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Question 1

Evaluate the following.

d(c6 d (c 6\ _an.5
a) E(Sx ) E(Sx )—30x
3 3 1
b) i(szj i(2x2j=3x2
dx dx
c) i(6x4—x3) i(6x4—x3):24x3—3x2
dx dx
d) i(3x2+5x+1) i(3x2+5x+1)=6x+5
dx dx
1 1 A
e) i(4)(2—2x—7j i(4)c2—2)c—7j=2x 22
dx dx
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Question 2

Evaluate the following.

a) %(4%) %(4%):1%2

b) %(7;?) %(7x5)=35x4

¢) %(4x2+3x4) %(4x2+3x4):8x+12x3

d) %(x2+7x+5) %(x2+7x+5):2x+7

e) %(8x5+2x‘2j %(8x5+2x‘2j=4x‘5—4x‘3
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Question 3

Differentiate the following expressions with respect to x

a) y=x2—4x6 @:Zx—24x5
dx
! 1
b) y=5x>—6x2 D _ 15,2 _gy?
dx
¢ y=9x > +7x2 DL gt 14573
dx
d) y=5-5x" D _ 5,2
dx
_1
e) y:7x+\/; ﬂ:7+lx 2
dx 2
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Question 4

Differentiate the following expressions with respect to x

a) y=x6—7x2 ﬂ:6x5—14x
dx
S 3
b) y=1-6x2 ﬂ=15x2
dx
¢) y=2x+8x" DL 16572
dx
dy
d) y=(2x-1)(4x+3) —=16x+2
dx
3 dy 2 3
e) y=4x"(2-3x) d—:24x —48x
X
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Question 5

Find f’(x) for each of the following functions.

a) f(x)=4x’-9x+2 f(x)=12x* -9
b) f(x)=6x 2 +2x F(x)=—3x 242
) f(x)=x4+2x% f'(x)=4x3+5x%
@) f(x)=Lx—4x F(x) = 24627
e) f(x)z%x%+5x f'(x)z%x_%+5
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Question 6

Differentiate each of the following functions with respect to. x .

a)

b)

c)

d)

_3
f(x)=6x 2+4x+1

f(x)= —9x_% +4

g (x)= 43 +x72

K (x)=18x—2x>
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Question 7

Carry out the following differentiations.

a) i(4t2—7t+5) i(4t2—7t+5)=8t—7
dt dt
d( 1 5 -1 d( 1.5 1\ | b 4. 3
A o) Cl 22,2 =1, 2,172
b) dy(y 3)’ j dy(y 3)7 j_zy +3y
c) i(2z2—3z_1+z) i(2z2—3z_1+z)=41+3z_2+1
dz dz
_3 _3 _5
d) i(wz—w 2) i(wz—w 2j=2w+§w 2
dw dw 2
e) i(axz—3x2) i(cz)c2—3x2)=2ax—6x
dx x
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Question 8

Carry out the following differentiations.

d 3 d 3 )

a) d—y(4y +6y+2) d—y(4y +6y+2) =12y +6

il 1 il

b) i(7t2—4t2j i(7t2—4t2j=14t—2t 2
dt dt

c) i(ax2+bx+c) i(axz+bx+c)=2ax+b
dx dx

0 i(lzz_lj i(lzz_lj:lﬁi
dz\ 4 z dz\ 4 z) 28572

e) i(lwg‘+ij i(lwg‘+ij:_w_%_%
dw\ 4 ) dw\ 4 w? W
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Question 9
a) If A= 7x? =20x, find the rate of change of A with respect to x.
b) If V =x—27x>, find the rate of change of V with respect to x..
¢) If P=at*—bt, find the rate of change of P with respect to 7.
l . .
d) If W =6kh? —h, find the rate of change of W with respect to .

e) If N=(ar+ b)z, find the rate of change of N with respect to .

_1
d—Azzyzx—zo, L , d—P=2at—b, W _ 21,
dx dx dt dh
AN s oap
dt
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Differentiate the following expressions with respect to x

a)

b)

d

y=dlx-x

y=2\/;—4\/5

_ 1.4
.y Wx A2

1
}’:x\/_——z
X

y=4\/;+ !

