MATRICES

EXAM QUESTIONS
(Part Two)
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Question 1 (*%)

Find the eigenvalues and the corresponding eigenvectors of the following 2X2 matrix.

o)
A= .
6 2
2 3
— ey

Question 2 (*%)

A transformation in three dimensional space is defined by the following 3x3 matrix,
where x is a scalar constant.

2 =24
C=| 5 x=2 2
-1 3 X

Show that C is non singular for all values of x.
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Question 3 (*%)

The 2Xx2 matrix A is given below.

a) Find the eigenvalues of A .
b) Determine an eigenvector for each of the corresponding eigenvalues of A .

¢) Find a 2x2 matrix P, so that

PTAP{’11 Oj,
0 4

where A, and A, are the eigenvalues of A, with 4 < 4,.

1

7 — 3 1 ’ 2 3 f
A =-15, A, =5|, u—(_zj, V-(J , P = o
J5

Gl G
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Question 4 (¥%)

Describe fully the transformation given by the following 3X3 matrix.

028 -096 O
096 028 O0].
0 0 1

rotation in the z axis, anticlockwise, by arcsin (0.96)

Question 5 (*%)

A transformation in three dimensional space is defined by the following 3x3 matrix,
where k is a scalar constant.

Show that the transformation defined by A can be inverted for all values of k.

, |proof
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Question 6  (*%)

The 3x3 matrix A is given below.

2.1 -1
A=|0 2 -2
3 4 -1

a) Find the inverse of A .

The point P has been mapped by A onto the point Q(6,0,12).

b) Determine the coordinates of P.-.

6

L
12

-6

30
1 4
-5 4

P(3,1,1)
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Question 7  (*%)

The 3x3 matrix A is given below.

1 21
A=12 3 1
3.4 2

a) Find the inverse of A .
b) Hence, or otherwise, solve the system of equations

x+2y+ z=1
2x+3y+ z=4
3x+4y+2z=4

20 1
A=l 1 1 -1 |, [x=2, y=1, z=-3
1 =LA
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Question 8 (*%)

The 3x3 matrix A is given below.

4 -4 4
A=[-1" 0 1
7 =67

Given that I is the 3%3 identity matrix, determine the values of the constant A, so

that A + Al is singular.
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Question 9 (*%)

The 3x3 matrix A is defined in terms of the scalar constant k£ by

2 —1 3
A= &k 2 4
k=2 3 k+7

Given that |A| =8, find the possible values of & .

:

k

-2, k=-8

Created by T. Madas

EXPADING THE DO O T MAE By The RorT e Viespe
|28 U 3 [

= |x > 4| =8
o 2 w9

Dk -k-to =

= okl =0

€T T A5 1B




Created by T. Madas

Question 10 (*%)

Find the eigenvalues and the corresponding equations of invariant lines of the
following 2x2 matrix

Question 11 (*%)

A transformation in three dimensional space is defined by the following 3x3 matrix,
where y is a scalar constant.

If |M| =0, find the possible values of y.

I—l’ y:_l’ )’20, y:3

@ EouyTio T beroumdl W TS oF &) — Okt g Mo

| y=2 2 o |
M\ = |

@
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Question 12 (*%)

The 3x3 matrix M is given below.

5 21
M=|0 1 1
131

a) Find the inverse of M.
The point A has been transformed by M into the point B(5,2,—1).

b) Determine the coordinates of A.

2 -1 =1
M—lzé 1 -4 5|, [a(L—24)
1 13 -5
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Question 13 (*%)
A non invertible transformation in three dimensional space is defined by the following
3% 3 matrix, where a is a scalar constant.

Determine the possible values of a.
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J

i —a' g cM46=0
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Question 14  (*%)

The 3x3 matrix M is given below.

a) Find the inverse of M.
b) Hence, or otherwise, solve the following system of equations.

3x+2y+z=7
Fay—z2=1
Xu gy — 11

I Lim'=L 2 4 2| =2 y=-1,:23

9 g, 2 [< ¥ 2]
® M= | —\‘ MATRIX OF MINDRS 6 8 2
i 3] o -4 -8
[
MAWX of o= | ¢ 8 42
Lo« -
r—( 6 O
PDI0GHTE uATRix = | 4 &
L= =
Vs 0
@car M= 300 +26) 2 =-24
O =h ° [+ s W
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Question 15 (*%)

A 3x3 matrix T represents the linear transformation

X X
T y|:—>| Y
Z Z
so that
1 3 1 6 D; 1
T| O |:>]|4], T 1[]:—>]|1], T 1|:>]| 1].
0 2 0 5 —4 -1

Find the elements of T .

2
[ lfr={4 =31
2 32
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Question 16 (**+)

Find the eigenvalues of the following 3x3 matrix.

3 -1 1
A=2 0 2|
-1 1 1
A=0, 2

Question 17 (**+)
The 3x3 matrix A is given below.

310

A=|2 4 0
1 01

a) Given that 4 =1 is an eigenvalue of A find the corresponding eigenvector.

b) Find the other two eigenvalues of A .

Created by T. Madas



Created by T. Madas

Question 18  (**+)

A transformation in three dimensional space is defined by the following 33 matrix.

a) Find the value of det A .

A cone with a volume of 26 ¢m? is transformed by the matrix composition AB?.

b) Given that detB = %, calculate the volume of the transformed cone.

|detA =39/, |volume = 6|

b
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Question 19 (**+)

The 3x3 matrix A is given below.

D o
w = O

a) Show that A only has two eigenvalues.

b) Find the eigenvectors associated with each of these eigenvalues.

0
A=2, A=2 A=3|. Ju=| 1], |[v=|4
|
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Question 20 (**+)

The 3x3 matrices A and B are defined in terms of a scalar constant k by

kK 9 2 1 -3 2
A=l1 k O and B=|k 2 -1
5 -1 1 4 1 1

a) Find an expression for det A, in terms of k.

b) Find the possible values of k given that AB is singular.

—

detA =k%—-10k=11|, |k=-1, 11, L

(o)1

Question 21  (¥**+)
Itis given that A and B are 3x3 matrices that satisfy

det(AB)=20 ~ and det(A™!)=—4.

A solid S, of volume 5 cm®, is transformed by B to produce an image §’.

Find the volume of S”.

400 cm®
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Question 22 (**%)

x+3y+2z=14
2x +y +z=17
3x+2y —z=17

Solve the above system of simultaneous equations by manipulating their augmented
matrix into reduced row echelon form.

No credit will be given for alternative solution methods.

x=1, y=3, z=2

Question 23 (**%)

A 2x2 matrix M has eigenvalues 4 =-2 and A4 =7, with respective eigenvectors
i—j and  4i+5j.

