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Question 1  (*%)

Prove by induction that

n

Zr(r+l) . %n(n+l)(n+2), n>1, neN.

r=1
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Question 2 (¥%)

Prove by induction that

n

Z r(r+3)=%n(n+l)(n+5), n>1,neN.

r=1

proof
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Question 3  (**+)

Prove by induction that

n

Z(F—l)(r+l)=én(n—l)(2n+5), n>1,neN.

r=1

proof
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Question 4  (**+)
Prove by induction that

n
Zrz(r—l) = %n(n—l)(n+l)(3n+2), n=>2, neN.
r=2

, |proof
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Question 5 (**+4)

Prove by induction that

148427 +64+...41° :inz(nﬂ)z, nz1, neN,

proof

Question 6  (¥*%)

Prove by induction that

n

Z(Zr—l)z :%n(Zn—l)(2n+l), n>1, neN.

r=1

proof
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Question 7  (¥*%)

Prove by induction that

n

Zr(3r—l)=n2(n+l), n>1, ne N.

r=1

proof

Question 8  (¥*%)

Prove by induction that

n

Z L . , n>21, neN,
r(r+1) n+l

r=1

proof
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Question 9 (¥*%)

Prove by induction that

proof
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Question 10  (**%4)

Prove by induction that
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Question 11  (**%4)

Prove by induction that

n

Z 21 . , n21,n
4rc -1 2n+1

r=1

eN.
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Question 12 (**%4)

Prove by induction that

n

erz’ =24 (n=1)2""", n>1, ne N,

r=1

proof
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Question 13 (**%4)

Prove by induction that

n

Z[(r+l)x2r]=nx2", n>1,neN.

r=1

proof

Question 14  (**%4)

If n=1, ne N, prove by induction that

IXT!+ 2% 2!+ 3X3!4+ ... + nxn!=(n+1)! -1.

proof
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Question 15 (**%4)

Prove by induction that

n

erZ_r =2—(n+2)2™", n21, neN.

r=1

proof
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Question 16  (¥%%%)

Prove by induction that

, |proof
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Question 17  (¥*%%¥)

Prove by induction that

n

Z[r(r—l)—l]z

r=1

n(n+2)(n-2), n>1,neN.

W=

proof
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Question 18  (*¥*%%)

Prove by induction that
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Question 19  (¥¥%%)

Prove by induction that
24324524724 +(2n—1)" =

proof
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Question 20  (¥¥¥%¥)
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Prove by mathematical induction that if » is a positive integer then

n

Z(3r - 2)2

r=

2
1

You may not use other methods of proof in this question.

= ln(6n2 —3n—1).
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Question 21  (¥¥%%¥)

Prove by mathematical induction that if » is a positive integer then

n

3r+2 _ n(2n+3)
Z r(r+1)(r+2) - (n+1)(n+2)°

r=l1

You may not use other methods of proof in this question.

CSTHRUSY 4 BASE Ch

s (o n=tEn | TN Mom 4S5 thed 90 ek

SNE T PHUT IS B2 N=) ) THE) T ST dlows R AL

Created by T. Madas



Created by T. Madas

Question 22 (¥%%%¥)

Prove by induction that

)H =16—(%)n_1(n2+5n+8), n>1, neN.
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Question 1  (*%)

f(n)=7"+5, ne N.
Prove by induction that f (n) is divisible by 6, for all ne N.

proof

Question 2 (*%)
f(n)=6"+4, neN.

Prove by induction that f(n) is divisible by 5, forall ne N.

proof
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Question 3  (*%)

Created by T. Madas

f(n)=5"+3, neN.

Prove by induction that f (n) is divisible by 4, for all ne N.

Question4  (*%)

proof

Prove by induction that for all natural numbers »n,

1s divisible by 15.
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Question 5 (*%)

Prove by induction that for all natural numbers »n,
721
is divisible by 8.

proof

Question 6  (*%)

Prove by induction that for all natural numbers #n,

3% +7 is divisible by 8.

proof
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Question 7  (¥%)

f(n)=3*"~1, neN.
Prove by induction that f (n) is a multiple of 8, for all ne N.

proof

Question 8  (**+)
f(n)=4"+6n-1, neN.

