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Question 1

The smooth function f = f (x,) satisfies

o _of
dx dy

Find the general solution of the above partial differential equation by using the
transformation equations

x=u+v and y=u-v.

f(xy)=F(x+y)
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Question 2
The smooth function z=z(x,y) satisfies
0z 0z

Yoo EX—=xy

ox dy

Find the general solution of the above partial differential equation by using the

transformation equations

Lt=)62+y2 and v=x2—y2.

z(xy)
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Question 3
The smooth function z=2z(x,y) satisfies
9z 9
e :6()c+y)2 z2.

_+_
ox dy

Find the general solution of the above partial differential equation by using the

transformation equations

E=x+y and n=x-y.

— Z(x’y):_()6+y)3—f(x—y)
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Question 4
The smooth function z=z(x,y) satisfies
dz dz _

—+—=1.
ox dy

Find the general solution of the above partial differential equation by using the
transformation equations

x=u’+v> and y=u2—v2.
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Question 5
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oz

(x+y)%+(y—x)—=0.

ox dy

u:%ln(x2+y2) and v =arctan

Transform the above partial differential equation using the equations

Y

X

Lo 1

ORTHW PACTIAL DEWIATIRS RO IK TRAMGUIATION SUATIONS
[ophe@] [ ()

e ) it -
Pyt TIE Figr
R O .
e YT TR wE
WX GET GOSN Fot e x(un) 4 m=wluy
= ln(ay) = 4
02: () elov= L
e g Y= by
g Sar §= aadv
@ = phav
= d v
o RCirbd)
<= atedy
e‘*W: SURECY
= < wy)]
= 4= abwy

= u-~ (& 0V
= Y= (a2

=
= |y= |

Created by T. Madas

OB AU THE DEUWDATILS o GPSIonS

[ o] [fpe-m] (-] (32 ]
xuy = c:w + t:mN = e:(mv&svw: W e
yra=e W - el = e (stov - cosy)

fomne 32 4 a::s W B o e
o230 | gerkdmate

NOXT W AN TE P.DE
- @)+ @NT =0

s & 22 . [’a 2 fav]_
= S| By B+ & (o o) BB S0

= Canvini) | Brten- Bysmi |+ Conv-ton)] By + B ] =0




Question 6
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The function z depends on x and y so that

Show that the partial differential equation

can be simplified to

z=f(uv), u=x=2yy and v=x+2y.
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Question 7

The above partial differential equation is Laplace’s equation in a two dimensional
Cartesian system of coordinates.

Show clearly that Laplace’s equation in the standard two dimensional Polar system of
coordinates is given by

¢ 10p 1%

L~ "0

ort. ror r?96°
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FIRST ORDER P.D.E.s
0z

%:F(x,y,z) or —:G(.X,y,Z) fOf Z:Z(Xa)’)
ox dy
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Question 1

It is given that z = F(x,y) satisfies the partial differential equation

%+2yz:xy3.
dy

Determine a general solution of the above partial differential equation.
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FIRST ORDER P.D.E.s

(by linear transformations)

A%+B%+CZZG(x,y), z=2z(xy)
0x dy
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Question 1

It is given that y =y (x,y) satisfies the partial differential equation

Y _40¥ _ 2
ox dy '

Use the transformation equations

E=Ax+By and n=Cx+Dy, AD-BC=#0

with suitable values of A, B, C and D, in order to determine a general solution of
the above partial differential equation.

