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Question 1 (¥*%)

The quadratic equation
x> +2kx+k =0,
where k is a non zero constant, has roots x=« and x=/f.

Find a quadratic equation, in terms of &k, whose roots are

gr+p and M.
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Question 2 (¥*%)

The two roots of the quadratic equation
2 _
x“+2x-3=0
are denoted, in the usual notation, as & and S .

Find the quadratic equation, with integer coefficients, whose roots are

a’f+1 and af’ +1.

X2 +28x+52=0
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Question 3 (¥*%)

The roots of the quadratic equation

X2 +2x+3=0

are denoted, in the usual notation, as & and S .

Find the quadratic equation, with integer coefficients, whose roots are

[ ] lox?+16x+34=0
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Question 4  (¥*%)

The roots of the quadratic equation
2x* -3x+5=0
are denoted by ¢ and [ .

Find the quadratic equation, with integer coefficients, whose roots are

3a—pf and 3-x.

4x? —12x+133=0
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Question 5 (**%)

The roots of the equation
2 3
az”+bz+c=0,

where a,b and c are real constants, are denoted by & and f.

Given that b> = 2ac # 0, show that & + 8> =0.

proof
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Question 6  (¥*%)

The roots of the quadratic equation
2x* —8x+9=0
are denoted, in the usual notation, as & and .
Find the quadratic equation, with integer coefficients, whose roots are

@*-1 and pS7-1.

14x?—20x+57=0
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Question 7  (¥*%)

A curve has equation
_n,2
y=2x"+5x+c,

where ¢ is a non zero constant.

Given that the roots of the equation differ by 3, determine the value of c.
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Question 8  (¥*%4)

The roots of the quadratic equation
2x* -3x+5=0
are denoted by ¢ and [ .

The roots of the quadratic equation

X2+ px+q=0,
1
where p and g are real constants, are denoted by @ +— and f+—.

Determine the value of p and the value of ¢
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Question 9 (¥**¥)

Consider the quadratic equation

ax’> +bx+c=0 ,
where a, b and c¢ are real constants.
One of the roots of this quadratic equation is double the other.

Show clearly that both roots must be real.

proof
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Question 10 (¥*%%)

The roots of the quadratic equation
X 42x+2=0
are denoted by ¢ and [ .

Find the quadratic equation, with integer coefficients, whose roots are

— and —.

x> —2x+2=0
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Question 11 (¥*%%)

The roots of the quadratic equation
X 42x-4=0
are denoted by ¢ and [ .

Find the quadratic equation, with integer coefficients, whose roots are

A,
012.

054+L2 and fS*+

16x% —1804x +4289 = 0
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Question 12 (¥¥%%)
=42 ke +2k% ~1=0.

The two roots of the above quadratic equation, where k is a constant, are denoted by
o and B.

Given further that &>+ 5% = 66, determine the exact value of o + /5.

o’ + 33 =2802
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Question 13 (**¥%4)

The quadratic equation

ax2+bx+c=0, xeR,
where a, b and ¢ are constants, a # 0, has real roots which differ by 1.

Determine a simplified relationship between a, b and c.

b* —4dac =a*
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Question 14  (**¥%4)

The roots of the quadratic equation
X =3x+4=0
are denoted by ¢ and £ .

Find the quadratic equation, with integer coefficients, whose roots are

a&’—pB and S-a.

x?+12x+99=0
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Question 15 (**¥%4)

1 1 1
+ =—, X#*-pX#-—q.
X+p x+q r

The roots of the above quadratic equation, where p, g and r are non zero constants,
are equal in magnitude but opposite in sign.

Show that the product of these roots is
12, 2
307+’

proof
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Question 16  (****4)
25 +hkx+1=0.
The roots of the above equation are a and S, where k is a non zero real constant.

Given further that the following two expressions

4 B

and

,8(1+a2+/5’2) a(1+a2+,6’2)

are real, finite and distinct, determine the range of the possible values of & .

|k|>\/§
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Question 17  (Gk¥¥%%¥)

The quadratic equation
4x* + Px+Q =0,
where P and Q are constants, has roots which differ by 2.

