***+)

Determine the solution of the following differential equation by looking for a suitable
integrating factor.

ﬂ+ﬁ+l+l:0, y(1)=1.
dx 'y x vy

3xt +4x° +6x%y? =13
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Question 17  (¥*%4)

Determine the solution of the following differential equation.

2
&_X L2 0)=2.
dx 'y x

y2 =6x*—2x°
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Question 18  (¥*%%)

Determine a general solution of the following differential equation by looking for a
suitable integrating factor.

dy _ 2xyte’+ 20+ y

dx 3x+xly?=x2yter
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15T ORDER
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Question 1  (*%)

By using a suitable substitution find a general solution of the differential equation

d
Doy,

dx

giving the answer in the form y = f(x).

y=Ae'=x-1

Question 2 (*%)

@:x+2y,with yz—% at x=0.

dx

By using a suitable substitution, show that the solution of the differential equation is

y==2(2x+1).

proof
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Question 3 (*%)

Use the substitution ¢ = \/; to solve the following differential equation.

d
—y:y+ y, y>0, y(0)=4.
dx

Given the answer in the form y = f(x).

1
[ 1. |y=9¢"~6e2"+1

S s = Ae?

Hppy oo 3e0 gt Vi A=3

E28

= el = 3e

R
Codx (2

- = (20
>y e -1)
)= et —sePy|
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Question 4  (¥*%)

Solve the differential equation

D _(9x+4y+1)>, y(0)=-

iy
dx 4

Give the answer in the form y= f(x).

—x+§tan6x

8

<
|
|
N
INV

Question 5 (**%)

Use a suitable substitution to solve the differential equation
dy  x+y

@ as3(ery) MO

21n|x+y—2|=3—x—3y
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Question 6  (**%)

Use the substitution y =e* to solve the differential equation

x@+ ylny=2xy, y(l):ez.
dx

Question 7  (¥*%)
Use the substitution z =sin y to solve the differential equation
dy

x=cosy—siny=x*Inx, y(1)=0
dx

subject to the condition y=0 at x=1.

siny:lenx—x2+x
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Question 8  (***+)

Use a suitable substitution to find the solution of the following differential equation.

(3x—y—1)@:3x—y+3, y(2)=2.
dx

x—y+2InBx—y-3|=0
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Question 9 (¥**4)

Use a suitable substitution to solve the following differential equation.

Q+ y+l=y+1, y>-1, y(0)=3.
dx

Given the answer in the form y = f(x).

1
[ ] [y=e's2e”

O THE SBSTOTON, Y= J9 1 Geruns, T WSO Ao Ty 07
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28l 4y = w2
o oRE \

= =i = A
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4=y = l2-le &
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Question 10 (**%4)

a) By using the substitution z = x>+ y2 , solve the following differential equation
d
2xy—y+ y2 =2x—3x%,
dx

subject to the condition y=1 at x=1.

b) Verify the answer to part (a) by using the substitution z = y2 to solve the
same differential equation and subject to the same condition.
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Question 11  (**%4)
A curve with equation y= f(x) passes through the point with coordinates (0,1) and

satisfies the differential equation

d
24 3= ge”,

Y dx

By finding a suitable integrating factor, solve the differential equation to show that

Y =3e =27,

, |proof
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Question 12 (**%4)

A curve with equation y=f(x) passes through the origin and satisfies the

differential equation

2y(1+x2)%+xy2 :(1+x2)%.

By finding a suitable integrating factor, or otherwise, show that

) x> +3x

g :3\/x2+1.
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Question 13 (¥%%%)

Solve the differential equation

dy x+y-3
dx ‘x+y-5’
subject to the condition y:% at x:%.

x+y—4=¢e"7
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Question 14  (¥*%%¥)

Find a general solution of the following differential equation

dy
Y

—+x=2y.
x
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Question 15 (¥*%%¥)

ﬂ:tan(x2+2y+ﬂ') - X, y(())=

T .
dx

1
4
Solve the above differential equation to show that

y= —%[xz + 7 +arcsin (ezx” :
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Question 16 (¥*%%)

%(x+y2)=y.

a) Solve the above differential equation, subject to y=1 at x=1 by considering

? , followed by a suitable substitution..
Y

b) Verify the validity of the answer obtained in part (a).
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Question 17  (¥*%%)

dy x+y+3
T2 y(0)=0.
dx x+y-1

Show that the solution of the above differential equation is

y—x—=2In(x+y+1)=0.

proof
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Question 18  (¥*%%)

Given that v= y)c_2 find a general solution for the following differential equation.