[ L |w(ey)=gx+/(4x+3y)
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Question 2

It is given that z=z(x,y) satisfies the partial differential equation

o o
ox Ody

Use the transformation equations
u=ax+by and v=cx+dy, ad—-bc#0

in order to determine a general solution of the above partial differential equation,
showing further that this general solution is independent of the choice of values of
the constants of a, b, ¢ and d .

z=¢"F(x—y) or z=e"G(x—y)
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Question 3

It is given that z=z(x,y) satisfies the partial differential equation

Use the transformation equations
E=Ax+By and 7n=Cx+Dy, AD-BC=0

with suitable values of A, B, C and D, in order to determine a general solution of
the above partial differential equation.

z=x=1+e " f(x-y)
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Question 4

It is given that ¢ = @(x,y) satisfies the partial differential equation

Jdp Jdg

— ———=sinx+cosy.
ox dy

Use the transformation equations

u=ax+by and v=cx+dy, ad—-bc#0

with suitable values of a, b, ¢ and d , in order to determine a general solution of the
above partial differential equation.

@(x,y)=F(x+y)—cosx—siny

Created by T. Madas



Created by T. Madas

Question 5

It is given that z=z(x,y) satisfies the partial differential equation

%+3%—2z+4y2—22y+4x+13=0.

ox dy
Use the transformation equations

u=ax+by and v=cx+dy, ad—-bc#0

with suitable values of a, b, ¢ and d , in order to determine a general solution of the
above partial differential equation.

z=2y"+2x—5y+e** f(3x—y)
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Question 6

It is given that ¢ = @(x,y) satisfies the partial differential equation

2%+a—¢+6¢:37siny.

ox dy

Use the transformation equations

u=Ax+By and v=Cx+Dy, AD-BC=#0

with suitable values of A, B, C and D, in order to determine a general solution of
the above partial differential equation.

@(x,y) = 6sin y—cos y+e ¥ f(x—2y) =6sin y—cos y+e ) g(x—2y)
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Question 7

It is given that ¢ = @(x, y,z) satisfies the partial differential equation

Use the transformation equations

u=ax+by+cz, v=ax+byy+cyz and w=ayx+byy+cz,
a b ¢
where |a, by ¢,|#0,

az by o

in order to determine a general solution of the above partial differential equation.

p(x,y,2)=fx—y.y—z]e’
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FIRST ORDER P.D.E.s

(by transformations)

A(x,y)%+B(x,y)%+C(x,y)z =G(xy),
ox dy
z=2z(x,y)
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Question 1

Itis given that y = f (x,y) satisfies the partial differential equation

Use the transformation equations
u=u(x,y) and v=v(x,y),

for suitable functions u# and v, in order to determine a general solution of the above
partial differential equation.
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Question 2

It is given that z=z(x,y) satisfies the partial differential equation

x%—7y% = 5x2y.
ox dy

Use the transformation equations
u=u(x,y) and v=v(x,y),

for suitable functions u# and v, in order to determine a general solution of the above
partial differential equation.

Z(x,y):f(yx7)—yx2
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Question 3

It is given that ¢ = @(x,y) satisfies the partial differential equation

2%+a—¢+6¢:37siny.

ox dy
Use the transformation equations
u=u(x,y) and v=v(x,y),

for suitable functions u# and v, in order to determine a general solution of the above
partial differential equation.

@(x, ) =6sin y—cos y+e " f (x—2y) =6sin y—cos y+e ¥ g (x—2y)
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Question 4

It is given that z=z(x,y) satisfies the partial differential equation

aZ 2 aZ 2
—— X —+ =3x .
xyax dy ¥z y

Use the transformation equations
u=u(x,y) and v=v(x,y),

for suitable functions u# and v, in order to determine a general solution of the above
partial differential equation.
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FIRST ORDER P.D.E.s

(by Lagrange’s method)

0z

o
P(x,yaz)g_i_Q(x’yaZ) 4

—=R(x,y.2), z=2z(xy)
dy
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Question 1
It is given that z=z(x,y) satisfies the partial differential equation
0z

a+g—§:cos(x+y).

Use Lagrange’s method, to determine the general solution of the above partial
differential equation.

z=%sin(x+y)+f(y—x)
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Question 2

It is given that z =z(x,y) satisfies the partial differential equation

Use Lagrange’s method to determine the general solution of the above partial
differential equation.