If another quadratic equation has repeated roots which are also the squares of the
roots of the above given equation, find the value of P and the value of Q.
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Question 18  (F**%%¥)

The quadratic equation
X —4x-2=0,
has roots & and f in the usual notation, where o > f3.

It is further given that

Determine the value of
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Question 19

(*****)

The quadratic equation
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ax’ +bx+1=0,

a#0,

where a and b are constants, has roots & and /.

Find, in terms of & and £, the roots of the equation

x2+(b3—3ab))c+a3 =0.
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Question 1

(**)
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¥ —6x*+4x+12=0.

The three roots of the above cubic are denoted by &, £ and .

Find the value of ...

a) ...a+p+7y.

b) ... %+ B +9%.

:

a+pB+y=6

N+ pr+y2 =28

1

-
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Question 2 (*%)

A cubic is given in terms of two constants p and ¢

2x3+7x2+px+q=0.

The three roots of the above cubic are «, %af and (a— 1) .

Find the value of &, p and g¢.
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Question 3 (**+)
¥ —2x*-8x+11=0.

The roots of the above cubic equation are &, f and ¥.

Find a cubic equation, with integer coefficients, whose roots are

a+l, p[+1,  y+l1.

=522 —x+16=0
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Question 4  (**+)

The three roots of the cubic equation
3 —
x"+3x-3=0
are denoted in the usual notation by &, f and y.

Find the value of

(a+1)(B+1)(7+1).

Question 5 ~ (**+4)

The roots of the cubic equation
X —6x7+2x—4=0
are denoted by ¢, £ and .

Show that the equation of the cubic whose roots are af3, Sy and yx is given by

x> —2x% +24x-16=0.

proof
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Question 6  (**+)

The two roots of the quadratic equation
2x* -5x+8=0,
are denoted by & and f.

Determine the cubic equation with integer coefficients whose three roots are

B, aff* and af .

x> =14x> +104x—256=0
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Question 7  (**+)
X +bx’ +ex+d =0,
where b, ¢ and d are real constants.

The three roots of the above cubic are denoted by &, £ and ¥.
a) Given that
a+f+y=4 and o’ +pB>+y =20,
find the value of b and the value of c.

b) Given further that & =3+1, determine the value of d .

lb=-4], [c=-2], |d =20

9 b

@) dibricardeo
ot

() f,;l:

Created by T. Madas



Created by T. Madas
Question 8  (**+)

£ +2x> +5x+k=0.

The three roots of the above cubic are denoted by &, £ and ¥, where k is a real
constant.

a) Find the value of o’ + ,32 + 7/2 and hence explain why this cubic has one real
root and two non real roots.

b) Given that x =—2+3i is a root of the cubic show that k =-26.

&+ p+y =-6

Question 9 (**+)

The roots of the quadratic equation
x> +4x+3=0
are denoted, in the usual notation, as & and S .

Find the cubic equation, with integer coefficients, whose roots are &, f and af .

X +x*-9x—9=0
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Question 10  (**%)

2 —x*+3x+k=0.

The roots of the above cubic equation are denoted by &, £ and ¥, where k is areal
constant.

a) Show that
o+ Py =-5.
b) Explain why the cubic equation cannot possibly have 3 real roots.
It is further given that & =1-2i.
¢) Find the value of £ and the value of y.

d) Show that k=5.

|B=1+2i

y=-1|

b
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Question 11 (**%)

The roots of the quadratic equation

x2+3x+3=0

are denoted by xand f.

Find the cubic equation, with integer coefficients, whose roots are

%,gand of .

o —4x? +4x-3=0
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= (@f—2d | = CaYo 2 =(@)

04RC = ZxBxul= «h =(3)

3 L Ra

ALY we ook

=) 4+ (L)=(3) =0
TPl 2o
=

Created by T. Madas



Created by T. Madas

Question 12 (**%)

The roots of the cubic equation
3 2 —
X+ px“+74x+q =0,
where p and g are constants, form an arithmetic sequence with common difference 1.

