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FUNCTIONS
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Question 1  (*%)

A curve is given parametrically by the equations
x=2sinht, y:coshzt, reR.

Find a Cartesian equation of the curve, in the form y = f(x).

1
=l+—x
T4

Question 2 (*%)

It is given that
cosechw = 3 .
4

a) Use hyperbolic identities to find the exact values of sinhw and coshw.

b) Hence find the exact value of w, in terms of natural logarithms.

sinhw =

4
3

: coshw:% , lw=In3
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Question 3  (*%)

f(x)=artanhx, xe R, -1<x<I1.

a) Show clearly that

f(x)zlln(“_—xj xeR, —=l<x<l1.
2 \I-x

b) Without the use of any calculating aid solve the equation
artanhx=1In3,

showing clearly all the relevant steps in the calculation.

Question 4 (**4)

Find, in exact logarithmic form, the positive root of the equation

3tanh29=SSech9+l, deR.

H:In(3+\/§)
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Question 5 (**+)

Given that x>0 and y >0, solve the simultaneous equations

cosh(4x—-3y)=1

1 arsinh%
y=—e 4
X
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Question 6  (**+)

Consider the following hyperbolic equation, given in terms of a constant & .

2cosh?® x =3sinhx+k .
a) Find the range of values of k for which the above equation has no real solutions.

b) Given further that k=1, find in exact logarithmic form, the solutions of the
above equation.

k<

ool

’ x=ln(1+\/§), ln(#)

b+ 8k <c
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Question 7  (¥*+)

f(x)=artanhx, xe R, -1<x<I1.

a) Show clearly that

f(x)zlln(”—xj XeR, —=l<x<l1.
2 \1-x

b) Hence simplify fully

g(x)=Inx
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Question 8  (**+)
Solve the following equation, giving each of the answers in exact simplified form, in

terms of natural logarithms.

3coth? x—8cosechx+1=0.

=in[L(1++5) ], x=m[L(3+413)]

Question 9  (**+)
Solve the following equation, giving the solutions as exact simplified natural logarithms

2tanh2w=1+sechw, we R.

l:l, w:iln(2+\/§)
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-1

] &dw:<%
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Question 10  (**+)

y =35arcoshx—12x

V =

The figure above shows the graph of the curve with equation

y=35arcoshx—12x, xe R, x>1.

The curve has a single stationary point with coordinates (%,cln6 —d ) ,where a, b, ¢

and d are positive integers.

Determine the values of a, b, ¢ and d .

la=37|, [b=12], |c=35], |[d =37

b 2
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Question 11 (**+)

f(x)=3-coshx, xeR.

a) Sketch the graph of f(x).

The graph must include the coordinates of any points where the graph meets the
coordinate axes.

g(x)=sinhx, xe R.

b) Find the exact coordinates of the point of intersection between the graphs of

f(x) and g(x).
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Question 12 (**+4)

d
Yl XY

x_
dx cothx

=sechx , x>0.

Given that y=0 at x = L show that the solution of the above differential equation is

2 s

_ In2x
coshx

proof

Question 13 (**+)

Find in exact logarithmic form the solutions of the following equation.

cosh? 2x+sinh? 2x=2.

x:i%ln(2+\/§):i%ln(1+\/§)
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Question 14  (**+)
Find, in exact logarithmic form, the solution of the following equation.

3sinh(2w) = 13-3¢*”, we R.

]:l, w=%ln3

Lashiad = 63 wek ]
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=9 % S ip
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=5 6{{”+ 1) 3) =0

=1 <
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Question 15 (**%)
It is given that

1—tanh”x = sech’x.

a) Use the definitions of hyperbolic functions, in terms of exponentials, to prove the
validity of the above identity.

b) Hence find in exact logarithmic form the solution of the following equation.

5sech”x=11-13tanhx, xe R.
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Question 16 (**%)

x%=\/y2+l , x>0.
X

Given that y=0 at x =2, show that the solution of the above differential equation is

proof
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Question 17  (**%)

The curves C; and C, have respective equation
y=sinhx and Yy :jsechx .

a) Sketch in the same diagram the graphs of C; and C,.

The two graphs intersect at the point P .
b) Find the x coordinates of P .

¢) Hence show that the y coordinates of P is.