Find the elements of M .
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Question 24 (**%)

The 3x3 matrix A is given in terms of a constant k below.

k 3 6
A=(1 k 1
0 4 1

a) Show that ‘A hasan inverse for all values of k.

b) Find A~ in terms of k.

k-4 21 3-6k
A=——| -1 kK  6-k

47 =4k k*-3

@ A=\
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Question 25 (**%)

The 2x2 matrix M has eigenvalues -2 and 7.

1 4
The respective eigenvectors of M are [ J and (5)

Find the entries of M.

T

Question 26 (**%)

2x+5y+3z=2
x+2y+2z=4
x+ y+4z=11

Solve the above simultaneous equations by manipulating their augmented matrix into
reduced row echelon form.

No credit will be given for alternative solution methods.

x=12g 25 5=1
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Question 27 (**%)

The 3x3 matrices A and B are given below.

3 42 -10 -14 16
A=l1 1 4 and B=| 10 14 -6
4 5 7 5 6 6

Show clearly that

A+A'+B=FA,

stating the value of the scalar constant k
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Question 28 (**%)

The 3x3 matrix A below, represents a transformation such that R3 - R>.

2 -1 1
A=l 4 =3 0].
=33 1
a) Find the entries of A3
b) Determine the entries of A
1 00 -3 4 3
A’={0 1 Of,|[At=]-4 5 4
0 0 1 3 -3 =2

Question 29 (**%)

Factorize fully the following 3X3 determinant.

I x y+z
2 “OF |-
3 7z "x%ty

(x+y+2z)(x—2y+7z)
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Question 30 (**%)

Solve the following simultaneous equations by manipulating their augmented matrix
into reduced row echelon form.

—_— N =
[N SN
N o =

No credit will be given for alternative solution methods.

x=2, y=-1, z=4
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Question 31  (¥%%)

The 3x3 matrix D is given below in terms of the constants a, b, ¢ and d .

a 1 b
D=|j¢c 7 0].
3.d 2

It is further given that
u=i+3k and u=3i+4j+k
are eigenvectors of D with corresponding eigenvalues A and g .

Determine in any order the value of a, b, ¢ ,d, A and u.

b=-1|,|c=0|, |d=-1], |4=3

|a:63 s s ) 9#279
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Question 32 (**%)

The 2x?2 matrix A and the 3xX3 matrix B are given below.

2 1 1
1 2
A= and B=|1 1 0.
2 4
0 2 1

The straight line I; with equation
y=x+k,
where k is a constant, is transformed by A .

a) Find an equation for the image of L; under A .
The straight line L, with Cartesian equation

x-1_y=3_.
2 2

is transformed by B.

b) Find a Cartesian equation for the image of L, under B .

Ixi3y=l6k|, [Pl 228
7 4 5
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Question 33 (**%)

The 3x3 matrix A is given in terms of the scalar constant k£ by

I -1 3
A={2 1 k|
0 1 1

a) Find, in terms of k , the inverse of A .
b) State the condition that k must satisfy, so that the inverse matrix exists.

Now suppose that k =4.

The point P has been transformed by the matrix A into the point Q(2,8,3) .

¢) Determine the coordinates of P .

k—1-%4 1k+3
A"l:%g 2 -1 k-6, k=9], |P(1,21)
2 1 -3

® s
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Question 34 (**%)

The 3x3 matrix M is given below, in terms of a scalar constant & .

kK 0 2
M= 4 3 2
-2 -1 0

a) Show that 4, =L is an eigenvalue of M for all values of & .

2
b) Given that | -2 | is an eigenvector of M with corresponding eigenvalue 4, #1,
1
find the values of 4, and the value of k.

¢) Find the value of the third eigenvalue of M.

[C] B o
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Question 35  (¥*%)

The 3x3 matrices A and B are given below.

1 00 1 0 O
A=|0 0 1 and B=/0 -1 0].
010 0 0 1

a) Describe geometrically the transformations given by each of the two matrices.

The matrix C is defined as the transformation defined by the matrix A, followed by
the transformation defined by the matrix B .

b) Describe geometrically the transformation represented by C.

:

A :reflection in the plane y = z|, |B : reflection in the xz plane|,

C:rotation in the x axis, 90°, anticlockwise|
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Question 36 (**%)

x +3y +5z = 6
6x -8y +4z = -3
3x+11y+13z = 17

Solve the above system of simultaneous equations by manipulating their augmented

matrix into reduced row echelon form.

’ |:|’ X:—%, y:%a Zzl

B ——

1*3(:,»5_;:(5 vl "\ 356
\;) |68 4:-3
Bt llg+Be=l lzuniy
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&) |, = =
e 2 aia] Lo 2 20 )
(I 7 [1 3 ste .
[ w |G e ;M«—q;
[ 3 o1y o 7
“o | J‘ L& |9 & Q|
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Question 37 (**%)

The matrix A :R? — R? and the matrix B:R> — R? are defined as

1 0 0
A= and B={0 cos45° -sin45°
0 sin45° cos45°

Describe geometrically the transformations given by each of these matrices.

State in each case the equation of the line of invariant points.

-

l:l, A :shear parallel to y axis,(1,0) — (3,1)

, 1A x=0],

B :rotation in the x axis, 45°, anticlockwise B:y=z=0,ie. x axis|

S A SEAR PAOAUEL
[

(10 > (13)

B- wfrsfi =

L O/ _sndS_ (ol J Qo RO )

D= 18 " e Scmon’ 1S A SOagh) emml
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Question 38 (**%)

Find the eigenvalues and the corresponding eigenvectors of the following 2X2 matrix.

(1 3j

M = .

2.2

A=-1, u:a[_;j, A=4, u:ﬁ[ij
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Question 39  (*¥*%)

A transformation of the x-y plane is represented by the following 2x2 matrix.

-5 9
D= .
—4 .7
The straight line with equation of the form y =ax, where a is the gradient, is in the

direction of the eigenvector of D.

a) Find the equation of this straight line, stating whether this line is an invariant
line or a line of invariant points.

b) Show that all the straight lines of the form y =ax+c, where c¢ is a constant,
remain invariant under the transformation represented by D.

W

® /s o\t )

Created by T. Madas



Created by T. Madas

Question 40  (**%)

Solve the following simultaneous equations by manipulating their augmented matrix
into reduced row echelon form.

1 1 =3)\x 6
2 1. 44 y|=|3
5 2 16\ z 4

, [x=-10, y=19, z=1

o] Rowg 2. B ~H, ANO AN T D Do 3 |
- "

Question 41  (¥%*%)

The 3x3 matrix M is given below.

-3 0 O
M= 0 -3 0
0 0 3

M describes two consecutive linear transformations of 3 dimensional space, which can
be carried out in any order.