Given that all three roots are real and positive find in any order ...

a) ... the value of p and the value of ¢.

b) ... the roots of the equation.
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Question 13 (**%)

The roots of the cubic equation
3 2 —
X"+ px~+56x+q =0,
where p and ¢ are constants, form a geometric sequence with common ratio 2.

Given that all three roots are real and positive find in any order ...

a) ... the value of p and the value of ¢.

b) ... the roots of the equation.

p=—14,g=-64{, [x=2,4,8
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Question 14 (**%)

The roots of the cubic equation

ax> +bx’ +cx+d =0,

wherea, b, ¢ and d are non zero constants, are the first three terms of a geometric
sequence with common ratio 2.

Show clearly that

4bc =49ad .

proof
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Question 15 (**%)
f(2)=2>—(5+i)2* +(9+4i)z+k(1+i), ze C, ke R
The roots of the equation f(z)=0 are denoted by &, S and 7.

a) Given that & =1+1 show that ...
i. ... k=-5.
ii. ... f+y=4.

b) Hence find the value of £ and the value of ¥ .

|f=2+i

7=2—ﬂ

2
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Question 16 (**%)

z3+pz+q=0, zeC, peR, geR.

The roots of the above equation are denoted by &, # and y.
a) Show clearly that
>+ B +7 =3apy.
It is further given that & =1+2i.

b) Determine the value of p and the value of ¢.

lp=1

9

q=10|
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Question 17  (**%4)

The three solutions of the cubic equation
O=2x*+3x+1=0 xeR,
are denoted by «, £ and y.

Find a cubic equation with integer coefficients whose solutions are

20-1, 2—-1 and 2y-1.

¥ —x*+7x+17=0
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Question 18  (**%4)

The roots of the cubic equation

16x° —8x> +4x—1=0 xeR,

are denoted in the usual notation by «, f and y.

Find a cubic equation, with integer coefficients, whose roots are

W

(a-1),

Wl

(f-1) and

W

(7=1).

:

2730 490x% +108x+44=0

=TT 4108y LWy 144 -2 (A 42y +16) +129 +16- 4 =0
= 37";*“’6‘*1““”3 64 9
— lBy* gy - 32
g +12 J
= ¢ + %0’

u? & 0% 44y =
\* 0%y Uy =0
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Question 19 (**%4)

The roots of the equation
X =2x*+3x-4=0,

are denoted in the usual notation by «, f and y.

Find a cubic equation with integers coefficients whose roots are a?, Ji] 2 and 72.

X +2x%—Tx—16=0
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Question 20  (**%4)

The roots of the equation
X =2x% +3x+3=0
are denoted by «, £ and y.

Find the cubic equation with integer coefficients whose roots are

! L and L

By ap

9x° +6x>+3x—1=0
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Question 21  (**%4)

The roots of the equation
X +2kx*>=27=0,
are , f and o+ B, where k is a real constant.

a) Find, in terms of k, the value of ...

i ...a+p

ii. ... a0

b) Use these results to show that k =3.
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Question 22  (**%4)

The roots of the equation
X +2x2+3x-4=0
are denoted by «, £ and y.

a) Show that that forall w, y and z
w2+y2+z2E(w+y+z)2—2(wy+yz+zw).

Another cubic equation has roots A, B and C where

b) Show clearly that

A+B+C:?.

¢) Show that the equation of the cubic whose roots are A, B and C 1is
4x3 —25x2 —8x=16=0.

proof
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Question 23  (***4)

The cubic equation

270 +kz2+1=0 , ze C,

where k is a non zero constant, is given.

a) If the above cubic has two identical roots, determine the value of k.

b) If instead one of the roots is 1+1, find the value of £ in this case.

(4+3i)

k=—

=
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® kA YA = O = «*axg =0 —O) . .
= —d3di 42kl f1=0
A=) ay=-L —@ : .
v = 33442 =0 Y x (1)
. [ « ¥
(0DOWG AT THE eO0ND ERUATION = 344+ = O
= &4 2ay=0 — K= —4-3
= b= -L3) ~

= «(x+2)=0
o#0 By INSRETIon
= K= -2¢
S8 1 THe Then" Guarion
= (-afy=-%
= 4=-%
- Y= 7§

= y=-L a =l

NAWY K Cha 26 0ND
= k= -lg_2y = ~%+l=
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Question 24  (**%4)

A cubic equation is given below as

ax> +bx’ +cex+d =0 ,
where a, b, ¢ and d are non zero constants.