4Jx
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Question 2

Find f’(x) for each of the following functions.

a) f(x):x—23+5x% f'(x)=—6x_4+§x_%
2 ()= 6r g
b) f(x)=8x T f/(x)=6x %+8x
) f(x)=2x—%+4\/;+2 Fix)=24+6x7 4242
X
3 , 1 -
d) f(x)=%/x_2—§ £(x) =327+ 9
e) f(X)=\/;—2LxZ f’(x)z%x%+x_3
@ @

© lo-er_ 2 @ Lo 7o L

10) = ¢
© <
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Question 3

Differentiate the following expressions with respect to x

a) y:ig—i2 ﬂ:%x_3—l2x_4
x> 3x dx
7
b) y:i_i Q=3Ox2—§x_3
4x%  x*Alx dx 2
1 2x°+1 dy  1.2.53 1.3
c =— — = xR oy 2
7, 3x  3Jx de 3 3 6
1 3
d) y=20/x(7x-2%) D o1yt 5y
dx
2
o) y=(3+2Vx) D Loy Bua
dx
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Question 4

Evaluate the following.

d{ 4 5 1. 3
a) —(6x3—2x2) 8x3 —5x2
dx
_3f
b) 4141, 241,72
dx\ x \/; 2
_2
¢) i(%/__ZJ 1,73 407572
dx X =
d) 4 3\/;3_2 —3x 2 43x 2
x|\ 2
[ _5 3
e) 4 L(E_gj —x 241,72
dx_3\/; X 2

@ g[esad]
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Question 5

Evaluate the following.

a) i x+x°
dx \/;

=
=
=
+
2w
=
N)—

b)

d)

e)

d(x*+2 ~ ~
c) E( 3 j —x2-6x"
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Question 6

Differentiate the following expressions with respect to x

44+ x dy —4 -3
a = —:—6.x —X
)y 53 I
2
x“+3x dy 3 -1 31
)y 2/x dx 4 4
_1
¢) y:x+4;/; ﬂ=—5x 2
2x dx
2x—4 _3 e
d) y:M ﬂ:——x2+2x2
3> dx 3
(x+2)(2x=3) dy_ 3 4_ 5,15 6
€ry= ——=—5X —X +5X
T 4x° do 2 2
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Question 7

Find f’(x) for each of the following functions.

a) f(X):X(\/;+x_4) f'(x)=%x%—3x‘4
1 (2 3 ) —
b f(x):_x(;_ﬂj f(x)=-3x 2+185x 2
9 f(x):A'xg(%‘ij £/(x) = 362> — 602
X X
& s (=25 2t F(x]= s
X
2 (760 =5x° , — el
e) f( ):x—%£x4xxj f(x):%x 2+%x2
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Question 8

Differentiate the following expressions with respect to x

2x—1)(3x-2 1 _3 _s5
a) y=( : )(3x ) @=%x 2+%x 2—%)( 2
2x2 dx
ox)
b) y:u ﬂ:_ix_f_gx—z
4.X' dx 2 4
0) _M ﬂ_lx_l_ix%
’ 4x x 272
2
d y= =£x+2x2 2%
3Jx de 3 3
1 1 3 1
(2x2+6x 2j(6x2—2x 2) &
4.2 o 3
€ y= —=3x +8x "+4
g 3x dx 3
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Question 1 (non calculator)

For each of the following curves find an equation of the tangent to the curve at the
point whose x coordinate is given.

a) y=x2—9x+13,where x=6 y=3x-23

b) y=x4+x+l,where x=1

c) y=2x2+6x+7,where x=-1 y=2x+5
d) y:2x3—4x+5,where g &
e) y=2x3—4x2—3,where x=2
f) y=3x"—17x>+24x-9, where x=2 y=—8x+11

@ y=Fan

ig/ Gz T
¢ du L
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Question 2 (non calculator)

For each of the following curves find an equation of the tangent to the curve at the

point whose x coordinate is given.

a) f(x):x3—4x2+2x—1,where xX=2
b) f(x):3x3+x2—8x—5,where x=1
) f(x):2x3—5x2+2x—1,where x=2
d) f(x)=x3—x2—3x—2,where x=1

e) f(x)=2x3+x2—2x—2,where gl

y=~2x-1
y g L
y=6x—-13
y=-2x-3
VG o

) Ja=awiaa§ @ =25t (oo 2 ace

C] 343 % -
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Question 3  (non calculator)