X

z=x-1+e" f(x=y)
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Question 3

It is given that z =z(x,y) satisfies the partial differential equation

0z 0z
X—=y—

ox T~ dy

Use Lagrange’s method, to determine the general solution of the above partial
differential equation.

z=f(xy)
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Question 4

It is given that z =z(x,y) satisfies the partial differential equation

aZ+3aZ =

—+3—=62.
ox  dy :

Use Lagrange’s method to show that the general solution of the above partial
differential equation can be written as

6
z(x,y)=¢e"*g(3x-y),
where g is anarbitrary function of 3x—y.

proof
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Question 5

It is given that z =z(x,y) satisfies the partial differential equation

202 _ 2

d
x2—Z+y zZ".

ox dy

Use Lagrange’s method to determine the general solution of the above partial
differential equation.
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Question 6
It is given that ¢ = @(x, y) satisfies the partial differential equation

P

—secx+a—¢ = cot
ox dy Y

Use Lagrange’s method, to determine the general solution of the above partial
differential equation.

@(x,y) =In|sin y|+ f (y—sinx)
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Question 7
It is given that z =z(x,y) satisfies the partial differential equation
dz

—secx+% =cosy
ox dy .

Use Lagrange’s method, to determine the general solution of the above partial
differential equation.

z(x,y)=siny+ f(y—sinx)
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Question 8
It is given that z =z(x,y) satisfies the partial differential equation
dz .0z

—+2—=tanh(x+Yy).
ox dy anh (x+7)

Use Lagrange’s method to determine the general solution of the above partial
differential equation.

Z(x,y):f(2x—y)+%ln[cosh(x+ y):|
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Question 9

It is given that z =z(x,y) satisfies the partial differential equation

o) o)
xz—z+ yz—Z+x2+y2 =0.
ox dy

Use Lagrange’s method to determine the general solution of the above partial
differential equation.

,,,,,
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Question 10

It is given that z =z(x,y) satisfies the partial differential equation

Use Lagrange’s method, to determine the general solution of the above partial
differential equation.

z2=2x(y—x)+f(x—y)
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Question 11

It is given that z =z(x,y) satisfies the partial differential equation

2 2
(y-x)Es (yrn) L oY
ox ady Z

Use Lagrange’s Multipliers method for derivatives, to find the general solution of the
above partial differential equation.

745 yz—x2+f[2y2—(x+ y)z}
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Question 12

It is given that z =z(x,y) satisfies the partial differential equation

P) P)
X(y—Z)a—i+y(z—X)£=Z(x—y)-

Use Lagrange’s Multipliers method for derivatives, to find the general solution of the
above partial differential equation.

x+y+z:f(xyz) or xyz:g(x+y+z)
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Question 13

It is given that z =z(x,y) satisfies the partial differential equation

(P =2) Sy (2= ) E =2 2).

Use Lagrange’s Multipliers method for derivatives, to find the general solution of the
above partial differential equation.

xyzzf(x2+y2+zz) or x2+y2+12=g(xyz)
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Question 14

The surface S has Cartesian equation
z=f(xy).
The tangent plane at any point on S passes through the point (0,0,—1).

a) Show that

dz 0z
—+y—-z=1.
xax yay :

b) Hence find the general expression for an equation for § .
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FIRST ORDER P.D.E.s

(Boundary Value Problems)

0 o
P(x,y,z)a—i+Q(x,y,z)a—)Z;=R(x, v,z2), z2=2(x,y)
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Question 1

Jz 10z
—4+——=cosx .

ox 20t

Solve the above partial differential equation given that z = z(x,7) and further satisfies

the initial condition z(x,0)=0.

z(x,y) =sinx—sin(x=2t)
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Question 2

It is given that z =z(x,y) satisfies the partial differential equation

az+8z:

—=2 .
ox dy 2(x+7)

a) Use the transformation equations
u=x+y and v=x-y,
to find a general solution for the above partial differential equation.

b) Given further that when z(x,y)= x> at x+ y=1, find the value of z(1,0).