Given that the product of two of the three roots of above cubic equation is 1, show that

a’—d*=ac—bd .

ot bdyoxad=o o xiBiy= -2 T
moironcso =

.xl&agmwm-,g 1§

sy = -4 I
BT TWo RO ) WITRUT WaS oF GauteAly < ¢ & amomey o |
@m) oy = -3
@ oy = -2
= -d
¥=-%

Svlstiyre Nlo. L & T
= i
.p“g,_%y; ® o ¥lare) = &
«r b = d-b \#(-éj(o(;g\,:%
B
Lonpwe e oy
_ 4 (d=by _ <
R e
Vo dEh | e
et
&~ d(d-b) < ca

o
@ -dibd < ac

o —d*s ac_ bl

P o

Question 25 = (*¥*%4)

If the cubic equation ¥ —Ax+B= 0, has two equal roots, show that

4A%=27B2.

proof
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Question 26  (**¥¥)

b +bx* +ex+d =0,
where a, b and c¢ are non zero constants.

If the three roots of the above cubic equation are in geometric progression show that
b =ca’.

proof
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Question 27  (¥¥¥¥)

The three roots of the equation

X +2x% +10x+k =0,
where k is a non zero constant, are in geometric progression.

Determine the value of £ .

@S THE POOT ARZE W) GRMARIL PRoGRESSIon

By = X 4 ool d oA

B Qyr e = wlar)

oy = a(xr)Car®

“(erert) =2 o1

0= &)= o
J (R
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Question 28  (¥¥¥¥)

2 —4x+1=0.
The cubic equation shown above has three roots, denoted by &, f and ¥.

Determine, as an exact simplified fraction, the value of

1 1 1
+ + :
a-2 p-2 y-2

20
N

6L e Gurs guameny
23 -4 4| =e

® xi8ax= ko
© wbilytym - S22
o oyt

JT WL Y MRS D oot 4 SUAMES RSSO We
LRSSV o

r 9= 92
A=Y+
= 2yny-dy) +1 =0
= 1@“;3% ly+8) ~dy-8+| =2
= Wbyl -l T=0
= Arysyes =0
BT THE DTN oF T uelc se A B4 C
=5 AH4C= 12 =4
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Question 29  (¥¥¥¥)

A cubic equation is given below as

ax> +bx’ +cex+d =0 ,
where a, b, ¢ and d are non zero constants.

Given that two of the three roots of above cubic equation are reciprocals of one another
show that

a’—d*=ac—bd .

proof
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Question 30  (¥¥¥%¥)

=227 +kx+10=0, k #0
The roots of the above cubic equation are &, f and ¥.

a) Show clearly that
(a3+,B3+;;')—2(a2+,82+72)+k(a+,8+7)+30=0.

It is given that o + B° +° =4
b) Show further that k =-3.

proof

@ A by e ot = o8
L3

O v wkey=2

Created by T. Madas



Created by T. Madas

Question 31 (¥**¥)

The three roots of the equation

2+ pq+r=0,
where p, g and r are constants, are denoted by ¢, S and y.
a) Given that
af+By+yx=-2+3 and a’+p>+y>=4—6i,
determine the value of p and the value of ¢.
b) Given further that & =1+1, show that ...
i ... r=7-3i

ii. ... B and ¥ are solutions of the equation

22 —(1+i)z=2+5i.

1p=0|,|g=—2+3i

2

(0) (@) = <B4 2(olr Gp + X

@) ceRryac
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Question 32 (¥**¥)
z3 + 2z2 +k=0,

The roots of the above cubic equation, where k is a non zero constant, are denoted by
a, [ and y.

a) Show that ...

i. ...a2+,62+72:4.
ii. ...+ +y =-8-3k.
It is further given that at+ ,34+7/4=4.

b) Show further that k£ =-1.