Prove by induction that f(n) is divisible by 3, forall ne N.

proof

Created by T. Madas



Created by T. Madas
Question 9 (**+)

f(n)=5"+8n+3, neN.

Prove by induction that f (n) is divisible by 4, for all ne N.

proof

Question 10  (**+)

f(n)=3"+2"*? neN
Prove by induction that f (n). is divisible by 5, forall ne N.

proof
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Question 11 (**+)

Prove by induction that for all natural numbers »n,
9" 5"
is divisible by 4.

proof

Question 12 (**+)
f(n)=(4n+3)5" -3, ne N,

Prove by induction that- f (n) is divisible by 16, for all ne N.

proof
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Question 13 (**%)
Prove by induction that the sum of the cubes of any three consecutive positive integers

is always divisible by 9.

, |proof

LW = s oy + Gyt TN
e ok, e {0
=Pt 42 S4B =56k dwose sy ¢
INDYGTWt _HPoTHESY

SffoRe AT THe Rewer Hs Re n=k kel 16 €G- 14
wheE ASN

= {-Lo) = [ohamie - (Cad .o |
= G -aa = (o) -2

= £y -qa :Qzﬁkﬂuuzﬂj/

= {an) = A+t
= £ = ala+rtaaen )
[ENENNEINY

e 2@ur shuns Be n=k e @ T 4o ghuos B M= be
SINGE e DSUT Hips For M= ) BIR T M thep BLARMEN

Question 14  (¥*%)
Prove by induction that for all natural numbers », such that n>2,

15}’1 _81’1—2 ,

is divisible by 7.

proof
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Question 15 (**%)

Prove by induction that for all natural numbers »n,
(2n+1)7" +11 ,
is divisible by 4 .

proof

Question 16 (¥*%)

f(n)=24x2*"+3" neN.

Prove by induction that f (n) isdivisible by 5, for all ne N.

proof
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Question 17  (**%)

f(n)=4x7"+3x5"+5, ne N.
Prove by induction that f (n) is divisible by 12, for all ne N.

proof

Question 18  (**%)
f(n)=(2n+1)7"-1, ne N

Prove by induction that f(n) is divisible by 4, for all ne N.

proof
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Question 19  (**%4)
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Prove by induction that for all natural numbers #n,

is divisible by 9.

4" +6n-1
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Question 20  (¥**4)

Prove by induction that for all natural numbers »n,

4n+1 + 52n—1

is divisible by 21.
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Question 21  (**%4)

f(n)=5"+3n-1, neN.
Prove by induction that f (n) is divisible by 9, for all ne N.

proof

Question 22  (¥¥¥¥)

Prove by induction that 18 is a factor of 4" +6n+8 , for all ne N.

proof
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Question 23 (¥¥¥¥)

Prove by induction that for all natural numbers »n,
2" +6"

is divisible by 8.

, |proof
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Question 24 (F*%4)
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Prove by mathematical induction that if »n is a positive integer then 3213 4 o3 g

always divisible by 7.

, |proof
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Question 25  (¥*%4)
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Prove by mathematical induction that if n is a positive integer then 57 s

always divisible by 6.
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Question 26  (***+)
Prove by the method of induction that

33}’1—2 + 24}’1—1 , ne N ,

is divisible by 11.
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Question 27  (¥*%4)
f(n)=8"-2", neN
Prove by induction that f (n) is divisible by 6, for all ne N.

proof

Question 28  (**%4)
f(n)=7"-2", neN

Prove by induction that f (n) is divisible by 5, for all ne N.

proof
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Question 29  (¥*%4)

f(n):n3+5n, ne N.

a) Show that n°+n+2 is always even for all ne N.

b) Hence, prove by induction that f (n) is divisible by 6, for all ne N.

proof

Question 30  (**%4)

A sequence of positive numbers is given by
a,=12"112x5" neN.
Prove by induction that every term of the sequence is a multiple of 7

proof
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Question 31  (**%4)
f(r)=4+6", reN.
Prove by induction that f (r) is divisible by 10

proof

Question 32  (**%4)

Prove by induction that for all natural numbers n, the following expression

7" +4" +1

is divisible by 6.