1(V2-1).

x=%1n(l+\/§)
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Question 18  (**%)

2cosh? x—1=cosh2x.

a) Prove the validity of the above hyperbolic identity by using the definitions of
coshx and sinh x in terms of exponentials.

b) Hence find

J‘xcoshzx dx .

lx2 +lxsinh 2x—lcosh 2x+C

! 8

Question 19  (¥*%)

Solve the hyperbolic equation

4+6(e2x+1)tanhx =11coshx+11sinhx.
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Question 20  (**%)
Given that

9sinh x—coshx =8

show clearly that

tanh x =2.
29

proof

Question 21  (**%)

cosh? x—sinh?x=1.

a) Prove the validity of the above hyperbolic identity by using the definitions of
cosh x and sinh x in terms of exponentials.

b) Hence solve the equation

10cosh? x +6sinh? x =19

giving the answers as exact natural logarithms.

[QENS
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Question 22 (**%)
2cosh3xcosh x =cosh4x+cosh2x.

a) Prove the validity of the above hyperbolic identity by using the definitions of
cosh x in terms of exponentials.

a) Hence solve the equation
cosh4x+cosh2x—6coshx=0

giving the answer as an expression involving exact natural logarithms.

= 1

1n(3+J§)

W=
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Question 23  (**%¥)

y=t—=(2—sinht)cosht, re R.

Determine the values of ¢ for which 7
t

natural logarithms.

L =6, giving the answers as exact simplified

[ Tojr=-m(1+42) U r=In(2+V5)
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Question 24  (**%)

cosh(A—B) = cosh Acosh B—sinh Asinh B .

a) Prove the validity of the above hyperbolic identity by using the definitions of
coshx and sinh x in terms of exponentials.

b) Hence solve the equation
cosh(x—In3)=sinh x

giving the answer as an exact natural logarithm.

I:I, x:%ln6
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Question 25  (**%)

Find, in exact simplified logarithmic form, the y coordinate of the stationary point of
the curve with equation

y=5-12x+4arcosh(4x).

Detailed workings must be shown.
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Question 26  (**%)

f(x)=7x-6coshx—9sinhx, xeR.

Find the exact coordinates of the stationary points of f(x), and determine their nature.

Give the coordinates in terms of simplified natural logarithms.
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Question 27 (k)
Show with detailed workings that

%[arctan (sinh x):I = %I:arcsin (tanh x):l
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Question 28  (**%¥)
a) Given that arsinh 7 = karsinh1 determine the value of & .
b) Solve the following simultaneous equations.

sinh x—3coth y=1
3sinh x—coth y =19

Give the answers in simplified logarithmic form.

k=3

9

, [x,y]=[3ln(1+\/§), %lnﬂ
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Question 29  (**%)
Solve the following equation, giving the answers as exact logarithms where appropriate.
cosh?—1 =%sinht.

t=0, t=2In3

;
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Question 30  (**%)

f (x)=sinh xcosx+sinxcoshx, xe R.
a) Find a simplified expression for f’(x).

b) Use the answer to part (a) to find

2
—dx.
jtanhx+tanx

[ 1. [f(x)=2coshxcosx

, |In|sinhx cos x + sin xcosh x|+ C
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Question 31  (**%)

It is given that for all real x

cosh2x = 1+2sinh” x.

a) Prove the validity of the above hyperbolic identity, by using the definitions of the
hyperbolic functions in terms of exponentials.

b) Hence solve the equation

cosh2x =3sinh x,

giving the final answers as exact simplified natural logarithms.

[ ] jx=m(1++2) U x=ln( 7
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Question 32 (**%)

It is given that for all real x

cosh2x = 2cosh?x —1.

a) Prove the validity of the above hyperbolic identity, by using the definitions of the
hyperbolic functions in terms of exponentials.

b) Hence solve the equation
Scoshx—cosh2x=3,

giving the final answers as exact simplified natural logarithms.
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Question 33  (**%4)

It is given that for all real x

cosh3x = 4cosh® x —3coshx.

a) Prove the validity of the above hyperbolic identity, by using the definitions of the
hyperbolic functions in terms of exponentials.

b) Hence solve the equation
cosh3x—3cosh? x = 14,

giving the final answers as exact simplified natural logarithms.
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Question 34  (¥**+)

A curve C has equation

y=12coshx—8sinhx—x, xe R.
Show that the sum of the coordinates of the turning point of C is 9.

proof
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Question 35  (**%4)
y=artanhx, —-1<x<1

a) By using the definitions of hyperbolic functions in terms of exponentials prove
that

artanh x = lln (l-l-_xj ;
2 1—x

b) Hence solve the equation

x=tanh(ln\/a).