Describe geometrically each these two transformations.

rotation about z axis,180°

9

uniform enlargement, S.F.=3
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Question 42  (¥*%)

The system of simultaneous equations

x+ y+2z=2
x+2y+ z=2
2x+ay+5z=>b

where a and b are constants, does not have a unique solution, but it is consistent.

a) Determine the value of a and the value of b.

b) Show that the general solution of the system can be written as

2-3t

where ¢ is a parameter.
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Question 43  (**%)

The 3x3 matrix A is given below.

2 -5 0
A=-5 -1 3
0 3 -6

As Ais a symmetric matrix, find the orthogonal 3%3 matrix P and a diagonal 3x3

matrix D such that PTAP=D.

5 1 1
P=|-— —— —— |[,/[p=l0 3 0

& G s
0O 0 -8

/A

N
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Question 44  (**%)
Find the eigenvalues and the corresponding eigenvectors of the following 3X3 matrix.

1 1 0

A=|1 2 1

0 1 1
1 1
A=0, u=|-1|, L= v=| 0], |4 =3 w=|2
1 -1 1
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Question 45  (¥*%)

A linear transformation 7' in the x—y plane consists of a reflection about the straight
line with equation

y=xtana®,
followed by an anticlockwise rotation about the origin O, by an angle of  3°.

By considering matrix compositions, or otherwise, describe 7" geometrically.

ﬁo

reflection in the line y = tan(ato +7j

Question 46 (**%)

x+3y+2z=13
3x+2y —z=4
2x +y +z=17

Solve the above system of simultaneous equations by manipulating their augmented
matrix into reduced row echelon form.

No credit will be given for alternative solution methods.

x=1, y= =3
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Question 47 (**%)

The 3x3 matrix A is given below.

3 1 3
A=l 2 4 3
-4 2 -1
The matrix A is non singular.
a) Evaluate A’-A.
b) Show clearly that
-1
AT =S [A-T].
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Question 48  (**%)

The 2x2 matrix P is definedin terms of x, where x#1.

Pz(f ;jj.

a) Find in its simplest form the matrix PP’ —PTP.

b) Show clearly that det(PP" —P"P)<0.
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Question 49  (*¥%¥)

2 5 3)(x) (2
1 2 2yl=| 4|
11 3)z) (10

Show that the above system of simultaneous equations ...

a) ... does not have a unique solution.

b) ... is consistent and the general solution can be written as
X 16—-44
yl=| 4-6 |,
z A

where A is a scalar parameter.

proof
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Question 50  (**%)

The 3x3 matrix A is given below, in terms of a scalar constant & .

kK0 1
A=|-11 k-3 9.
-11 0 %k

a) Given that' A is singular, find the value of k.

b) Given instead that A =2 is an eigenvalue of A, determine the value of £ on
this occasion.

k=3|, k=5
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Question 51  (¥%%)

Three planes, the equations of which are given below, intersect along a straight line L.

x+2y+3z=2
2x+3y +z=3
3x+4y —z=k

Show, by reducing an augmented matrix into row echelon form, that the equation of L
can be written in the form

r=j+t(7i-5j+k),
where ¢ is a scalar parameter.

proof
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Question 52 (**%)

Solve the following simultaneous equations by manipulating their augmented matrix
into reduced row echelon form.

1 2 1) x 1
1 1.3 y|=]2
3 5 3)\z 4

No credit will be given for alternative solution methods.

x=3, y=-1, z=0

Question 53 (**%)

3x—2y—-18z=6
2x +y —5z=125

Show, by reducing the system into row echelon form, that the solution can be written
in the form

r=8i+9j+A(4i-3j+k),

where A is a scalar parameter.

proof

Created by T. Madas



Created by T. Madas

Question 54 (**%)
The 3x3 matrix R is defined by

oS O
o = O
- O O

The image of the straight line L, when transformed by R, is the straight line with
Cartesian equation

x+2 y-1_ z-1
3 2 4

Find a Cartesian equation for L.

|:| x—2: y—lzz—l

SORT &y RuDIND THE OIS oF B - 0Se Eunyne
BOW) OPECATIONS
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Question 55  (¥%%)

The 3x3 matrices A and B are given below.

1 0 O 1 0 O
A=0 0 -1 and. B={0 -1 O
01 O 0 0 1

a) Describe geometrically the transformations given by each of the two matrices.

The matrix C is defined as the transformation defined by the matrix A, followed by
the transformation defined by the matrix B .

b) Describe geometrically the transformation represented by C.

, |A:rotation about x axis, 90° anticlockwise|, |B : reflection in the xz plane

b

|C : reflection in the plane y = Z|
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Question 56  (**%)
The vectors u, v and w are defined as
1 10 -2
u=[(2(, v=|5/|, w=| 1],
8 a 2

where a 1is a scalar constant.

Given that u, v and w are linearly dependent, determine the value of a and hence

express uin terms of v and w.

iy L-Ngﬂ INDEODA THER. SCAGRY. TRIPLE PRDICT MAST. B¢ 2600
wlw=0 = | = 8

s a
B

\: alz|e q(be © X( p
PN W e =
fo-a ~2 (24+2) +8(0 o) =0
©-a =40 -4a +l60 =0

. \30 = Sa

= =
2z

ALY e e
s=fe e = (3 (@0 ()
\

= o) ~1p

{1 “shorp 4 AL Te g 3%
=mhin) 9= 3
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Question 57  (¥%%)

The 3x3 matrices A and B, are given in terms of the constants k and /# below.

1 2 1 15 4 -1
A=|2 k 4 and B=h 4 2].
3 2 -1 17 -4 -3

a) Find the matrix composition AB, in terms of k and /.
It is further given that AB = AI for some values of k and A.

b) Find the value of each of the constants A, k and #.

¢) Deduce A_l, for the values of A, k and h, found in part (b).

2h+32 0 0
[ ].|AB=|hk+98 4k-24 2k—14|,[A=4, h=14, k=7,
2h+28 0 4
15 -4 -1
A=l o4 o
Ny a3
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Question 58  (**%)

7.6
The 2X2 matrix A :(6 2} is given.

Use the Caley- Hamilton theorem to show that

A* = A+,

where I is 2X2 identity matrix.

[ ] [A* =1125A + 22661

= BIAZy AT +uBLl>

BIA" L 36A + 44T

Created by T. Madas



Created by T. Madas

Question 59  (***4)

A system of equation is given in matrix form below

where ¢ is an integer constant, and a, b and ¢ are real constants.
The system of equations does not have a unique solution, but it is consistent.
Show clearly that

at+b=c.

proof
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Question 60 (***+)

Express the following 3X3 determinant as the product of three linear factors.