proof
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Question 33 (**%4)

A sequence of positive numbers is given by

u, =7"+3n+8, ne N.

n

Prove by induction that every term of the sequence is a multiple of 9

proof

Question 34  (¥**4)
f(n)=5""-4n-5, neN.
Prove by induction that f (n) is divisible by 16

proof
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Question 35  (**%4)

A sequence of positive numbers is given by
u, = 232 4 sntl e N,
Prove by induction that every term of the sequence is a multiple of 3.

proof

Question 36  (¥**+)
f(n):32n+4_22n’ ne N
Prove by induction that f (n) is divisible by 5, for all ne N.

proof
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Question 1  (*%)

A sequence of integers is defined recursively by the relation

a,=a,—4,a=3,n=123,...

Prove by induction that its n™ term is given by

a,=7—4n, n=12.3,..

proof
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Question 2 (*%)

A sequence of integers £, t,, t3, ... is given by the recurrence relation

tn+l:3tn+2’ tlzl, ne N .

Prove by induction that its n™ term of the sequence is given by

1,=2x3"1-1,neN .
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Question 3  (*%)

A sequence of integers is defined inductively by the relation

a,.=3a,+4, a =3, n=1273,..

Prove by induction that its n™ term is given by
a,=5x3""1-2, n=1,23,..

proof

Question 4 (%)

The terms of a sequence can be generated by the recurrence relation

b

n

a=4b,+2, by=2, n=1273,..
Prove by induction that the n'™ term of the sequence is given by

b =

n

Mﬂ—ﬂ,n=Lzam

W

proof
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Question 5 (*%)

A sequence is defined by the recurrence relation

Uy =Tu, =3, u,=7, n=12,3,...
Prove by induction that its n" term is given by

u, :%(13x7”"l+1), n=1,23,..

proof
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Question 6  (*%)

A sequence of integers a;, ay, a3, ay, ... is given by
A, =3a,+2, a=2,n=1273, ..
Prove by induction that its n'™ term is given by
a,=3x3"1-1,n=1,23, ..

proof
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Question 7  (**+)

A certain sequence can be generated by the recurrence relation

Uy :%(ZMH -1), =1, n=123,..

Prove by induction that the n™ term of the sequence 1is given by

n
u, = (zj -1, n=12,3,...
3

proof

Created by T. Madas



Question 8
A sequence is defined recursively by
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(e y)

Prove by induction that
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Question 9 (¥*%4)

A sequence is defined recursively by

Uy =u,+3k-2,u=3, n=123,..
Prove by induction that

(3n—1)(n—2)+4, n=12.73,..

u,=

=

, |proof

Uy = Han-)) + 4

el
U= Sx2ne) + 4 = -3t =3
 THE D30T oS B u=/

e ibus By _n-kenl

= - fEwean]
= Wy 1

= by = ¥ [ae2pe ]

= Uy = -2+

= Uy = FQRe)e-) s+

= uy = Ee)-Jlen-]

= LN ) THiN) T 1uw4so bud R wiskrl
NG THE PROCT DS, o2 n=| ) e 1T s b e A ne 5
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Question 10  (***+)

A sequence is defined recursively by

u
— n —
I/ln+1——+1,u1—2, ne N .

n
By writing the above recurrence relation in the form

B
u, +1°

Upr1 = A+

where A and B are integers, use proof by induction to show that

u, = 7 ,neN .
2n—1

, |proof

s guf@,‘,”ﬂﬁN ?

STOT BY 24 WOTING THE PECIRDANCE RECATION

W Qad-t -
Uy 1 1) Uyt

Uy =

BASe cAse | 1€ n=i
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S
B
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- bols g - 2im . 2y
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= G T e
_t ak-|
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U, =
= e T TERENT
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SINCE THE BT U POl M=t 5 THOY 1T WU e @R 4l 1 ew/
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Question 11  (**%4)

A sequence is generated by the recurrence relation

Upio = 5un+l _6un » U = 5 , Uy = 13, n= 1,2,3,...
Prove by induction that n™ term of this sequence is given by
u, =2"+3" n=1,2,3,...

n

proof
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Question 12 (¥*%%)

A sequence is generated by the recurrence relation

Uyio :6I/ln+1—81/ln, U :O, Uy :32’ n:1,2’3’.__

Prove by induction that n™ term of this sequence is given by
u, =4"1 2" "n=1273 ..

proof
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Question 13 (¥*%%)
A sequence is generated by the recurrence relation

Uy =Uy g +U,, u=0,u =1, n=1273,..