[ 1 Z(x,y)=g(x—y)e%(”y)2, 2(1,0)=1
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Question 3
It is given that z =z(x,y) satisfies the partial differential equation
0z 0z

2—+3—=z.
ox dy ©

Given further that z=y at x=1 for all y, find the solution of the above partial
differential equation.

[ 1 |elen) = (3-3vr2y)e?
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Question 4
It is given that z =z(x,y) satisfies the partial differential equation
dz dz _

et =
ox dy ©

Given further that z(x,O) =cosx, find the solution of the above partial differential

equation.

z(x,y)=e"cos(x—y)
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The surface S, with equation z = z(x,y), satisfies the partial differential equation

202 | 202

+y? =472 =0.

ox dy

The plane with equation z =1 meets S on the curve with equation xy=x+y.

Find a Cartesian equation of S, in the form z= f(x,y).

1

Lx-1
i=4(3-3x+2y)e2
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Question 6
The surface S, with equation z =z (x, y) , satisfies the partial differential equation

S contains the curve with equation

xy=1, z=x, Vx ..

Find a Cartesian equation of ' S, in the form z= f(x,y).

1

z(x,y)zﬁ—xy+1
y
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Question 7

The surface S, with equation z =z (x, y) , satisfies the partial differential equation

2 \0z 0z _
(x +1)a—x+2xy$—xy—0.

S contains the curve with equation
z(x1)= (x2 +1)

Find a Cartesian equation of S, in the form z> = f(x,y).
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Question 8

It is given that z =z(x,y) satisfies the partial differential equation

az+%:
ox dy

2z(x+Yy).

Given further that when z(x,y)=x” at x+y=1, find the solution of the above

partial differential equation.

z(x.y)=

(x—y+l)zexp[%(x+y+1)(x+y—l)}

N
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Question 9
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It is given that z =z(x,7) satisfies the partial differential equation

ox o

e, % =0, z(x0)=tanhx.

Find the solution of the above partial differential equation, in the form z = f (x,7).

I:I’ Z(X,y)=—tanh[ln(t+e_x)}
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Question 10

It is given that z =z(x,y) satisfies the partial differential equation

Jz 0oz 2
Zax Zat y—x, Z( a)’) y

Find the solution of the above partial differential equation, in the form 2= f(xy).

z =2xy+(x+y—1)4—2(x+y—1)
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Question 11

The surface S, with equation z =z (x, y) , satisfies the partial differential equation

x%—3y%:x2y.

a) Use the transformation equations
E(x,y)=Inx and 7(x,y)=Iny,

to transform the above partial differential equation into one with constant
coefficients.

b) Given further that z(1,y)=y, find a Cartesian equation of S, giving the

answer in the form z= f(x,).

9z _ 3% — 26t

ox dy ’ Z(X,y):2x3y+x2y
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Question 12

It is given that u =u(x,y) satisfies the partial differential equation

12

Find a simplified expression for u=u(x,y), in the form u(x,y)= f(x,y)e®"

where f is a function to be determined.
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Question 13

The surface S, with equation z =z (x, y) , satisfies the partial differential equation

0z 0z
2—+3—=z.
ox dy ¢

It is further given that

z(x,0)=tan3x, 0<x<1.

Find a Cartesian equation of S, in the form z= f(x,y), further describing the

relation of S to the x-y plane.

z(x,y):%(Sex+1)tan(3x—y), 3x—3<y<3x
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Question 14

The function f, with equation z = f (x, y), satisfies the partial differential equation

(r-2)5 (-0 G =,

It is further given that

f(x,y)=0, when y=2x.

Find a Cartesian equation of f , giving the answer in the form z= 1 (x,y).

z(x,y):—x—y+%\/5x2+5yz+5z2
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Question 15

The surface S, with equation z =z (x, y) , satisfies the partial differential equation

XZ%+ z%—
ox yay o

The plane with equation z =1 intersects S along the curve with equation
.2
y=2x", -1<x<l.