1 x x2—x
Ly y*-y

2
1 =ff 22 %

(r=y)(y=2)(z=%)
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Question 61  (**%4)

Find the eigenvalues and the corresponding eigenvectors of the following 3X3 matrix.

1 2 4
A={2 1 4].
2.3 2
-3 4 1
A=-1, u=| 1|,|4L==-2, v=| 4|, |41=7, w=|1
1 -5 1
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Question 62  (***4)

The 3x3 matrix A is defined in terms of a scalar constant k as

2 -1 1
A=|0 3 1
1 1 &k

a) Find A™', in terms of k.
b) Hence solve the following simultaneous equations

2x—y +z=1
3y +z=2
x +y+2z=2

3k—-1 k+1 -4
# -1 -1 ,_1

1 pl F 4L S| X=5, ¥Y=5, 255

-3 -3 6

SRS G 2
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Question 63  (**%4)

The 3x3 matrix A is defined in terms of a scalar constant k£ by

I 2 2
A=k I k-1
2:2k=1 2-k

a) Show that det A is independent of k .

b) Determine, with full justification, whether the vectors

i+2j+2k, —2i+j+3k and 2i+j

are linearly dependent or linearly independent.

The equations of three planes are given below.

x=2y+2z=2
—2x+ y—-5z=3
2x—-3y+4z=6

¢) Determine, with full justification, the geometrical configuration of these three
planes.

linearly independent

b

all 3 planes meet at a single point
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Question 64  (**%4)
By using elementary row and column operations, or otherwise, factorize the following
determinant completely.

a b —c
b—c a—c a+b|.

—bc —ca ab

[ 1. [(a+b+c)(a=b)(b+c)(c+a)

a b =c €. a b “a
b= ascab| = | avbic dibie avhic
e cca b ~be ca ah
o bo-c [
=@ 2 e
S el Lo |- 2. b beca abs
b 4 a 1
= @b | ° o | = (stbigy(ba)ua)| |
R CEA () 4 < ib

Gond i e 2" ool
s
: (am»w(m[«l[ = ]]

= (arorc)(b-a)(are) Ge-b)

< (b0 ) () (bre) )

e
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Question 65 (***+)

The 3x3 matrices A and AB are given below.

1 21 -8 11 9
A=|2 1 1 and AB=| -7 10 8
1 4 2 -13 18 15
a) Find the inverse of AB.
b) Hence determine the inverse of B .
-6 3 2 2 -1 1
(AB)'=| -1 3 -1, |B7'= 30
-4 -1 3 =3 3
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Question 66  (**%4)

The 3x3 matrix A is defined by

>

Il
=)
o= O

o

a) Describe geometrically the transformation given by A .

The 3x3 matrix B represents a rotation of 180°about the line x=z, y=0.

b) Determine the elements of B .

The 3x3 matrix C is represents the transformation defined by B, followed by the
transformation defined by A .

¢) Describe geometrically the transformation represented by C.

0 0 1
, |A :rotation about y axis, 90° clockwise|, [B=10 -1 0|,
1 0 O

C: rotation about z axis, 180°

) @ Bud THE MATOX PR THE (afasiTon

e E—— REBUCN Aot THE 2 AN, B leo®
% DOTion M 90° Qo WO THE PUME of The AR !

hgott Tie Y g P
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Question 67  (**%4)

The 3x3 matrix A is given below.

1.1 0
A=|3 3 1].
0 3 2
a) Show that
13A—A3=15I.

b) Hence find an expression for A! in terms of other matrices.

¢) Use this expression to find Al

9 2 -1

A—lzi(m—Az), A=t 6 20
15 15

9 3 6

@ o [ro)[tiey/in
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Question 68 (***+)

The 3x3 matrix A is given below.

1. 0 4
A=/0 5 4
4 4 3
1
a) Verify that | 2 | is an eigenvector of A and state the corresponding eigenvalue.
2

b) Show that -3 is an eigenvalue of A and find the corresponding eigenvector.

2
¢) Given further that |-2 | is another eigenvector of A, find 3X3 matrices P
1
and D such that
D=PTAP.

2 9 0 O 1 2 2

A=9|, l,D:O—30,P:% 1 2

-2 0 0 3 O ¥ |
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Question 69  (**%4)

A system of equations is given below in terms of the scalar parameters ¢ and s .

2x +y +3z=r+1
5x =2y +(t+1)z =3
x +2y +4z =y

a) Show thatif #=-5 or =2, the system does not have a unique solution.

b) Determine the value of s is the system is to have infinite solutions with #=2.
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Question 70  (***4)

The 3x3 matrix A is defined in terms of a scalar constant k£ by

kK 8 1
A=1 1 1
3 .41

The straight line L is a line of invariant points under A .
Determine, in any order, ...
a) ... the value of k.

b) ... the Cartesian equation of L, giving the answer in the form

=

Created by T. Madas



Question 71  (**%4)

Created by T. Madas

The three planes defined by the equations

xX+2y+ z=2
2x+ay+ z=1
X+ y427=>b

where a and k are constants, intersect along a straight line L .

Determine an equation of L.

r=(6-31)i + (1-2)j + tk

®
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Question 72 (***+)

The 3x3 matrices A and B are given below.

5 2 4 -1
A=|7 3 2 and B=|-13
4 5 3 23

14 =8
-1 18
-17 1

Find an expression for AB and use it to solve the following system of equations.

Sx + 2y + 4z =10
Ix + 3y + 2z = 21
4x + Sy + 3z =5

Created by T. Madas
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Question 73  (***+)

The 3%x3 matrices A and B, are defined in terms of the scalar constants x as follows.

2

x* x 1 x 0 2
A=[1 1 1 and B={0 x 9
4 2 1 0 1 x

a) Find an expression for AB, in terms of x.

b) By considering the properties of the determinants, or otherwise, find det(AB)

in fully factorized form.

¥ xP#l 2x% +10x

I:I, AB=| x x+1 x+11 | |—x(x=1)(x=2)(x=3)(x+3)

4x 2x+1 x+26

= 1AI(8]

14 el
A Bl = a0 Eyees)

Created by T. Madas



Created by T. Madas

Question 74  (***+)

Factorize fully the following 3%x3 determinant.

1 1 1
Xy szl
yZ XXy

Created by T. Madas
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Question 75 (**%4)

The 3x3 matrix A is given below.

4 -1 1
A=-1 6 -1
1 -1 4

a) Show that A =7 is an eigenvalue of A and find the other two eigenvalues.
b) Find the eigenvector associated with the eigenvalue 4 ="7.
The other two eigenvectors of A are
u=i-k and v=i+j+k,
where the eigenvalue of v is greater than the eigenvalue of u.
¢) Find a 3x3 matrix P and a 3x3 diagonal matrix D such that D = PTAP.

d) Show that P is an orthogonal matrix.