For each of the following curves find an equation of the tangent to the curve at the
point whose x coordinate is given.

a) y:xz—g—%,where x=-2 |[13x+4y+6=0)
X
3 8
b) y=x"-6x+—+1, where x=2 y=4x-=7
X
2 5
¢) y=4x"+—-1,where x=1 y=3x+5
X
6
d) y=2vx-——, where x=4 [7x-8y—-20=0]
Jx
3 32
e) y=3x2-——, where x=4 y=11x—-28
X

O) 9=t bngong L (@ yodi+ £

Created by T. Madas



Created by T. Madas

Question 4 (non calculator)

For each of the following curves find an equation of the normal to the curve at the
point whose x coordinate is given.

a) f(x)=x—4x*+1, where x=2 4y =x-30
b) f(x)=x>=7x"+1lx, where x=3 4y=x~-15
o f(x)=3x*-7x+5 where x=2 12y +x+34=0]
d) f(x)=Fx"-18x+11 where x=2 2y +x+32=0
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Question 5 (non calculator)

For each of the following curves find an equation of the normal to the curve at the
point whose x coordinate is given.

a) f(x):2x3—3x2—10x+18, where x=2
b) f(x)=x3—4x2+6x+1, where x=1
¢ f(x)=4x"+2x*~18x—10 where x=-2 2y+x=42

d) f(x)=-2x"+4x* -1, where x=2 8y=x-10

® 12 0S @) 46y-Gh_p

@ YO)= Byttt

G} 40) = —28 gart
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Question 6 (non calculator)

For each of the following curves find an equation of the normal to the curve at the
point whose x coordinate is given.

a) y:xz(x—6)+§—1,where x=1 |x—14y—15:O|
X

3
b) y:ZxZ—E,Where x=4 x+7y=288
X

[\SO8)

c) y=4x2+x_ , where x =1 2x+13y =67

—1, where x=4 |2x+9y+19:O|

3
Q) y=22-402-3
X
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Question 1 (non calculator)

For each of the following cubic equations find the coordinates of their stationary points
and determine their nature.

a) y=x3—3x2—9x+3
b) y=x>412x*+45x+50
¢ y=2x-6x*+12

d) y=25-24x+9x>—x°

min(3,-24), max (-1,8)|, |min(-3,—4),max (-5,0)| |min(2,4), max (0,12)

-

min(2,5), max (4,9)
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For each of the following equations find the coordinates of their stationary points and

determine their nature.
4
a) y=x+—, x#0
X

b) y=x2+E, x#0
X

c) y:x—4\/;, x>0

Q) y=42+1 120
X

min (2,4), max (—2,—4)|, |min(2,12)

min (4,—4)
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Question 3

For each of the following equations find the coordinates of their stationary points and
determine their nature.

3
a) y=12Jx-x2, x>0

3 1
b) y=x2-6x2, x>0

D=

¢) y=6x2-4x-2, x>0

1
d) y=x2-14x>+100, x>0

max (4,16)] . min(2,~4+2 )|, |max LY fmin(44)
164
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Question 4

For each of the following equations find the coordinates of their stationary points and

determine their nature.
3 3
a) y=x-16x2+60, x>0

5
b) y=5x>=6x3+10, x>0

W

¢) y=6x3—x>-20, x>0

5

d) y=5x2-2x2-10, x>0

min(4,-4)|{, |min(1,9)

9

max (8,12)

max (4,6)
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Question 5

For each of the following equations find the coordinates of their stationary points and
determine their nature.