¢) Determine the value of

a5+,65+7;.

|:|, @+ +y =—4

0) Lo AT T conc

= B-\ -tk -K=o
oot KT e e _
S wrli 43 = -8 -8
whebrige<o & she-l
by { e
Laveo A 202K

- e
R e
— & epn

) x‘ﬁ,\g A oo, ADNG & NOTRG, -t

o2 ¢ k=0 ot vat) + 2 [H4 8% + £GP =0
o2 ¢ Leo ,% Jook e+ 20 @) 43 =0 LB AXS ¢ 2%+ (H)xbeo
T2t rkao Lif + @43 <0
2 olugig = ~8-3k WS ey
= =
AS Rl

B 45 oB-bgo e xfo bioyde

2 heo Z N
gtk ae .,;‘:;", ’Z“W:‘Ot
e o | U B 6 gx
Wik RUN "

H 2ty ak so -

& 428° ¢ bk =0 { K 48 Beeeg

Fheats yhee J

S ) v 2 dy) 4 (b =0
= 8 + 2(8-3) 1 (k=0
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Question 33  (¥¥¥%¥)
The cubic equation shown below has a real root ¢ .

X +kx’—-1=0,

where k is a real constant.

Given that one of the complex roots of the equation is u +1i

2 in terms of « .

v, determine the value of

2_1_ 1Yy
e R

D00 45 Quois
CrkP-l=0 | kel
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SN WA
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——— t ]

== wais i

fnAw] Mou mouie ZeATioushe
o (urv)Cu-iv) =1
o (U 4v2) = |
«[ i +]=t
4

e W g I,
Vg = L P
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Question 34  (¥¥¥F)

Created by T. Madas

¥ +2x+5=0.

The cubic equation shown above has three roots, denoted by &, # and ¥.

Determine the value of

ot + g+,

[ 1Bl

METPD A
® i 2is=o by o
w8485+ ya=2
oy = =5
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Question 35  (¥¥¥%¥)

The three roots of the cubic equation

X +2x-1=0,

are denoted by «, £ and .

) 1 1 1
Determine the exact value of —+—+—.

o ,54 7,4
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Question 36
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The roots of the cubic equation

x> —4x*>+2x-5=0

are denoted in the usual notation by «, f and y.

Show that the cubic equation whose roots are

is given by

&,ﬁand ob
a p /4

9

5x° +36x> +60x—25=0

,|proof

TSTY M T, asoa w0mTen) Fol T Grogn) COBIC

GRyye Boc
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T B2 + (434 BC+ A2 — (ARC) = ©
R~ (B4 -5 =0
FrElrrios oo
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Question 37  (***y)
= (4+2i) 2% +(4+51) 2 (1+43i) =0, z C.

Given that one of the solutions of the above cubic equation is z =2+1i, find the other
two solutions.

,lz=1, [z=1+i]
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Question 38  (****4)

The roots of the cubic equation
X —4x* =3x-2=0
are denoted in the usual notation by «, f and y.
Show that the cubic equation whose roots are
a+pf, B+yand y+a,
is given by

x> —8x? +13x+14=0
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Question 39

(*****)

A system of simultaneous equations is given below

xX+y+z=1
x2+y2+z2=21

x3+y3+z3=55

By forming an auxiliary cubic equation find the solution to the above system.
You may find the identity

x3+y3+z3E(x+y+z)(x2+y2+z2—xy—yz—z,x)+3xyz,

useful in this question.

:

x,y,z=-2,—1,4 in any order

ST B v Te Ry (atgral = = G@n(a-2)@-4) =o
= (aryrz) - Do vy 2y 2 = a-<= N

= > 2+ 2yt yetaz) “*
= UYryz @)= ~20
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=

R LS
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= %4z = 8
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Question 40
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The roots of the cubic equation

8x° +12x2+2x-3=0

are denoted in the usual notation by «, f and y.

An integer function S, , is defined as
(2a+1)" +(28+1)" +(27+1)",

Determine the value of S5 and the value of S_,.

nez.
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