111
1 \E*ff 300
=43, |a| 2|,P=|" 0 — ——|, D=0 4 0
1 V3o s 00 7
Lol g 1
V2 3 e
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Question 76  (**%4)

x+y —2z=2
3x —y+6z=2
6x+5y —-9z=k

a) Show that the system of equations does not have a unique solution.
b) Show that there exists a value of k for which the system is consistent.

¢) Show, by reducing the system into row echelon form, that the consistent
solution of the system can be written as

x=1=t, y=3t+1, z=t

where 7 1s a scalar parameter.
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Question 77 (***+)

4x +2y+7z= 2
10x —4y —5z= 50
4x +3y+9z=-2

Solve the above system of simultaneous equations by manipulating their augmented
matrix into reduced row echelon form.

:

x=4, y=0,z=-2

Yr1=2 1 Wb +Te =2
~szeSo ( =P -y +lox - 52 =50 b

2
{
dy 4w 492=-1 ) b v =2 )
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Question 78 (***+)

Factorize fully the following 3% 3 determinant.

(a—b)(b—c)(c—a)(a+b+c)
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Question 79  (***+)

The 3x3 matrices A andB are given below.

2 2.4 9 -3 -10
A=0 6 -2 and B=1 1 -2
1 0 -3 3 -1 -6

a) Find the matrix composition AB.

The point P has been transformed by A into the point Q(30,18,20).

b) Determine the coordinates of P..

S o O

0
o, [P(2.1.-6)
8

0 o€
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Question 80 (***+)

The 2x2 matrix A maps R? > R? and is given by

420

a) Determine an equation of an invariant straight line under A .

b) Find an equation of a straight line of invariant points under A .

b

y=—x+c y=—x|
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Question 81 (***+)

The 2x2 matrix A is defined below in terms of the scalar constants p, g and r.

)

It is further given that A represents a shear under which the point (2,2) is invariant.

Show that all straight lines of the form
y=x+c,
where c is a constant, are invariant under the shear represented by A .

proof
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Question 82 (***+)

The 3x3 matrix A is given below.

-1 £k O
A=k 0 2
0 2 1

a) If one of the eigenvalues of A is 3, find the possible values of k.
b) Determine the other two eigenvalues of A, given that k£ >0.

¢) Find an eigenvector corresponding to the eigenvalue 3.

,|A=0, A=-3|, |[v=a(i+2j+2k)

k=42

b

0) S e Do) of AGwAe
|--3 & o
E 03 2

2 1
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O oo 5 s

J:J).M
z=g
b o gumos y
e
[-:-3 2 e Sl -2 — 0\
| 2 en 2 |70 =% a o e s l/2‘
| o 2 o N 7
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Question 83  (**%4)
Consider the following matrix equation

k 1 0 X a
3 2 k-3|yl|=|b]|,
10k 3+ =2 4 15

where a, b and k are scalar constants.

a) Find the values of k for which the equation has a unique solution.
It is further asserted that k =2.
b) Express a in terms of b if the matrix equation is to be consistent.
¢) Show thatif a=1 and b =4, the solution of the matrix equation is

X t+1
y|=|-2t-1],
F Tt+1

where ¢ is a scalar parameter.

[ 1 |kz2 U k#3|, [2a+7p=15

b=t 4 30ToM 2600 Puu)

Qv orer () wn ax

a) oL (0QUE SUTn) THE DETEOMINST WO B¢ W0y Zeo

[ L L
o n‘:k\au‘,j; \:[ ‘w L oold
s 13 2] lek -2 lo -1 |

o3 o= |

= ke - [e-wayy
= b(@-mc) o ( 2k -loeze) NS
Hoe
Lo ONQUE Sowliod = kel | k# 2k L J
2R Ths

k) Do DepyOnG- e AUGUETHD MATRIX
— i T e e

[g)s (== 5
4] ol S
AR o)
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Question 84 (***+)

The 3x3 matrix A is defined as

S S Q
— O O

where a, b and ¢ are scalar constants.

a) If A= Al , find the value of a,b and c,
b) Evaluate the determinant of A .

¢) Determine an equation of a plane of invariant points under the transformation
described by A .

b=-3|,1lc=0], |detA =-1

la=-4], , |plane: x =2y

2 b

fng
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Question 85 (***+)

x +5y+7z=41
Sx —4y+6z= 2
Tx+9y -3z= k

Find the solution of the system of simultaneous equations above, giving the answers in
terms of the constant k .

k-21 __k+77 __105-k
[ L|x=F= y=—— 2=

¥, 26 26

PROCEED BY THE JORDAN GLUST AT HUTINTOE_ Lombor MATRCE]
[ts ) 2y
) S-4

|S 4

1

o Yy = -2 N
=t d %y -z= k-

L 4 Tee
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Question 86  (***4)

The matrices A and B, where k is a scalar constant, are given below.

1 2 -1 -k 2 k-4
A=l4 k 2| and B=| 4 -1 =2
0 0 -1 0 0 k-8

a) Find AB in its simplest form.

b) Hence, or otherwise, find the inverse of A in terms of k, stating the condition
for its existence.

¢) Use the inverse of A to solve the equation Ax=c where

X 0
X=|y and c¢=| 46
~11

27

AB=(8-k)I|, A'=_L B[ |x=|-8

8—k 0

Created by T. Madas



Created by T. Madas

Question 87  (¥*¥%¥)

A 3x3 matrix A has characteristic equation

QA3 -T2+ 1+10=0.

a) Show that A =2 is an eigenvalue of A and find the other two eigenvalues.

b) Show further that

2A% +71A% =27A3 +100I.

An eigenvector corresponding to =2 is u.

2 0.4 X
It is further given that u=| -4 |, v=|-08| and x=|y
-5 -1

¢) Evaluate each of the following expressions.

i. Au.

ii. A’v.

d) Solve the equation Ax=v.

4 1.6

0.2

[ ] |ja=-1,2=3 |Au=| -8 | |A’v=| 32|, |x=|-04

= 2% -7+l =o

— A TALA 40T -

S8 Ty -
= 28A-TAM LAA 1y =

=2 “d)=0
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Question 88  (¥**%¥)

x =2y + az =5
(a+1)x +3y =a
2x +y +(a-1)z =3

a) Determine the two values of the constant a for which the above system of
equations does not have a unique solution.

b) Show clearly that the system is consistent for one of these values and
inconsistent for the other.
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Question 89  (*¥¥¥¥)

Find in Cartesian form the image of the straight line with equation

x=2 y+2 1-z

3 4 2

under the transformation represented by the 3x3 matrix A, shown below.

g

1]
S N =
oS = O
—_
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Question 90  (¥¥¥%¥)

The 3x3 matrix C represents a geometric transformation 7 : R R3.