Determine a Cartesian equation of S, giving the answer in the form 2= f(xy),

sketching the projection of S on the x-y plane.
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Question 16

The surface S, with equation z =z (x, y) , satisfies the partial differential equation

a) Find a general solution of the partial differential equation.

The plane with equation y =0 intersects S along the curve with equation
z=sinx, I<x<?2.

b) Find a Cartesian equation of S, giving the answer in the form 2= f(xy),
sketching the projection of S on the x-y plane.

¢) Show that the characteristic curves of the partial differential equation are the
intersections of the families of two circular cylinders.

z(x,y)zﬁ—xy+1
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Question 17
It is given that z = z(x,7) satisfies the partial differential equation

0z
= (-1
xax+(t )

0z
—=0.
ot

It is further given that

B 1-x? |x|<1
Z(x’o)_{ 0 |41

Solve the above partial differential equation, and hence evaluate z(%,%
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Question 18
The surface S, with equation z = z(x,y), satisfies the partial differential equation
0z 0z

2—+3—=z.
ox dy :

It is further given that the plane with equation x=1 meets S along the straight line
with equation z=y, -1<y<I.

Find a Cartesian equation of S, in the form z= f(x,y), further describing the

relation of § to the x-y plane.

z(x,y)=

(x-1
(3—3x+2y)ez(x ), %x—%ﬁyﬁ%x—

=
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Question 19

The surface S, with equation z =z(x,y), is orthogonal to the sphere with Cartesian

equation

x2+y2+z2=2x.

[NSY

It is further given that § passes through the plane with equation y=x at z=
z(x,0)=tan3x, 0<x<1.

Find a Cartesian equation of S, in the form z= f(x,y).

Created by T. Madas



Created by T. Madas

SECOND ORDER P.D.E.s

9%z 9%z 9%z
P— =0, z=2zlx,
ox* Q8x8y Q8y2 (x.7)
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Question 1
It is given that z =z(x,y) satisfies the partial differential equation
%z , 9% 9%z

-3 +
ax2 axay ayz

Find a general solution of the above partial differential equation.

z=f(x+y)+g(2x+y)

Question 2

It is given that z=z(x,y) satisfies the partial differential equation

Find a general solution of the above partial differential equation.

z=f(y+x)+g(y—x)
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Question 3

It is given that z =z(x,y) satisfies the partial differential equation

027 0%z 0%z
+
ax2 ax E)y ayz

Find a general solution of the above partial differential equation.

Z=f(2x+y)+xg(2x+y)

Question 4
It is given that z =z(x,7) satisfies the partial differential equation
0’z 02z _ 9%z

+15 & }
ox> ot oxor

Find a general solution of the above partial differential equation.

z(x,t)=f(3x+1)+g(5x+1)
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Question 5

It is given that ¢ = @(x, y) satisfies the partial differential equation

0%

Vip=2 .
& dxdy

Find a general solution of the above partial differential equation.

z=f(x+y)+xg(x+y)

Question 6
It is given that z =z(x,y) satisfies the partial differential equation
aZZ aZZ 82

Z =
+5 +6 =277
ax2 axay ayz

Find a general solution of the above partial differential equation.

z2(xy)=f(y-2x)+g(y=3x)+e*”
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Question 7
It is given that z =z(x,y) satisfies the partial differential equation
0%z 9%z 97

< 2 2
+4 =48\ x” + .
ax2 axay ayz (x Y )

Find a general solution of the above partial differential equation.

z(x,y)=f(2x+y)+xg(2x+y)+4x4+y4
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Question 8

It is given that z =z(x,y) satisfies the partial differential equation

5072 2y 9%z 5 9%z _

0.
s oxdy 9y?

Find a general solution of the above partial differential equation.
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