MATRICES

EXAM QUESTIONS
(Part One)
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Question 1 (*%)

The matrices A, B and C are given below in terms of the scalar constants a, b, ¢

and d , by
-2 3 b -1 1 ¢
A= , B= , C= .
1 a 2 4 d 4

Given that A +B =C, find the value of a, b, ¢ and d .

a=8,b=3,c=2,d=3

Question 2 (*%)

Find, in terms of k , the inverse of the following 2X2 matrix.
k k+1
M= )
k+1 k+2

Verify your answer by multiplication.

o (k=2 k+1
s 5

k+1
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Question 3 (¥%)

The 2x?2 matrices A, B and C are given below in terms of the scalar constants a, b

and c¢.
a 2 2 4 -1 c
A= , B= , C= .
3 7 b 2 3 2

Given that
2A-3B=4C,

find the value of a, b and c.
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Question 4 (*%)

The 2x2 matrix A represents a rotation by 90° anticlockwise about the origin O.
The 2Xx2 matrix B represents a reflection in the straight line with equation y=-x.

a) Write down the matrices A and B.

The 2x2 matrix C represents a rotation by 90° anticlockwise about the origin O,
followed by a reflection about the straight line with equation y =—x.

b) Find the elements of C.

¢) Describe geometrically the transformation represented by C.

0 -1 0 -1 -1 0
A= N B: s C: s
o) Bl el )

reflection in the y axis
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Question 5 (*%)

The 2x2 matrix A, is defined as
2 a
A=
b -2
where a and b are constants.
The matrix A , maps the point P(2,5) onto the point Q(-1,2) .
a) Find the value of a and the value of b .

A triangle 7; with an area of 9 square units is transformed by A into the triangle 7, .

b) Find the area of 7, .

|a:—1, b=6|, area:18|
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Question 6 (¥%)

The 2x2 matrices A, B and C are given below in terms of the scalar constants x.

2 x 2 1 3x+2 7
A= , B= and C= .
31 1 4 JEF N
a) Find an expression for AB, in terms of x.

b) Determine the value of x, given BTAT =c.

4+x 2+4x
AB = , [x=1
7 7

Question 7  (*%)

The 2x2 matrices A and B are given by

5 2 9 12
A= and B= .
N =

Find the 2x2 matrix X that satisfy the equation

AX=B.

o
I

8
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Question 8  (¥%)

The triangle 7; is mapped by the 2X2 matrix

S

onto another triangle 7,, whose vertices hayve coordinates A, (—1,2), B,(10,15) and

C, (~18,~14).

Find the coordinates of the vertices of 7.

A (LD)]|Bi(473)] |Gi(=2.8)
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Question 9 (*%)

A plane transformation maps the general point (x, y) onto the general point (X,Y); by

1 2
where A is the 2X2 matrix (0 lj'

a) Give a geometrical description for the transformation represented by A, stating
the equation of the line of invariant points under this transformation

b) Calculate A and describe geometrically the transformation it represents.

9

shear parallel to y =0, (0,1)(2,1) |line of invariant points y = 0

shear parallel to y =0, (0,1)+> (4,1)

Y 4=(L7 b A= 44
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Question 10 (*%)
The triangle 7; is mapped by the 2X2 matrix

onto a triangle T , whose vertices are the points with coordinates A,(4,3), B, (4,10)
and G, (16,12).

a) Find the coordinates of the vertices of 7.

b) Determine the area of 7, .

A (L)), [Bi(2.4)]. |1 (4.0)] [arca = 42]
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Question 11 (*%)

The 2x?2 matrix C is defined, in terms of a scalar constanta , by

)

a) Determine the value of a, given that C i1s singular.

The 2x2 matrix D is given by

b) Find the inverse of D.

The point P is transformed by D onto the point Q(6k +1,14k +1), where k is a scalar

constant.

¢) Determine, in terms of &, the coordinates of P .

Q
[l
N
<
|
TN
[\S I ][O}
|
—_ =

J, P(2k+1,2k—1)

Created by T. Madas



Created by T. Madas

Question 12 (*%)

A plane transformation maps the general point (x, y) to the general point (X,Y) by

X) (64 —72)x
Y) =72 106 )\y)
a) Find the area scale factor of the transformation.