R
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Question 36  (***+)

sinh x
x)=—, xe R, x#0.
coshx—1

a) Find a simplified expression for f”(x).

b) Sketch the graph of f(x).
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Question 37  (**%4)

y=arsinhx, xe R.

a) Show that
arsinh x = ln[x+Vx2 +l} .

b) Solve the equation

arsinh% +arsinh x = arsinh% :
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Question 38  (***4)

cosh3x = 4cosh® x—3coshx.

a) Prove the validity of the above hyperbolic identity by using the definition of
cosh x in terms of exponential functions:

b) Hence find in exact logarithmic form the solutions of the equation

cosh3x=17coshx.

x:iln(2+x/§):$ln(—2+x/§)
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Question 39  (**%4)

The curve C has equation

y=7Tsinhx—sinh2x, xe R.

Find in terms of natural logarithms and/or surds the exact coordinates of the stationary
points of C.

+(In(2++3),3\3)
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Question 40  (***+)

The curves C; and C, have respective equations
y=18coshx, xe R and y=12+14sinhx, xe R.
a) Find the exact coordinates of the points of intersection between C; and C,.
b) Sketch in the same diagram the graph of C; and the graph of C,.
¢) Show that the finite region bounded by the graphs of C; and C, has an area of

aln2+5b,

where a and b are integers to be found.

(1n2 ﬁ) & (1n4,153), 12In2-8

(3]
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Question 41  (**%4)

It is given that

cosh(A+ B) = cosh Acosh B+sinh Asinh B.

a) Prove the validity of the above hyperbolic identity by using the definitions of the
hyperbolic functions in terms of exponential functions.

It is now given that

5coshx +4sinh x = Rcosh (x+ &),

where R and ¢ are positive constants.

b) Determine, in terms of natural logarithms where appropriate, the exact values of
R and .

¢) Hence state the coordinates of the minimum point on the graph of

y=5coshx+4sinhx.

IR=3|, e =In3

9

, |(=1n3,3)

G sa
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Question 42 (¥*%4)

Given that
" /A
sinh x = tant , O<t<5,

show clearly that

tanh x =sin¢.
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proof




Question 43

()
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f(x)=artanhx , xe R,

x|<1

a) Use the definition of the hyperbolic tangent to prove that

fUJs%mFiﬁ}

I-x
b) Use a method involving complex numbers and the trigonometric identity

2

1+ tan” x = sec X,

to obtain the hyperbolic equivalent

1—tanh® x =sech” x.

¢) Hence solve the equation
6sech” x —tanh x = 4,

giving the two solutions in the form +1lingk , where k are two distinctintegers.
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Question 44  (***4)

a) Sketch a detailed graph of the curve with equation

y =artanh x,

defined in the largest real domain.

b) Obtain a simplified expression for %, in terms of x only.
X

¢) Use integration and the answer of part (b) to show that

artanh x = lln 1+_x .
2 1-x

No credit will be given for any alternative methods used in part (c).
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Question 45  (***4)

a) Starting from the definitions of cosh x and sinh x, in terms of exponentials,
show that

cos(ip)=cosh(¢) and sin(i@)=isinh(@).

b) Use the results of part (a) to deduce
sech? o+ tanh? p=1.

¢) Hence find, in exact logarithmic form, the solutions of the following equation.

10sech y =5+3tanh’ y.
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Question 46  (***4)
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f(w)=35sinhw+7coshw, we R

a) Express f(w) in the form Rcosh(w+a), where R and a are exact constants

with R>0.

b) Use the result of part (a) to find, in exact logarithmic form, the solutions of the

following equation.

I

Ssinhw+7coshw=5.

= Deothwadia + Rawhwsmha
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Question 47  (¥*%4)

By using suitable hyperbolic identities, or otherwise, show that

%[cosh 4dx+2cosh2x+ l] = cosh2xcosh? x..

proof

Question 48  (¥*%%¥)

a) By expressing cosh x and sinh x in terms of exponentials, show that
cosh? x—sinh? x=1.
b) Simplify (coshx+sinh )c)3 , writing the final answer as a single exponential.