11
a) y=—=——, x>0

¥ Jx
3Jx-2
Yy=——7=

X

b) , x>0

[\S]1o8)

) y=%/§+£, x>0
X

d) y:L[z—ﬂ, x>0

3«/;x
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Question 1

For each of the following equations find the range of the values of x, for which y is
increasing or decreasing.

a) y= 20 =3x7 —12x+2 , increasing
b) y= X =6xr+12, decreasing
c) y= x> —3x+8, increasing

d y=1- 32— x° , decreasing

x<—-lorx>2

,10<x <4,

x<—-lorx>l1|,|x<-2o0r x>0

b

@ y=20-3F-hxt2 @)

0wt @ goise
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Question 2

Find the range of the values of x, for which f(x) isincreasing or decreasing.

a) f(x)=x’—-3x*-9x+10, increasing
b) f (x) == +9x> —15x—13 , increasing
¢) f(x)=4x’-3x>—6x, decreasing

d) f(x)=4x>-3x, decreasing

x<—-lorx>3

, 1< x <5,

<x<l1

-
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Question 1

The curve C has equation
f(x)=3x"—8x+2.

a) Find the gradient at the point on C, where x=-1.
The point A lies on C and the gradient at that pointis 4.

b) Find the coordinates of A .

—14], [A(2,-2)
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Question 2

The curve C has equation
_ .3
y=x —1lx+1.
a) Find the gradient at the point on C, where x=3.

The point P lies on C and the gradient at that point is 1.

b) Find the possible coordinates of P .

16|, [P(2,~13) or P(-2,15)

< @
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Question 3

The curve C has equation
y=2x>—4x-1.
a) Find the gradient at the point on C, where x=2.

The point P lies on C and the gradient at that pointis 2.

b) Find the coordinates of P .
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Question 4

The curve C has equation

f(x)=x+l, x#0.
X

a) Find the gradient at the point on C', where x =

=

The point A lies on C and the gradient at that point is % f

b) Find the possible coordinates of A .
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Question 5

The curve C has equation

y=x3—x2—5x+2.

Find the x coordinates of the points on C with gradient 3.

Question 6

The curve C has equation
y = —6x>—3x+25.

Find an equation of the tangent to C at the point where x=2.
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Question 7

The curve C has equation
y=—x*(x+1), xe R,

The curve meets the coordinate axes at the origin O and at the point A .
a) Sketch the graph of C, indicating clearly the coordinates of A .
b) Show that the straight line with equation
x+y+1=0,

isatangentto C at A.
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Question 8
The curve C has equation
6 Sx

=— 4224, x20.
Y=3*%

a) Find an expression for %

X

b) Determine an equation of the normal to the curve at the point where x =2.

dy 5 12
221 =y

Created by T. Madas



Created by T. Madas

Question 9

The curve C has equation

2
f(x)=4x\/_—2fg , x20.

a) Find a simplified expression for f”(x).

b) Determine an equation of the tangent to C at the point where x =4, giving the
answer in the form ax+by =c, where a, b and ¢ are integers.

~

—~
=

N—

Il
(@)
=

o—

|

[\

3 [z
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Question 10

A curve has the following equation

(2x-3)(x+2)

f(x)= P

, x>0.

3 1 1
a) Express f(x) in the form Ax2+Bx2+Cx 2, where A, B and C are

constants to-be found.

b) Show that the tangent to the curve at the point where x =1 is parallel to the line
with equation

2y =13x+2.

B=1

lA=2], ,lc=—6]
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Question 11

A cubic curve has equation
F(x)=2x" —7x* +6x+1.
The point P(2,1) lies on the curve.

a) Find an equation of the tangent to the curve at P .

The point Q lies on the curve so that the tangent to the curve at Q is parallel to the
tangent to the curve at P.

b) Determine the x coordinate of Q.

=
Il
[\
=
|
)
=
-}
Il
W=
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Question 12

The curve C has equation
y=2x"—-9x> +12x—10.
a) Find the coordinates of the two points on the curve where the gradient is zero.
The point P lieson C and its x coordinate is —1.
b) Determine the gradient of C at the point P .
The point Q lies on C so that the gradient at Q is the same as the gradient at P .

¢) Find the coordinates of Q.

(1.-5).(26)]. 6. [0 (4.22)
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Question 13

The curve C has equation

y = ax’ +bx’ -10,
where a and b are constants.
The point A(2,2) lieson C.

Given that the gradient at A is 4, determine the value of a and the value of b .

|a:—2 b:7|

b
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Question 14

The curve C has equation
y= x> —4x? +6x-3.
The point P(2,1) lies on C and the straight line L, is the tangent to C at P.
a) Find an equation of L, .
The straight line L, is a tangent to C at the point Q.
b) Given that L, is parallel to Z;, determine ...
i. ... the exact coordinates of Q.

ii. ... anequationof L,.