The points on a straight line which passes through the origin remain invariant under
this transformation.

b) Determine the equation of this straight line.

W
oy
1]
—
=)
<
1]
N[O}
=

Question 13 (%)

The distinct square matrices A and B are non singular.

Simplify the expression, showing all steps in the workings.

AB(A‘IB)_I.
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Question 14 (*%)

The distinct square matrices A and B have the properties
AB=B’A and B® =1
where I is the identity matrix.

Prove that

BAB=A.

proof

Question 15 (*%)
The 2X2 matrix A is given by

1.3
A= g
1 4
The 2x2 matrix B satisfies

BAZ =

|
>

Find the elements of B .
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Question 16 (*%)
The triangle 7| is mapped by the 2X2 matrix

2 1
B=
1 3
onto the triangle 7, , whose vertices have coordinates Az(—7,—1) , B, (5,5) and

C,(7.16).
a) Find the coordinates of the vertices of 7;.

b) Determine the area of 7, .

1. faE4). [B,(2.1)]. [¢,(1.5)]. farea = 60]

O Shr 3 fueie wse of &
derB = ay-(x)= s
& /e -

2 S\ 2

oA B0 C‘G,:]//
) e o opt B A o6 TS T of munees
e e shu et

1 09) W of T = bxerge b
/ dal s
$: .
i

LA & T, = xS
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Question 17 (**+)

The transformation represented by the 2x2 matrix A maps the point (3,4) onto the

point (10,4), and the point (5,—2) onto the point (8,-2).

Determine the elements of A .

26

Question 18 (**+)

The 2x2 matrix A is given below.
-1 3
A= i
NERE

Determine the elements of A® and hence describe geometrically the transformation
represented by A .

0 8)

AS (8 Oj rotation of 120°, anticlockwise & enlargement of S.F. 2,

both about the origin and in any order.
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Question 19  (**+)

It is given that

Created by T. Madas

a) Determine the matrix AB.

b) Find the elements of

BA -2C2.

AB=(5)

20
BA—2C2:[2

-3
13

|
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Question 20 (**+)

The 2x?2 matrices A and B are given below

2 1 1 0
A= and B= .
(2 Oj (—2 2]

The matrix C represents the combined effect of the transformation represented by the
B, followed by the transformation represented by A .

a) Determine the elements of C.

b) Describe geometrically the transformation represented by C.

0 2
C= ,

enlargement by scale factor 2, reflection in the line y = x, in any order
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Question 21  (**+)
The 2x2 matrix D is given by

4 -5
D= .
6 -9
a) Given that I is the 2x2 identity matrix, show clearly that ...
i. ...D*4+5D=6l.
.. 1
ii. ... D' =1(D+51).

The transformation in the x-y plane, which is represented by the matrix D, maps the
point P onto the point Q.

The coordinates of Q are (7—2k,9—6k), where k is a constant.

b) Determine, in terms of &, the coordinates of P .

P(2k+3,2k +1)
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Question 22 (**%)
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The 2x2 matrix B maps the points with coordinates (=1,2) and (1,4) onto the points

with coordinates (0,1) and (6,—1), respectively.

a) Find the elements of B .

b) Determine whether B has an invariant line, or a line of invariant points, or both.

¢) Describe geometrically the transformation represented by B .

2 1
-1 0

[ 45,

B=

, |line of invariant points, y = —x

invariant line y=—-x+c¢

9
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Question 23 (**%)
The 2x2 matrices A and B are given by

5 7 19 36
A= :B= .
(2 3j [8 15j

Find the 2x?2 matrix X that satisfy the equation AX =B

=%

Question 24  (¥*%)
Itis given that A and B are 2Xx2 matrices that satisfy

det(AB)=18 and det(B™')=-3.

A square S, of area 6 cm?, is transformed by A to produce an image S’.

Given that S’ is also a square, determine its perimeter.

72 cm
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Question 25 (**%)
The 2X2 matrix A is given by

where a and b are scalar constants.

a) If the point with coordinates (1,1) is mapped by A onto the point with

coordinates (1,3), determine the value of @ and the value of b
b) Show that
A?=2A-3I.

The inverse of A is denoted by A" and T isthe 2x2 identity matrix.