¢) Hence express sinh3x in terms of sinh x

(cosh x+sinh x)3 =¢*|, |sinh3x=3sinh x + 4sinh* x
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Question 49  (¥¥¥%¥)

The curve C has equation

y=cosh(2arsinhx), xe R.

a) Find an expression for @

dx

b) Show clearly that

2
d_;} __4 5 cosh(2arsinh x)—igsinh(Zarsinh x)
dx®  1+x (1+x2)§

¢) Hence show further that

X dx

for some value of the constant & .

dy 2 sinh(2arsinh x)
dx \/1+x2
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Question 50  (¥¥%%¥)

A function is defined in terms of exponentials by

a) Sketch the graph of f(x).
b) Show clearly that

o+ sechx(tanh2 x—sech? x) ;

It is given that the graph of f(x) has two points of inflection.

¢) Show further that the coordinates of these points are

(tm(uﬁ),%)

proof

@ Ja
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Question 51  (¥¥%%)

It is given that

cosh(A+ B) = cosh Acosh B+sinh Asinh B..

a) Prove the validity of the above hyperbolic identity by using the definitions of the
hyperbolic functions in terms of exponential functions.

It is now given that

cosh(x+1)=coshx,

b) Show clearly that ...

. e
i. ... tanhx=——.

ii. mxz—%.

proof
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Question 52 (¥¥¥%¥)

Given that y =arctan (3e2x) , show clearly that

@ B 3
dx 5Scosh2x+4sinh2x

proof

Question 53  (¥¥¥¥)

Find in exact simplified form the value of sinh(2arsinh3).

6310
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Question 54  (¥¥¥%¥)

cosh 2x =2cosh? x—1

a) Prove the validity of the above identity by using the definitions of coshx and
sinh x, in terms of exponentials.

The curve C has equation
y=coshx—1, xe R.
b) Sketch the graph of C.

The region bounded by C , the x axis and the line with equation x =1n9 is rotated
through 27 radians about the x axis to form a volume of revolution § .

¢) Show that the volume S is
V.4 (3ln 3 +@j .
81

proof
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Question 55 (FHEE)

y =tanh x

The figure above shows the graphs of y =tanh x and y =sech x, in the first quadrant.

Show that the area shown shaded in the figure for whichx >0 is exactly %[ﬂ+ In 4] ’

, |proof
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{ Nou e b sikw o (bt )T
5
g . T ¥

ashloohl)= @7 §
e e teuiers ~oiA = ST = L{ohpam)
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Question 56  (¥*%%)

The figure above shows the graph of y =arsechx, O0<x<1.

a) Show clearly that

arsech x=1n [
X

ww]_

b) Show further that

d
£ hx)=—
dx(arsec x)

proof

@ 4
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Question 57  (G¥*¥%F)

YA

The figure above shows the graph of the curve with equation

y=3sinhx—2coshx, xe R.

The finite region bounded by the curve and the coordinate axes, shown shaded in the
figure above, is revolved by 27z about the x axis to form a solid §.

Show that the volume of S is
17z(12-51n5).

proof
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Question 58  (¥*¥%F)

a) Sketch the graph of y =arsech x, defined for 0 <x <1.

b) Show clearly that

¢) Hence evaluate

Created by T. Madas

dx xV1—x2 .

1
I arsech x dx.

N =

Give the answer in the form /1[27[ —3In (2+ \/g )} , where A1is a rational number

to be found.
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Question 59  (¥*%%¥)

It is given that for all real x

8sinh? x = cosh4x —4cosh2x+3.

a) Prove the above hyperbolic identity, by using the definitions of the hyperbolic
functions in terms of exponentials.

b) Hence, or otherwise, show that x ==*In (1+ \/5 ) are the solutions of the equation

2cosh4x—15cosh2x+11=0.

proof
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Question 60  (***%¥)

A curve C has equation

y=cosh2x+sinhx, xe R.

a) Show that the x coordinate of the turning point of C is

4
b) Using the definitions of cosh x and sinh x, in terms of exponentials, prove that

cosh2x=1+2sinh? x.
¢) Hence show that the y coordinate of the turning point of C is 7 .

d) Determine the nature of the turning point.
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Question 61  (¥¥%%)

It is given that
Acoshx+ Bsinhx = Rcosh(x+ ),

where the A, B, R and « are constants with-'A>B >0, R>0.

a) Show clearly that ...