[oB-5)|

27y ="54x—49
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Question 15

A curve C and a straight line L have respective equations
y =2x*—6x+5 and 2y+x=4.
a) Find the coordinates of the points of intersection between C and L.
b) Show that 'L is a normal to C.

The tangent to C at the point P is parallel to L.

¢) Determine the x coordinate of P .

@ } ws ]
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Question 16

The curve C has equation
y= 253 —6x> +3x+5.
The point P(2,3) lies on C and the straight line ; is the tangent to C at P .
a) Find an equation of L, .

The straight lines L, and L; are parallel to L;, and they are the respective normals to
C at the points Q and R.

b) Determine the x coordinate of Q and the x coordinate of R.

b il
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Question 17

Ay
y=%(x2—12x+35)
R
L
0 P 0O > x
S
A L

The figure above shows the curve with equation
y=1(x*-12x+35).
The curve crosses the x axis at the points P(x;,0) and Q(x,,0), where x, > x; .
The tangent to the curve at Q is the straight line L.
a) Find an equation of ;.

The tangent to the curve at the point R is denoted by L,. It is further given that L,
meets I, atright angles, at the point § .

b) Find an equation of L, .

¢) - Determine the exact coordinates of S .

1

, [4y+8x=31|, S(%’_%)

<
Il
=
=
|
(\S1AN

&
Q
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Question 18

The point P(1,0) lies on the curve C with equation

y:x3—x, xeR.

a) Find an equation of the tangent to C at P, giving the answer in the form
y=mx+c¢ ,where m and c are constants.

The tangent to C at P meets C again at the point Q.

b) Determine the coordinates of Q.

y=2x-2[, |0(-2,-6)
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Question 19

A curve C with equation
y=4x3+7x2+x+11, xeR.

The point P lieson C, where x=—1.
a) Find an equation of the tangentto C at P.

The tangent to C at P meets C again at the point Q.

b) Determine the x coordinate of Q.

<
Il
—_
\S)
[
=
=
S}
Il
)
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Question 20

The figure above shows the curve C with equation
y= 2xr<x+3.
C crosses the y axis at the point P . The normal to C at P is the straight line L;.
a) Find an equation of ;.
L, meets the curve again at the point Q.
b) Determine the coordinates of Q.
The tangent to C at Q is the straight line L, .
L, meets the y axis at the point R.

¢) Show that the area of the triangle POR 1is one square unit.

y=x+3], |0(1.4)
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Question 21

y
A y=2x>+3x2—11x=6

P 0 \_/R

The figure above shows the curve C with equation
y =2x> +3x% -11x-6.
The curve crosses the x axis at the points P, Q and R(2,0).
The tangent to C at R 1is the straight line ;.
a) Find an equation of ;.
The normal to C at P.is the straight line L, .
The straight lines I; and L, meet at the point S .

b) Show that XPSR =90°.
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Question 22

A curve has equation

y=635 —15Yx* —80x+16. xeR, x30.

Find the coordinates of the stationary point of the curve and determine whether it is a
local maximum, a local minimum or a point of inflexion.

local minimum at (16,-2800)

N NOIGAL Toom MWD DIFFadTiaze DETQM N ING THE WATURE BY THE SetonD DEWATIE TIST

3% —8ox +K | o
84 _ oyt

ot - Boa +16 ey
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Question 23

A curve has equation
y=x2—6x%/;+2, xeR, x=0.

Find the coordinates of the stationary points of the curve and classify them as local
maxima, local minima or a points of inflexion.

local minimum at (8,-30)], [local maximum at (0,2)
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Question 24

A curve has equation

Created by T. Madas

x(x2—128\/;), xeR, x>0.

The curve has a single stationary point with coordinates (2“, —2F ) , where & and S

are positive integers.

Find the value of £ and justify that the stationary point is a local minimum.
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Question 25
The point P, whose x coordinate is % , lies on the curve with equation
k+4
y:—x\/;’ xeR, x>0,
Tx

where k is a non zero constant.
a) Determine, in terms of k , the gradient of the curve at P.
The tangent to the curve at P is parallel to the straight line with equation
44x+7y-5=0.

b) Find an equation of the tangent to the curve at P .
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Question 26

The figure above shows the curve C with equation

2
x° 4
=——— x#0.
Y 2 x

The curve crosses the x axis at the point P .