¢) Use part (b) to show further that ...
i ... A’=A—6l.

ii. .. AT =1(21-4)

b=0|

9

a=-1

b

a) BY "Momneuoqro]

G0 - Em-0

. by3=3
soa=-l g b=o

b s By cruokTe cras soe srery
2-b3  26040)

o &= AA- (Q [\\:G>A mm o)
. ¢1 [t 'Zj

RO
. ?AAKI:2<§:>*3< c\ <¢ z 3 a)
(1 -2)
'(s =2/
- s
A= 37
A= 24— Y
€m) A= 24 -3 24 -31

= AA = 2An-3TA
= A® -9,—_\1 EN -
= 4 ’“Kb\ )24 = 3= T
B - i
AT ALOILHD =
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Question 26 (**%)

A transformation in the x-y plane is represented by the 2X2 matrix

( 1
T=
-1

3

A quadrilateral Q has vertices at the points with coordinates (20,6), (26,9), (50,15)

and (44,12) . These coordinates are given in cyclic order.

The vertices of Q are transformed by T .

a) Find the positions of the vertices of the image of Q.

b) Determine the area of Q, fully justifying your reasoning.

1

(2,4),(-1,10), (5,10), (8,4)

:

4l

L0 AR GO 6w
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Question 27  (¥%%)
The 2x2 matrix B is given by

where a and b are scalar constants.

The point with coordinates (3,1) is mapped by B onto the point with coordinates
(5,13).

a) Determine the value of a and the value of b .

The inverse of B is denoted by B! and I is the 2x2 identity matrix.

b) Show that

B2 =5B+2I.

¢) Show further that ...
i. ...B>=27B+10I.

i. .. B =1(B-51)
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Question 28  (*¥*%)

A transformation in the x-y plane consists of ...
e __.areflection about the line with equation y=x

e .. followed by an anticlockwise rotation about the origin by 90°
e .. followed by a reflection about the x axis.

Use matrices to describe geometrically the resulting combined transformation.

:

rotation about the origin by 180°

© ST ORIING THE THIEC WATRICES

Defeion

Aliow) B 967 e REUTon)
o u=a MUOoowISE YT
ER T ¥
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Question 29 (***4)
The 2x?2 matrices A and B are defined by

4 1 2 -1
A= and B-= .
[3 1] (—3 SJ

a) Find A_l, the inverse of A .

b) Find a matrix C, so that

(B+C)'=A.

¢) Describe geometrically the transformation represented by C.

rotation about O, by 180°

il ) FE)

Q) ST MEES B2 NeTNG. 260 UATRCES

VAl @x)-(ax) = £-3 =1
L T A ) 7
s ‘TL&Ar,L Tils s//
b foces A Buo

= @+c)'= A
= (@r<)eey = @A

3

= Ti ¢ 4, ¢!
= = 2 ’f\
- E Rk
5 = A
> <= ((7)- 67

Created by T. Madas



Created by T. Madas

Question 30 (***4)

The 2x2 matrices

0 1 2 0
A= and B= ,
o o 1)

represent linear transformations in the x-y plane.

a) Give full geometrical descriptions for each of the transformations represented
by A and B.

The figure below shows a right angled triangle 7', with vertices at the points A(1,—1),
B(3,-1) and C(3.3).

C(3,3)

A(1,41) B(3,-1)

The triangle T is first transformed by A and then by B, producing the triangle 7~ .
b) Find the single matrix that represents this composite transformation.
¢) Determine the coordinates of the vertices of 7~ .

d) Calculate the area of T~

[continues overleaf]
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[continued from overleaf]
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The triangle 7" is then reflected in the straight line with equation y=—x to give the

triangle 7”.

e) Find the single matrix that maps 7" back onto T .

:

rotation about O, 90°, clockwise

, |enlargement, in x only,scale factor 2|,

0 2
-1 0

BA =

-

A'(=2,-1),B'(-2,-3),C’(6,=3)

. Jarea =8,

& 25
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Question 31 (*¥*%4)
The 2x2 matrix A given below, represents a transformation in the x-y plane.

0 -1
A= .
1 0
a) Describe geometrically the transformation represented by A .