. 1 (A+Bj
i. ...aa=—In .
2 A-B

ii. ... R=VA>-B>.
b) Use the above result to determine the exact solution of the equation

Scoshx+3sinhx=4.

x=—In2
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Question 62  (*¥¥%¥)
f(x)=cosh2x—8coshx, xe R.

a) Determine, in exact logarithmic form, the solutions of the equation

b) If k is a real constant, determine the value, values or range of values of k, so
that the equation f(x)=k has...

i. ... one repeated real root.
il. ... more than one repeated real root.
ili. ... two distinct real roots.
iv. = ... four distinct real roots.

V. ... no real roots.

[ ] |x=%m(4+15)

q\ USING. tosn = Ruosldi | W = 2eosy — By — |
= (20 —Beothy =1 @ F aso, y=2-1 @ coshaz= 2. | 4= 816
= Rodh—| Bethyii= ton
ik Bt =0 2 Qo-1) @M(u-ﬂ] -1)
= Aedh- Beedin =0
= 20 (Cosha — 1) =0 4 _sceral s Now Tosueie
= Gda=y C aasto) 3

= 2= ot

= = ()
//

N ®© S fND_STHMONBY POINTS &

— _ - [
46 1 e ) SPRIowAR PONT ol g AxiS \/‘\Z ¥
1 e —

) e & a—sie

o< 2sds - saa Ths we o o
{Q) = 4o —Baun
£6) = dsu (wdn—2)

© ol RPeyTd AL BOOTS =9 k= -7
© MRS T O QSPEATD R el
0 = dsly (edo-2) @ TWo DISTINDX BAAL BoOE =3
o Foz DISTNGT RSAL QaoTs

i oo B WOTS = ko g
LETDERY o loha = 2

x=o A= = atadhz.
a= (243
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Question 63  (F#*¥%F)

Show that
(v5-2)m(v5-2)+(V5+2)m(v5+2).
can be written in the form a arsinhb, where a and b are positive integers to be found.

[ 1. |4arsinh(2)

MANPULATE T Sueng

Question 64 - (¥*%%4)

Show clearly that

d cosx+1 1
—| artanh| ——— | |=——tan x.
dx cosx—1 2

proof
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Question 65  (¥*¥%¥)

Scoshx+3sinhx=12

Express the left side of the above equation in the form Rcosh(x+¢«), where R and &

are positive constants, and use it to show that
x=In (A + \/E ) F

where A and B are constants to be found.

® ST BY ASING THE "o £ DTS 1N HYPEBDUC

— x4l = & W34

i od) 1 Wl 23]
. + B s

(Voo + (Rathe)onha
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Question 66  (*¥¥*4)

The curve C has equation

y =acosh x—sinh x, where a >1.

Show that C has a minimum turning point with coordinates
Lin(atl) /42
(2ln(a_1), a +1).

proof

,,,,,
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Question 67  (****4)

f(x) =arsinhx+arsinh(lj, xeR, x#0.
X

x|

x2\/x2 +1 .

a) Showclearly that f’(x)=

The graph of f(x), for x>0 is shown in the figure below.

A

b) Determine, in terms of natural logarithms where appropriate, the coordinates of
the stationary point of f (x), labelled as point A in the figure.

¢) Sketch the graph of f(x), fully justifying its shape for x <0, and state its range.

AlL2m(182) |1 | £ (x) 2 210 (14¥2) U £ (x) € -21n(1++/2)
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Question 68  (****4)

The curve C has equation

y=sinh2x—14sinh x+8x.

Find the exact coordinates of the turning points of C and determine their nature.

[2ln(l+\/§),—16x/§+16ln(1+x/§)} , [—2ln(l+x/§),l6\/§—16ln(1+\/§)}

Question 69  (F***4)

Find, in exact surd form the solution of the equation

arsinh x—arcoshx=1n2.

=
I

o
=
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Question 70  (¥***4)
coshle(ex+e_x) and sinhle(ex—e_x).
2 2

a) Use the above definitions to show that ...
i. ... cosh’x—sinh’x=1.
ii. ... 4cosh® x=3coshx=cosh3x.
b) Hence show that the real root of the equation
12y’ =9y—5=0,

can be written as

(487+36).

1
6

proof
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Question 71  (***%*4)

Show clearly that

—In(1—tanhx) = x+In(cosh x).

proof

Question 72 (*¥**%*4)

A curve C has equation

y=3sinhx—2coshx, xe R.

Sketch the graph of C.

The sketch must include ...
... the coordinates of any points where the graph of C meets the coordinates axes.
... the coordinates of any stationary or non stationary turning points.