3 -1 1
C=l-1 3 1
L1 2

a) Find the eigenvalues and the corresponding eigenvectors of C.

b) Describe the geometrical significance of the eigenvectors of C in relationto 7 .

1 0 1
A=1, a| 1|,|A=4, B| 1|, 7| -1},
-1 I 0

|/1 =1 & invariant line of points through the origin

b

|/1 =4 & invariant plane through the origin
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Question 91  (¥¥%%)

A 3X3 determinant, A, is given below.

n(n+l) n+l1 -1
A= 0 1 nl.

a) Show that
5 2
Az(an +bn+c) ,
where a, b and ¢ are constants.
b) Show further that
2 2 2
Azl:n(n+1):| +n +(n+1) .

¢) Hence or otherwise express 24649 as the sum of three square numbers.

2
A:(n2+n+1) 24649 =156% +13% +122
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Question 92 (¥**¥)

3x —y+5z=5
2x+y—=5z=10
x+y+kz=7

where k is a constant.
a) Given that k£ # =5 find the unique solution of the system of equations.

b) Given instead that k = =5 show, by reducing the system into row echelon form,
that the consistent solution of the system can be written as

x=3, y=5t+4, z=t.

x=3, y=4, z=0

@ (2
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Question 93  (¥*¥%¥)

The 3x3 matrix A, where a is a scalar constant, is given below.

a —1 1
A=(1 0 -1
3 =21

a) Find the elements of A™', in terms of a where appropriate.

The straight line I; was mapped onto another straight line L, by the following 3x3
matrix .

g 1
10 ~1
3 -2" 1

b) Given that L, has vector equation

[r—(4i+j+7k) |A(4i+j+3k)=0

find a vector equation for ;.

-2 -1 1
s S VR , r=1-2j+A(3i+4j+2k)
2—2a
-2 2a-3 1
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Question 94  (¥*%F)

The 2x2 matrix D shown below, represents a linear transformation in the x-y plane.

e

The straight line with equation y =mx is rotated by 90° about the origin under the
transformation represented by D.

Determine the possible values of m .

m=-1, m=2
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Question 95  (¥¥¥%¥)

The 2x2 matrix C is given below.

2 1
C= .
2.3
a) Find the eigenvalues of C and their corresponding eigenvectors.

b) Find a 2x2 matrix P such that P"!CP isa diagonal 2x2 matrix and evaluate
plcp explicitly.

¢) Hence show that

; (349526 349525
699050 699051 )
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Question 96  (**¥¥)

Consider the system of simultaneous equations
kx+ky —z=-1
ky+2z= 2k
x+2y +z=1

where the constant k can only take the values 0, 1 and 2.

Determine for each of the possible values of k whether the system ...

i. ... has a unique solution
ii. ... has no unique solution, but it 1s consistent.
iii. ... 1s inconsistent.

|a =0 = incosistent|, |a =1=> no unique solution/consistent|,

a =2 = unique solution|
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Question 97  (¥¥¥¥)

The 2x2 matrix A is given below.

7 6
A= .
6 2
A straight line with equation y =mx, where m is a constant, remains invariant under
the transformation represented by A .
a) Show that
T+6m=A7
6+2m=Am

where A is a constant.

b) Hence find the two possible equations of this straight line.
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Question 98  (¥*¥%F)

A plane IT is defined parametrically by
r=i+k+A(i+j—2k)+u(i-j+k),
where A and u are a scalar parameters.

Determine a Cartesian equation for the transformation of Il under the matrix

N O =
—_ =
(e R R

’

4x4+3y—z7=6

(xx <;\ x\(u«h*
¥l=lot o A-p 7

C-3 Lo =24 ey

X) [ e e
@;(}4 yoarvimer

2tk Ao b

X\ 2w
(E} (éz*ﬂ,r)

EUMNATE THE RUNERIES o CAITIAW

X =2y
Y=oy \X - p=X-2
Z-2emnp SULIT NS THE OHAL Tioo
Y= A=)+ 24y
Z =203 X2 = X
S e "ok gosnen e 3
A= X4y-2.

SURTITOR W THE T

Z =24 3(XHY 2] X2
z =/z/tAxHY ~6+%X52
2= 4X v ¢
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Question 99

(****)
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The 3x3 matrix C is defined by

@

Il
—_ = =
— O N
i e )

Find, in Cartesian form, the image of the plane with Cartesian equation

2x+y—z=12

under the transformation defined by C.

:

3x+4y—57=12

STI BY PAAMTIUZNG: T ANE — TALE AWy 3 Pondy on
The PAve S AC6R0) , B(0120) & C(o0,-2)

AR b (o) ~(000) = Coe) scHE T (-1,20)
AC = <-a = (oon)- (600) = (60,12)  sewe m g (1,0,2)
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Y= erlep = P =X-6-33
PR R
Z :éJLBP

SORSITUTING: W0 The: Criife. T Equaon’
THhS Y= 6-% +3(x-6 -3))

Z< 6+A +3(X~6-34)

Y= 6\ +3x~18 ~9) 7
Z= £4) +3><-(8—%\j ’

Y= 3><~\2,»[03'{7_)
2= 3x-R-8)d ’

0= 3x-v-12 2
BA= 3x -2 42 ]

=

do) = lu,uy—t;u’{ﬂ
4 - tsx-se-60 ] 7

= X-yy -8 _ X -2 —6o

= -X-W +S5z2 = -2
= X bW -2 =12 S
—_—
7
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Question 100 (**%%¥)

A linear transformation 7', acting in the x-y plane, consists of ...

e .. areflection about the line y=—x,
followed by ....
e ... atranslation such that (x,y)> (x+2,y+2).

a) Show that the matrix that represents 7' is given by the matrix

0 -1 2
T=|-1 0 2]|.
0 0 1

b) Determine the invariant line under 7 .
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Question 101 (¥¥%%)

The matrices A and B "are defined as

11
1 01
A=-1 1 and B= ,
2 2 k
00

where k is a scalar constant.
a) Without calculating AB, show that AB is singular for all values of & .
b) Show that BA is non singular for all values of k.

When k =-2 the matrix BA represents a combination of a uniform enlargement with
linear scale factor va and another transformation 7.

¢) Find the value of a and describe T geometrically.

, la=38|, |rotation about O, clockwise, by 45°

Q) APPOIIG 4 B0 OROATION [y (<) YifeS Eeo Beit 4T A
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Question 102 (¥*%%¥)
The equation of a plane IT is given by

1 2 1

r=|2[+A| L|+u 0],
1 0 2

where A and u are parameters.