The transformation described by A is equivalent to a reflection about the straight line
with equation y =—x, followed by another transformation described by the matrix C.

b) Find the matrix C, and describe it geometrically.

-

rotation about O, by 90°, anticlockwise

10
,|C=
o)

|reﬂection about the x axis|

:

Q) (PokING AT Bie BASE et
) e (3)=a T“

= (o ()= =t
RIS 8V O A =

oo DIWToR sl O, &y ¥, A\PW
/

\o) SETTNG- 0P A- M (0T — UT R RGO MATe RS,

= A= CR
" bl o g1
}H—A B:/\O‘ —r)
& 7 el 2T e
2AL = cry’ miR
g _ D (TS N U At
%2
> AR = cL R, (e & & SF
< AR INUAE PriocesC)
=< = AB
-\
o -t\fo -l
=g (l o3 2l
B P A \
E=r\o a7
QerC= -1 loeer <L\)'*>U>) e
[CE) U’)H(’u‘) 4l

o DERGCTIO) A T 2 s~
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Question 32  (**%4)

The 2x?2 matrix M is defined by

0 3
3.0

M=

Find, by calculation, the equations of the two lines which pass through the origin, that
remain invariant under the transformation represented by M.

, [y
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Question 33  (***+)

Find the image of the straight line with equation
2x+3y =10,

under the transformation represented by the 2x2 matrix

sz )
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Question 34  (**%4)

> '
The 2x2 matrix M :( 9 4} is given.

Under the transformation represented by M a straight line passing through the origin
remains invariant.

Determine the equation of this line.

L [ [y=3x

WoREWC: A4S FOUOWA

o OB Une! = ma
® "bage Uk Y = X

/ . .
(= 1\ x\ (=N
BASIAICYRRCY
I R
L < X

DIviping T E0ATONE
2Em L
“Akdy m

— 2w dng

o REQORD Ut
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Question 35  (¥¥¥%¥)

2 1
The 2X2 matrix A :( 6 3) 1s given.

Under the transformation represented by A, a straight line passing through the origin
is reflected about the y axis.

Determine the possible equations of this line.

:

y=x

b

LT T DGO Uk HAE fRONTO) Y=

Created by T. Madas



Created by T. Madas

Question 36  (**¥%¥)

Find the image of the circle with equation

under the transformation represented by the 2x2 matrix

[ ] 120x*=32xy+13y* =16
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Question 37

(****)
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The 2x?2 matrix R represents a reflection where the point (2,1) gets mapped onto the

point (6,—5), and the line with equation y = —%x is a line of invariant points.

a) Determine the elements of R.

The 2x2 matrix M represents the combined transformation of the reflection
represented by R, followed by another transformation 7 .

0 04
25 28

b) Given that T is also a reflection determine, in exact simplified form, the
equation of the line of reflection of 7 .
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Question 38  (¥*¥%F)

Under the transformation represented by the 2X2 matrix

12
A= :

the straight line with equation y =mx is reflected about the x axis.

Find the possible values of m .

,im=1 m=2

WOUNG. AT A DIAGEAM

0ndie Ao Avansormskion
(emt) v T, -wT)

e we oz
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Q\ 2)(ti; /T\ [t ot
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ﬁ{tmw =T Z
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o e | T
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2w

= W-3Im+2 o
= h-2)tm-0) =0

-\
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Question 39  (¥¥¥%¥)

A transformation in two dimensional space maps a general point with coordinates
(x,y) onto the point with coordinates (X,Y) according to the equation

3 2
where B is the 2Xx2 matrix 6

Investigate whether this transformation has any lines of invariant points or any
invariant lines, giving any relevant equations of such lines if they exist.

You may not use eigenvalue/eigenvector methods in this question

Ll

no lines of invariant points|, |invariant lines : y = %x U y=4x

(0O 0 UNKS of IuARIATT TOUI AT So. (Zyy) +> (< 1)

\,</ = ey o Xy Ry
Y= 4-a 3 9= 4ty Ty~ i
<+ D UK OF oA Rondrd |
pZ
7z
Neq_tgok 0 INUALIAT UNKS oF THe foou 9= warC ) 4ctjous
Wt 6XRET (=0

X = 2 -2(wrsc)
Y o= - 60

SURSTIUTE (WD Y = X +C.
—————
= A 60mec) = w20 4c
= 4x-em -G = 3w~ 2mC4C
— 2wt -9wma #y = Te —2mc

(o2 \
= (-t o (7-20)
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Question 40  (G¥*¥F)

The 2x2 matrix A is given below.

k)

a) Find scalar constants, £ and 4, so that
A% +KkI=hA .
b) Use part (a) to determine A , the inverse of A .