Prove by induction that us,, is a multiple of 5, for all me N.

, |proof

BASE CASE Fo Unpy = Uiy + 0y

U=t =l 422y We=3, u=S
INDED Thok A g I8 A MuaPle of €
SURSE THAC THe Bl IhudS 3 (6 U 18 A bomete of S 1k Ugs Sy

L meN
=4 = Gwm
o
i uSMJ
TN
>ty = it ) e
= 3l v g,
- { 1
R N ey
= Shg * 3
= S, +3(m)
= o[l k2w ]

& A W@mAE of S

W T b s B neSk B T b 0 Vs SCert)

SN 1T RS fob =S TR T WA b fob o Momne o;%
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Question 14  (*¥¥%4)
A sequence of numbers is given by the recurrence relation

y _5un—l
A+ 1

n

,uyp=1,ne N, n=>1.

Prove by induction that the n™ term of the sequence is given by

y = n+2
" 2n+1’

——HE o Bkt3 | sGug) - (6kwy)
* B g
= €43
Lol 23
= Qe+ 2
=t L1 i
2w

=k EN | oy it Ao bieg

Vows B M=l TR T Ner

\i | 4kB 42
o ErIT
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Question 15 (**¥**4)

A sequence of numbers is given by the recurrence relation

u,—5

=— ulz_l’ ne N, n>1.
3u, =7

Up+

Prove by induction that the n™ term of the sequence is given by

2n+1_5

uy

ol THe RELRRNE ke

N e n=l

B N1 dese

=90, =

=W~ =
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Question 1  (*%)

Prove by induction that

1 1Y (1 2"—1
= , n>21l,ne N,
0 2 0 on

proof
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Question 2 (*%)

A transformation where R? 5 R? is defined by

1)

a) Find the elements of the matrices, A% and A3,

b) Write down a suitable form for A" and use the method of proof by induction to

prove it.
I:I Az— l 4 A3: 1 6 An l 2”
' 0 1) 0 1) 0 1

a) Aty o THE Begorto_WumpuckTong L A‘“ g ( U 2 )
I [ {
Ao ap=( 2\ 2 ixtrao w2tz )
4 ~—‘\o )= (Mm oatin) @ IF THe peug s 20 n=k €N | ) 1T Ao lbuss

e L 0=kl
Ao SINGE THE BESUT HupS B N=l; Fed IT MUST 4hd
S AR AT Pr AL hem
ﬁ;i\ﬁ'w\)( \} (eoxi+t " /
R C 1A 14
5 \i/"'/

b) A& dossiee foou of A M 2
e (1)
e 3
OIF ety A=A= (L2) e me eoor somms
@ SUBPOSE THAT THE Resug STnd for n= ke N
- - | 2k
=4 (L7)
= A= G
= o Jlo

= A (\xuz&xc 2 %m)

- oxtylvo  Ox2bilx( /

kil o2y

o 1 )

- A
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Question 3  (*%)

Prove by induction that if n 21, ne N, then

-2 -1 _(1-3n  -n
9 4) (9 3n+1)

proof
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Question 4  (*%)

Prove by induction that if n>1, ne N, then

3" 0

AT= 3(3”—1) 1|

proof
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Question 5 (*%)

Prove by induction that

proof

Question 6 _ (*%)

Prove by induction that

proof
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Question 7  (**+)

Prove by induction that

proof
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Question 8  (**+)

Prove by induction that

1 1 1) 1 n %n(n+1)
01 1| =(0 1 n ,n=>1,neN ..
0 01 0 0

proof
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Question 9 (**+)

Prove by induction that

01 1| =0 1 n , n=21l,neN .
0 0 1 0 0
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Question 10 (Gk*¥%%¥)

Prove by induction that

Created by T. Madas

)

A"=nA-(n-1)I,n21, neN .
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MISCELLANEOUS
RESULTS
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Question 1  (**+)

De Moivre’s theorem states
(cos@+isin@)" =cosnf+isinnd, ne N.