The plane IT is transformed to the plane IT" by the matrix

>

[l
—_
N o= O
—_— O N

Find a Cartesian equation of IT".

\

Sx+14y—-13z+21=0
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Question 103 (¥¥%%)

The Cartesian equation of a plane II is given by
xX+2y+z=2.

The plane IT is transformed to the plane IT" by the matrix

b

Il
—
o= O
~ O

Find a Cartesian equation of IT".
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Question 104  (¥¥%%¥)
A linear transformation 7', acting in the x-y plane, consists of ...

e .. areflection about the line y=—x,

followed by ...
e ... atranslation such that (x,y)> (x+a,y+b).

The transformation T is represented by the matrix T .

a)  Given the point (1,1) is mapped to (2,4), find the matrix T.

b) Determine the equation of the image of the curve with equation y = x>, under

the transformation represented by T .
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Question 105  (¥*%%¥)

The 3x3 matrix A, is defined in terms of a scalar constant k , below.

>

1l
W W
AW oD
W A W

a) If k=3, verify that A maps every point of the three dimensional space onto
the plane with Cartesian equation

x=2y+z=0.

b) If k #3, determine the value k so that the transformation represented by A
has a line of invariant points, and state the Cartesian equation of this line.

| k=12], [Lx==-Ly=1,
s s
2 {/ 2
B [2 25 =5 -B+t-¢ =o
d i afise) o
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Question 106  (**%%¥)

The 2x2 matrix M satisfies M = PDP~! where

-1 4 1 0
P= and D= y
) o >

a) Determine the elements of M.
b) State the eigenvalues, and the corresponding eigenvectors of M.

¢) Find an equation of the straight line of invariant points under the transformation
described by M.

It is further given that

L1 [4x3Mel 4x3 4

d) Deduce that 3> +4 is divisible by 13, for all positive integers n .

25 8
[ M=[6 3), =1, =27, u=4i+j u,=-i+3j,
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Question 107  (¥¥%%)

Factorize fully the following 3%x3 determinant.

Xy z
2 y2 22
Yo > xy

(r=y)(y=2)(z=x)(xy+ yz +2x)
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Question 108  (**%%¥)

A system of equations is given below
3x+2y —-z=10
Sx —y—-4z=17
x+5y +pz=q
where p and ¢ are constants.
a) Find the value of p so that the above system does not have a unique solution.
b) Show that for this value of p the system is consistentif g =3.
¢) Show that the general solution of the system can be written as
r=2i+j-2k+A(%-7j+13k),

where A is a scalar parameter.

p=2
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Question 109  (¥¥%%¥)

The following three vectors are given.

2 -1 1
u=|-1|, v=| 1|, w=|-1
1 2 -1

a) Show that w, v and w are linearly dependent.

b) Find a linear relationship, with integer coefficients, between u, v and w.

WO THE MRS A8 THE CoLMNS of 4 MATRIX

Created by T. Madas



Created by T. Madas

Question 110  (¥*%%¥)

The 2x2 matrix A is defined in terms of a constant % .

b

1
a) Given that (J is an eigenvector of A, find ...

i. ... the corresponding eigenvalue to the eigenvector.
ii. ...the value of k

b) Find another eigenvector and the corresponding eigenvalue of A .

It is further given that A = PDP!, where D isa diagonal matrix and P is another
matrix.

¢) Write down possible forms for the matrices D and P.
d) Hence show clearly that

RE 1739180 3043789
1739308 3043661 )

7
A=9|, [k=5], /1=—2,u=( 4j

o)
Il
T N
S O
|

[\ I e}
N—
w
Il
7\
—_ =
|

&~ Q
N W

@ A2
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Question 111  (¥*%%¥)

The 3x3 matrix A is given below.

1 -1 1
A=|3 3 1
3 5 3
1
a) Given that u=| 1 | is an eigenvector of A, find the corresponding eigenvalue.
2

b) Given that 4 =-2 is an eigenvalue of A, find a corresponding eigenvector v.

The vector w .is defined as w=u+vVv.

¢) Determine the vector Alw.

0 128
7
| JA=2] lv=|1], |A'w=| 0
1 128
PR
L
b x-yeiz
Wiyt 2
-+
Y=Terz T oy
e -s(axtz) #8220 i
af)
A Aw= A (asy) = A2y
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Question 112  (¥*%%¥)
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The following four vectors are given.

2 -1 1 1
-1, v=| 1|, w=|-1|, p=|l
1 2 -1 1

a) Show that u, v and w are linearly independent.

b) Express p interms of u, v and w.

p=2u—-4v-Tw
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Question 113

A plane IT has Cartesian equation

(****)

2x+3y+4z=24.

Determine a Cartesian equation for the transformation of II under the matrix
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Question 114  (***%4)

A linear transformation 7', acting in the x-y plane, consists of ...

e ... atranslation suchthat (x,y)> (x+2,y+4),

followed by ...

. . . . . V4
e ... an anticlockwise rotation about the origin by —.

Determine the coordinates of the invariant point under 7 .

[ T]=3-1)

O[T [o o -4
l(o‘iﬁ‘—’—‘\r) i
Lo Lo & 3.1
T o 2\
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Question 115  (****4)

A linear transformation 7', acting in the x-y plane, consists of ...

. . . .. V4
e ... an anticlockwise rotation about the origin by B}

followed by ...

1
e ... atranslation by the vector (J

Determine the coordinates of the invariant point under 7.
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Question 116  (****4)

The 3x3 matrix A is given below.

I -1 1
A=|3 0 1
1 -1 2

Find in Cartesian and parametric form the equation of the invariant line and the
equation of the invariant plane under the transformation represented by A .

cr=(A+u)i+(A+2u)j+uk, x—y+z=0

r=Ai+Aj+ Ak, x=y=z¢
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Question 117  (****4)
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The following four vectors are given.

a) Show that these four vectors are linearly dependent.

b) Express p interms of u, v and w.

3 1 1
0 -1 2l
V= . W= , =
1 0 P -1
-1 71 0
p:%u—v+%w
: A:Lt—f ; = "::;Si
peetd 51

a) RUING 4 MATEX 6o (oS THE - USioRs
(=Y 0
Lo o =t
O 1 e -t
[ UV

TWo_ IDMGA Bowl IMPURL w0 DEEULINAW],

A THE G0N ARE (EADL DRADGS] ///’177
b)
I
(Medpet =1 5 Moare=r
L LD
i N
b R AN \
\’A»pr o um,t:ov\

Created by T. Madas




Created by T. Madas

Question 118  (****4)
A linear transformation 7', acting in the x-y plane, consists of ...

e ... atranslation suchthat (x,y)> (x+2,y-3),

followed by ...

e .. arotation about the origin, by %7[, anticlockwise.