No credit will be given for finding A~ by a direct method.

h=8

k=1

9 9

Al 5 2
’ T 3

Q) Y Condns EUMGTR N T HATDX CouaTion)

A e kT = WA

/. \ \ r \ r \
(2 2)[2 2 (Co\_ (2
\wg»\wx}*k\o()’[ﬂb <)
(23 AT ASCAN [ 3k WY
eag /(o )= s

locune Ar_a,, lockns AT o,
6 +o0=2), 24k =2
Nk = 2t

k=t 2~

h=8
7

b e e gunoy o ener
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Question 41  (¥*%%¥)

The 2x2 matrix A given below represents a transformation in the x-y plane.

40

The straight line L with equation
y=2x+1
is transformed by A into the straight line L.
a) Find a Cartesian equation of L.
The straight line M is transformed by A into the straight line M’ with equation

llx+6y=4.

b) Find a Cartesian equation of M .

L:y=1-x|,|M:y=4-3x

b

o) S T PARAUCTER 2
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Question 42  (¥¥¥%¥)

Describe fully the transformation given by the following 2X2 matrix

|~ | w
n|w |~

The description must be supported by mathematical calculations.

reflection in y =2x
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Question 43  (¥¥¥%¥)

A composite transformation in the x-y plane consists of ...

i. ... auniform enlargement about the origin of scale factor k, k >0, denoted
by the matrix E .

ii. ... ashear parallel to the straight line L, denoted by the matrix S.
by 12 16
It is given that ES=SE =
-9 36

a) Show clearly that k =24.

b) Find a Cartesian equation of L.

<=

Il
N[O}

=
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Question 44  (¥¥¥%¥)

A plane transformation maps the general point (x, y) onto the general point (X,Y); by

a)

b)

d)

X 3 2 =1\ x
Y) -1 2)\y)
Find the area scale factor of the transformation.

Determine the equation of the straight line of invariant points under this
transformation.

Show that all the straight lines with equation of the form
X+y=c,
where ¢ 18 a constant, are invariant lines under this transformation.

Hence describe the transformation geometrically.

SF=3|,

y = x|, |stretch perpendicular to the line y = x, by area scale factor 3

b
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Question 45  (¥¥¥%¥)

A transformation 7 : R? 5 R? is represented by the following 2 X2 matrix .

-3 8
A= :
—1g-3
a) Find the determinant of A and explain its significance with reference to its
sign and its magnitude.

b) Find the equation of the straight line of the invariant points under the
transformation represented by A .

¢) Determine the entries of the 2X2 matrix B which represents a reflection about
the straight line found in part (b), giving all its entries as simple fractions.

The transformation represented by A, consists of a shear represented by the matrix C,
followed by a reflection represented by the matrix B .

d) Determine the matrix C and describe the shear.

detA=-1|, |y

1]
=
po
o]

1]

W s
vl R

Tl W
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Question 46  (¥***4)

A transformation in two. dimensional space maps a general point with coordinates
(x,y) onto the point with coordinates (X,Y) according to the equation

X -4 X
Y +4 y)

-2 2
-1

where A is the 2X2 matrix

Investigate whether this transformation has any lines of invariant points or any
invariant lines, giving any relevant equations of such lines if they exist.