@—Qzlogve, u>0, u+l.
dx x

Given the answer in the form f (x, y)=constant .

|:| ’ 1 _%[1 —In (yx—zﬂ = constant

X X
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Question 19 (¥*%%¥)

Use a suitable substitution to solve the following differential equation.

D gy =2 41627, y(0)=-6.
dx

Given the answer in the form y = f(x).

4x(2e4X—1)—2(2e4X+1)

2e* 1
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Question 20  (¥*¥%F)

Sketch the curve which passes through the point with coordinates (1,2) and satisfies

1dy+ X _\/x2+y3

9y y 2

2 dx 3y2 y
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Question 21  (¥¥%%¥)

Use a suitable substitution to solve the following differential equation.

D (emy42)?, y(0)=4.
dx

Given the answer in the form y = f(x).
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Question 22  (***%4)

d? +4
YT )2 k0.

dx’ x2

Find a general solution for the above differential equation.

_2+2Ax*
x—Ax
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Question 23 (***%4)

Q:3x—y+1 (1)=2
dx  x+y+1’ '

Solve the differential equation to show that

(y—x)(y+3x+2)=7.
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Question 24  (*¥**4)

dy  2x+5y+3
dx  4x+y-3~

y(1)=1
Solve the differential equation to show that
(y—2x+3)2 =2(x+y).

proof

Created by T. Madas



Created by T. Madas

Question 25  (***%4)

Solve the following differential equation

dy 2x+y-1
dx x+2y+1’

to show that
(x=y)(x+y-2)(x- y—2)2 = constant .

proof
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Question 26  (***%4)

Solve the following differential equation

dy 2x+3y-7
dx 3x+2y-8

Give the answer in the form (y —x—l)5 = f(x,y), where f(x,y) is afunction to be

found.

(y—x—1) =y+x-3
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Question 27  (***%4)

%(x+y2)=y.

a) Solve the above differential equation, subjectto y =1 at x=1.

b) Verify the validity of the answer obtained in part (a).
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Question 28  (***%4)

Find a general solution for the following differential equation

dy__ 4y
dx —=x+arctany

—arctan y

x=—1+arctan y+Ae

dy
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Question 29  (***%4)

2+(x+1)%=x(x+2)+y.
x

Solve the above differential equation, subject to y(2)=0.

y=x2—2x
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Question 30  (***%4)

L &, , y+x#0, tosolve the following differential equation

Use the substitution v =
y+Xx
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Question 31  (F*x*%F)

Solve the differential equation

dy_l—xy+)c2y2 0
E_—xz_y); , x>0,

subject to the condition y(1)=0.

2xy—)c2y2 =2Inx
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Question 32  (Gk¥¥EF)

Find a simplified general solution for the following differential equation.

dyY d
(xz—l) d—i =2xy d—)yc

+y2=1.

(A+y\/ﬁ)(y+3x+C)=O

o (du\*
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Question 33 (Gk¥¥EF)

Find a general solution for the differential equation

y 2
dr_y-x’ L
dx  x+yx

ye¥ =Cx
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Question 34  (kFFEF)

Solve the differential equation

d 24
—y:—%, x#0, y>0,
dx  x+yx“+x’y

subject to the condition y (%) =1.

2x2y21ny =2xy+1
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Question 35  (Gk¥¥EF)

The positive solution of the quadratic equation x*=x=1=0 is denoted by ¢, and is
commonly known as the golden section or golden number.

a) Show, with a detailed method; that F (x)=f(¢)x*(®)" is a solution of the

differential equation,
F/(x)=F ().
where f and g are constant expressions of ¢, to be found in simplified form.

b) Verify the answer obtained in part (a) satisfies the differential equation, by
differentiation and function inversion.

[You may assume that F (x) is differentiable and invertible]
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