The straight line L is the normal to C at P.

a) Find ...
i. ... the coordinates of P .
ii. ... an equation of L.

b) Show that L does not meet C again.

P(2,0)|; |x+3y=2
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Question 27

The curve C has equation
y:(x—l)(x2+4x+5), xeR.

a) Show that C meets the x axis at only one point.
The point A, where x=—1, lieson C.
b) Find an equation of the normal to C at A.

The normal to C at A meets the coordinate axes at the points P and Q.

¢) Show further that the area of the triangle OPQ, where O is the origin, is 12%

square units.

2y=x=17
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Question 28

A curve has equation
y=x—8\/;, xeR, x=0.
The curve meets the coordinate axes at the origin and at the point P .

a) Determine the coordinates of P .

The point Q, where x =4, lies on the curve.
b) Find an equation of the normal to curve at Q.

¢) Show clearly that the normal to the curve at Q does not meet the curve again.

(ei0],
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Question 29

The curve C has equation
y =x —9x? +24x—19 , xeR.

a) Show that the tangent to C at the point P, where x =1, has gradient 9.

b) Find the coordinates of another point Q on C at which the tangent also has
gradient 9.

The normal to C at Q meets the coordinate axes at the points A and B.

¢) Show further that the approximate area of the triangle OAB, where O is the
origin, is 11 square units.

Q(5.1)
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Question 30

The point A(2,1) lies on the curve with equation

y:—(x—l)(x+2) , xeR, x#0.
2x

a) Find the gradient of the curve at A.
b) Show that the tangent to the curve at A has equation
3x—4y-2=0.
The tangent to the curve at the point B is parallel to the tangent to the curve at A.

¢) Determine the coordinates of B .

gradient at A =% , |B(=2,0)
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Question 31

The curve C has equation y = f(x) given by
f(x)=2(x=2)°, xeR.
a) Sketch the graph of f(x).
b) Find an expression for f’(x).
The point P(3,2) lies on C and the straight line /; is the tangent to C at P.
¢) Find an equation of /.
The straight line /, is another tangent at a different point Q on C.

d) Given that /; is parallel to /, show that an equation of [, is

y=6x-8.

f'(x)=6x%—24x+24{,
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Question 32

The point P(2,9) lies on the curve C with equation

y=x3—3x2+2x+9, xeR, x>1.

a) Find an equation of the tangent to C at P, giving the answer in the form
y=mx+c¢ ,where m and c are constants.

The point Q also lies on C so that the tangent to C at Q is perpendicular to the
tangentto C at P.

b) Show that the x coordinate of Q is

6+\/€

ey
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Question 33

The volume, V cm’ , of a'soap bubble is modelled by the formula
2
V=(p—gqt), 120,

where p and g are positive constants, and ¢ is the time in seconds, measured after a
certain instant.

When ¢ =1 the volume of a soap bubble is 9 cm® and at that instant its volume is

decreasing at the rate of 6 cm’ per second.

Determine the value of p and the value of ¢ .
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Question 34

A curve C has equation
F 3 2
y=2x"-5x"+a, xe R,
where a 1S a constant.

The tangent to C at the point where x =2 and the normal to C at the point where
x=1, meet at the point Q.

Given that Q lies on the x axis, determine in any order ...

a) ... the value of a.

b) ... the coordinates of Q.
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Question 35

The curve C has equation

) 2 (Sx/x -128)
T

,xeR, x>0.

. . dy d* d’
a) Determine expressions for _y’ —g and —g
dx  dx dx

b) Show that the y coordinate of the stationary point of C is —k3/4, where k is
a positive integer.

2
¢) Evaluate % at the stationary point of C.
3

Give the answer in terms of %/5 .

3 2
d) Find the value of d_g) at the point on C, where d—z =0.
dx dx

3 2 1 3 1
[ 1 |2 =20 —32047 d—§=60x2—480x2 9 2120 240072
dx dx dx’®

k =3072]. [9603/2], [360
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