Show that under T, the curve with equation

is mapped onto the curve with equation

x2—y2—6x+4y+9=0.
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Question 119  (****4)

The 2x2 matrix C is defined as

where a and b are constants.

a) Determine the eigenvalues of C and their corresponding eigenvectors, giving
the answers in terms of a and b where appropriate.

It is further given that C=PDP ', where D is a diagonal matrix and P is another
2X?2 matrix.

b) Write down the possible form of D and the possible form of P and hence

show that
C’ =p8C.
1
b+ 1
l:l, A=b, u=|p_g| or u= “a | A==b, v= ,
b—a -1
b+a
b 0 b+a 1
D= , P =
0 -b b—a -1

0) ST By e GMOATOICTC Cootion) Rop. &
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Question 120 (**¥*%4)

A system of equation is given below

3x—2y—-18z=6
2x +y —5z=125

a) Show, by reducing the system into row echelon form, that the solution of the
system can be written as

r=8i+9j+A(4i-3j+k),
where A is a scalar parameter.

A new system is now given

3x-2y—-18z=6
2x +y —5z=25
Tx+ky +2z=20

where k is a constant.

b) Determine if the system has solutions for different values of & .

k #10 = unique, otherwise incosistent
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Question 121  (****4)

The following vectors, given in terms of a scalar constant n, are linearly dependent.

a=ni+2nj+(n-1)k,
b=(n2+n—1)i+(2n2+n)j+(n2—1)k,

e=—i+j+(n’-1)k.

Determine possible values of 7.
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Question 122  (*¥**4)

Created by T. Madas

A linear transformation 7', acting in the x-y plane, consists of ...

e ... atranslation such that (x,y) > (x+h,y+k),

followed by

e .. areflection about the line y = x.

a) Determine, in terms of k and 4, the equations of the two straight lines which
map onto each other under 7T .

b) Find, in terms of k and A, the equation of the invariant line under 7 .

¢) Give a full geometrical description for 7, in the case where h+k =0, by
considering the single transformation that is equivalent to 7" applied twice in

succession.

|—|’ y:x_h9 y:X+k, y:'x-l_%(k_h)’

|Reﬂection about the line y=x— k|
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Question 123  (*¥***4)
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The 2x2 matrix A is defined as

1 3
2.2

A=

Use linear matrix algebra techniques to show that

A

where @ and B are positive constants.

You may not use proof by induction in this question.

o [ ax4"+p(-1)" Bx4"-B(-1)"
Slaxd"—a(-1)" Bx4"+a(-1)"

9

(-3)@A) -< =o
= (-)G-2) -6 =0
= 3:m-4-=0

= (-wG+)=

4
= A=
|
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Question 124  (**%*%4)
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A linear transformation 7', acting in the x-y plane, consists of ...

e .. areflection about the line y = x,

followed by

e ... atranslation such that (x,y) (x+1,y-1),

followed by

e ... aclockwise rotation about the origin O by 90°.

Find, under T , the equation of the image of the straight line with equation y =3x—1.

,3x+y+3=0
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Cunnate £ 00T ¢ e pomuTaCs
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o5 Mool
V. T = V==3(X+1)
V= -3t d
= Y=-3x-3
= Y4X¥3=0

Y
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Question 125 (****4)

A linear transformation 7', acting in the x-y plane, consists of ...

e .. areflection about the line y = x,
followed by ...

e ... atranslation such that (x,y)> (x=2,y+2),
followed by ...

e ... areflection about the line y =0,

The point P is invariant under 7 .

Determine the coordinates of P .

P(—2.4)
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Question 126  (****4)

The 3x3 matrix T is given below.

-1 0 -1
T= 0 1 -2
00 1

The matrix T describes a composite transformation in the x-y plane.

a) Verify that T consistsof ...

e .. areflection in the line y=—x,
followed by ...
e .. atranslation by the vector 2i—j,
followed by ...
e .. aclockwise rotation by %ﬂ' , about the origin O.

b) Determine the inverse of the matrix T .

The straight line with equation 2x+ y+1=0 is transformed by T .

¢) Find a Cartesian equation of the image of the line after the transformation.

-1 0 -1
T '=| 01 2|.[y=2x=1
00 1

@
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Question 127  (***%4)

A linear transformation 7', acting in the x-y plane, consists of ...

e .. an anticlockwise rotation about the origin O by a non zero angle &,

... followed by ...

e .. atranslation such that (x, y) — (x+h, y+k)
Under this transformation (0,1)+ (1,2) and (3,0) — (4,3).

Find the value of each of the constants @, k and /.

_ 3 -8 -6
|:|, 0—arctan4, h_S’ k—5
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Question 128

(*****)

Created by T. Madas

An equation in x is summarized by the following determinant.

1 a-1 (x=b)(x+b)
b+1 (x—a)(x+a)
1 x-1 (a=b)(a+b)

0

Give the solutions in terms of a and/or b where appropriate.
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Question 129

An equation in x is summarized by the following determinant.

(*****)

a X2

2
X a

x+b
at+b | =0

x+a 2x° b

Give the solutions in terms of a and/or b where appropriate.
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Question 130  (***%¥)

A transformation is defined by the 2xX2 matrix

—-a b-a
a+b a

where a and b are scalar constants.

If n is an odd integer prove that

T =p"'T.
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Question 131 (*¥%%¥)

A rotation R, acting in the x -y plane is given by the following 3x3 matrix.

=
|
o N|§‘ RO p—

Find the centre and angle of this rotation.

]

centre(l—\/§,1+\/§), 0 =%7L’
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Question 132  (G¥¥¥%%¥)

A rotation R, acting in the x -y plane is given by the following 3x3 matrix.

Find centre and angle of this rotation.

I:L centre(—2,—1), 6 :%
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Question 133 (***k¥)

The point P(x,y) is mapped onto the point Q(X,Y) by the rotation described by the

matrix transformation
X 3 cos@ —sinf \( x
Y) \sin@ cos@ y)

The above transformation is used to rotate the hyperbola with equation
4x> —44xy—29y% =120
onto the hyperbola with equation
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where a and b are positive constants.

a) Given that the rotation is by angle &, such that @ is acute, find the exact value
of tanéd.

b) Determine the value of a and the value of b .
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Question 134  (***%¥)

A parabola has the following equation

y2=Ax, x20, A>0.

The parabola is rotated about O onto a new parabola with equation

16x2 —24xy+9y> +30x+40y =0.

Use algebra to determine the value of A.
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Question 135  (¥¥¥%%¥)

Use the properties of determinants to express the following determinant in fully
factorized form.

—bc b>+bc c*+bc
a’+ac = —ac ¢’ +ac

a’+ab b*+ab —ab

[ 1. (ab+bc+ca)3
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