... the behaviour of the curve for large positive and large negative values of x

graph
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Question 73 (**¥%4)

~
r
=

1
x=t+—, y=t—— , t>0.
4¢ 4¢
The curve crosses the x axis at P.

a) Determine the coordinates of P .

b) By considering x+y and x—y find a Cartesian equation for C.

The region R bounded by C, the straight line with equation x = 3 and the x axis is

shown shaded in the figure.

¢) Show that the area of R is given by

s
jSsz—l dx.
1

d) Hence calculate an exact value for the area of R .

P(1,0)], [x*=y* =1], |Area =10

@ '71:, ® wssool o

) w54 Ly

(GER RGN
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Question 74  (****4)

The function f is defined
f(f)=In(1+sinz), sint#=l
a) Show clearly that ...
i ... f(1)= f(=t)=2In(sect+tant).
ii. ... 2In(secr+tant)=—-2In(secs—tant)
A curve C 1s given parametrically by
x=f(t)+f (1), y=f()-f (=)

b) Show further that ...

i. ... sect=coshZ
2
ii. ... a Cartesian equation of C can be written as

1x

cosh% =e 2

proof

@ Jlehe Wlumd-Woesdd) § b)@
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Question 75  (***%4)

The function f is given by
f(x) Eezx+2(ezx—4), xeR.

Show that

f[ln(zcosh%ﬂ - (62—1)2.

, |proof
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Question 76  (****4)

It is given that for suitable values of x

y= ln[tan (%ﬂ%%x”
Show, with detailed workings, that

sinh y = tan x,

and hence deduce a simplified expression for e” in terms of x-

[ ¢

e’ =tanx + secx
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Question 77  (****4)

5tanh2x—mz5tanhx—3.

tanh x

Find, as an exact natural logarithm, the real solution of the above equation.

x=1In2|

2
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Question 78  (¥**FF)

Sketch the graph of

x+\]x2+4 y+\/y2+1 =2, xE(—°°,°°),y€(—°°,°°)

You must show a detailed method in this question

, |proof
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Question 79  (Fx*EE)

Created by T. Madas

Determine, as exact simplified natural logarithms, the solutions of the following

simultaneous equations

cosh x+cosh y=4

and

sinhx+sinhy=2.

| 273,

[x,y]z[ln(3—\/€),ln(3+x/g):

:[1n(3+J€),1n(3—J€)}
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Question 80  (k*FEF)

If 0<k<+2-1 prove that

1-k 1=k

ko Inx . Ik grtanh x i

k x* -1 X X

You need not evaluate these integrals.

, |proof
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Question 81  (¥¥¥%%¥)

Created by T. Madas

Determine the general solution of the following equation.

l .
sinh(x+iy)=e’", xeR, yeR.
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Question 82  (¥¥¥%%¥)

x=4arcosh(%\/;)+\/y2—4y, y=4.

Use differentiation to show that

, |proof
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Question 83  (F¥¥¥%%¥)

Use inverse hyperbolic functions to show that

i[ln(cosx+sinx+\/sin2x)} = \/%cotx — \/%tanx.

dx

, |proof
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Question 84  (Fv¥¥¥¥F)

Show, with detailed workings, that

sinh2x=2 = cosh®x—sinh®x=4
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Question 85

(*****)
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f(X)E

Determine the value of f’(In2).
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Question 86  (F¥*¥%%¥)

> X

x:1n(1+\/5)

The figure above shows the curve C whose parametric equations are

_ : _ 1 1
x=artanh(sinz), y=sect tant, —A<I<ZT.

Find the area of the finite region bounded by the x axis, the curve and the straight line
with equation x=1In (1 +2 ) .
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Question 87

(*****)
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The figure above shows the curve C whose parametric equations are

x:artanh(sinzt), y=sint, —=Z<t<AT.

1
2

1
2

a) Use integration in Cartesian coordinates to find the exact area of the finite region

bounded by the curve and the straight line with equation x = Lin3.

g

b) Use integration in parametric to verify the validity of the result of part (a).
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Question 88  (F**EF)
Given that p and g are positive, show that the natural logarithm of their arithmetic

mean exceeds the arithmetic mean of their natural logarithms by

(o)

’ \/;_\/g 4r-2
2r=1\[p +4/q

r=l1

You may find the series expansion of artanh (xz) useful in this question.
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