Prove this theorem by induction.

proof

Question 2 (**+)

(8"-1). ne N.

3w

u,=

Prove by induction that every term of this sequence is an integer.

proof

Created by T. Madas



Created by T. Madas

Question 3 (**+)

Z(2r+1):(n+1)2, neN
r=1

a) Show that if the above result holds for n =k, then it also holds for n=k +1.

b) Explain why the result is not true.

proof
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Question 4 (**+)

The distinct square matrices A and B have the properties
e« AB=B’A
e B°=I

where I is the identity matrix.

a) Show that BAB=A .

b) Hence prove by induction that B"AB"” = A , for all ne N.

proof
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Question 5 (¥*%)
xy+3y=x.

Prove by induction

proof
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Question 6  (**%)

Bernoulli's inequality asserts that if ae R, a>—-1 and ne N, n>2, then

(1+a)n >l+an.

Prove, by induction, the validity of Bernoulli's identity.

BLONOUUL WEAUTY

O+ a) v t4an a€®, aS-
nEN, 132

> trak

) > (+a)Citak)

S txakia 2k

Py TN R Y PTOIEE T T
+
[
ol
= Cta) > U+alen)
® FTy v e e n=keN | ko2 | F T
A4S0 b R N=ktl
AT INQUAUT s R N=2 T 1T NATHRD R

A PoSTUE NAtERS Gox?
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Question 7  (¥*%4)

Prove by induction that

n

Zr>%n2, for n>1,ne N .

r=1

proof

Question 8  (*¥*%4)

Prove by induction that
— L,
Zrz Zzn(n+1)2, for n>1,ne N .
r=1

proof
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Question 9 (¥**¥)

Prove by induction that

2">2n, for n>3,neN .

proof

Question 10 (¥¥%%)

Prove by induction that

2">n?, for n>5,neN .

proof
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Question 11 (¥¥%%)

Prove by induction that if ne N, n >3, then

3" > (n+1)°.

— 27> kPruk +@er2)
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Question 12 (¥%%%)
Prove by induction that for all even natural numbers n
n

F(sin 3x)= (—1)% x 3" xsin3x.
X

Ok THE BAKC Chke ) n=2.
a2

\
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Question 13 (¥*%*%4)

Prove by induction that for n2>1, ne N

- sin(2" x
1:1I(COS(2HX)): 2"(sinx)

, |proof
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Question 14 (*¥**4)

Prove by induction that

sin(2nx)
COS X+ cos3x+cosSx+...+ COSI:(Zn — l)x:I =__F "4
2sin x
, |proof
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Question 15 (**¥%4)
Prove by induction that every positive integer power of 5 can be written as the sum of
squares of two distinct positive integers.

, |proof
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Question 16 (¥*¥%%¥)

Prove by induction that

n

o (excosx)zﬁn excos(x+%), n>1,neN .

, |proof
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Question 17  (Gk¥¥%%¥)

It is given that for ne N

Tu, +12

Uy = ——, uy=T7.
+1 |
" u,+3

Prove by induction that

Uev 3> 9

— !
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Question 18

(*****)

Prove by induction that every positive integer power of 14 can be written as the sum of
squares of three distinct positive integers.
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Question 19
It is given that for ne N

(*****)

2n

:—U_,
n+l !

Prove by induction that

2n+1
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Question 20  (Gk¥¥EF)

Prove by induction that

n

(exsin(\/gx))=2”exsin(\/§x+%), n>l,neN.

dx"

, |proof
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Question 21 (Gk¥¥EF)

The function f (x) is defined by

f(x)=2—l, xeR, x#0.
X

a) Prove that

o (x)— (n+1)x—n

- ’ 217
nx—(n—l) "

where f"(x) denotes the n™ composition of f(x) by itself.

b) State an expression for the domain of f"(x),
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Question 22  (Gk¥¥EF)

Prove by induction that if ne N, n >3, then

n"l s (n+l)n ,

and hence deduce that if ne N, n>3, then

’\1/; > "4
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