, |line of invariant points : 3x—2y =4/, |invariant line : y=—x+C

SIAGC XU UK OF WORDIAST 2o 5 1€ () > Cxy) oW LOckNG. AT Tijs GuATon
(14\: (- ;\“1\‘ o[>\ () @ IF mi=-l 1T 1\ AVTOMAICALY SATSAED o0 Al C
(e ) 703 2] (gw )7 \5-5)
LA Lk YT SAAC S AN WONUATL Nk
grie Sy 3 a = &
= Beney ® IF m=3 A C=-2 1T K A SAHLAD
4=
B9 Y=3x 2
A Bo2g =l 4 GNEOF INGAUAT PoidTs V2 s o
= Va o= -yt
NEXT DOUESTIERTE INORUAST UNEL , S8 9=t C e s

WikG} WA founs T B 4 vk of INARIAS]
Xz czuzy 7 X= bone200n0

Yz oy 1T Vet e )

SRSTUR O ¥ = mX+C

= 4% ()= (420 420w c ) T 4c
= 443w — - A C

= —A+H-my-cC 2 4281+ 2uc +C

= Sl —20 U e < — 2L R WL -3y
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Question 47  (*¥**%4)

A transformation 7', maps the general point (x, y) onto the general point (X,Y), by

a)

b)

d)

e)

X)) (=1 2)(x
2
Find the area scale factor of the transformation.
Determine the equation of the line of invariant points under this transformation.
Show that all the straight lines of the form
y=x+c,
where ¢ is a constant, are invariant lines under 7 .

Hence state the name of 7T .

Show that the acute angle formed by the straight line with equation y =-x and

3z (5)
——arctan| — |.
4 3

its the image under 7T is

SF=1|, |y =x|, |shear
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Question 48  (*¥**4)

A curve has equation
5x2 —16xy+13y% =25.

This curve is to be mapped onto another curve C, under the transformation defined by
the 2Xx2 matrix A, given below.
-1 2
A= .
-2 3

Show that the equation of C is the circle with equation

DETIING THE TRANGRDRMATION CPUATIONS

D] ray ATe
R PN (e B B | ]

Woce We Ak
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Question 49  (**¥%4)

The 2x2 matrix P is given below.

The points on the x-y plane which lie on the curve with equation

13x% —=16xy+5y*> +8x =6y =4,
are transformed by P onto the points which lie on another curve C.

Determine an equation for C and hence describe it geometrically.

G

(x=1)"+(y=2)* =9

STAOT BY OBTMAING THE INueose or P
e TN M &

B! (U R

2 )
3 2

TH A BE DOHRETS By THE ToRISRRAMTION HUATION

~x\ [/ / 21\ \
(Z) <2 )(3) & (2K D)
Y As-2 A8 Y-\

12 )\

\E

SOBSTITDUNG. INTD THE CRUATION Wk OBTAIN

) (302 )+ SEXE2Y) BB (e )- 6(Rx42Y)= Y
- Y WY+ 2P) LS A XY+ — -y = ¢

= (x, \\f il

Oy

= &)« C

-2)

A Qpowe oF eapus 3, Covtee AT (1,2)
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Question 50  (*¥**4)

The points P(7,5) and Q(4,-3) are given.

The point Q is rotated by 90° anticlockwise about the point P .

M 1|z

TIE SEDAD RuTNoN) B2 96 A2all O 1§ Gude) BY

Ly (o -1}
g =4

Ry NI

TRASUTE BE COntE of 2OTATIOD on The TRiaw

. . .
c\g\ — (9 « ()
THE St B2 THE oBieT Ponl?
(6\ (=Y. [-3) ()
\ale %)= &) a)~ \s)

(e _ (3
oo e =)

Frawf POME THE TRANSATN
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Question 51  (Gk¥¥EF)

A shear is defined by the 2X2 matrix

a b

b

c 4

M=

where a, b and c¢ are scalar constants.

Under this transformation the point with coordinates (1,2) is mapped onto the point
with coordinates (—8,11).

The shear defined by M has an invariant line L, which passes through the point with
coordinates (0;1) .

Determine an equation of L.

, L :y=1-x

e THe DETHMINAY,_WOST B¢ © Now SR 15lo Y= mX +)
N 0. 0B 1S J

\
PREANEL ARk 4D

O SV Y (5 S iy WU
= 2o U+ = =R 3 4]

G 4 3 4 BmdR =0

QM;;] 1 3Cmn) =0
= 2Cua) 430uM) =0
= x(wn} + Wn) =o

AQUNTION 1y SATSRED e -1

AL e 8 = \/x//

N e {00k ol W0RLAT ES oF Tie om) Y= W)
RV X= -ta-3g
e o lle) = i
\3 ¢+ 1\Y) B by
= 3 )
o s 4 ()
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