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Question 1 (*%%)

The lifetime of a certain brand of battery, in tens of hours, is modelled by the
continuous random variable X with probability density function f (x) given by

—x 0<x<5
7
flx)=12 5<x<10
1
0 otherwise

a) Sketch f(x) forall x.

b) Determine P(X >4).

Two such batteries are needed by a piece of electronic equipment. This equipment will
only operate if both batteries are still functional.

¢) If two new batteries are fitted to this equipment, determine the probability that
this equipment will stop working within the next 40 hours.

-

[ 1 lpx >4=2 |21 _ o381
75|" |5625

® Mo s Laxt . K
p

Created by T. Madas



Created by T Madas
Question 2 (*%%)
The lengths of telephone conversations, in minutes, by sales reps of a certain company

are modelled by the continuous random variable T .

The probability density function of 7 is denoted by f (), andis given by

kt 0<r<12

0 otherwise

)4

a) Show that k = L .
72

b) Determine P(T >5).
¢) Show by calculation that E(T) = Var(T).
d) Sketch f(r) forall 7.

A statistician suggests that the probability density function f(¢) as defined above,
might not provide a good model for 7 .

e) Give a reason for his suggestion.

[ P(T>5):% . |E(T)=Var(T)=8
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Question 3 (¥**%)

The continuous random variable X has probability density function f (x), given by

f(x)=

2x+k 3<x<4
0 otherwise

a) Show that k=-6.

b) Sketch f(x) forall x.

¢) State the mode of X .

d) Calculate, showing detailed workings, the value of ...

ii. ... Var(X).
iii. ... the median of X .

e) Determine with justification the skewness of the distribution.

| E(X)=Ll%3.67|, |Var(X)=+5 =~0.0556
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Question 4  (¥**%)

A continuous random variable X has probability density function f (x) given by

mx 0<x<4
f(x)=5k 4<x<9
0 otherwise

where m and k are positive constants.

Find as an exact simplified fraction the value of E(X ).
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Question 5 (¥**%4)

The continuous random variable X has probability density function f (x), given by

()= kx(16—x2) 0<x<4

0 otherwise

a) Show that k =L.
64

b) Calculate, showing detailed workings, the value of ...

ii. ... Var(X).
¢)  Show by calculation, that the median is 2.165, correct to 3 decimal places.
d) Use calculus to find the mode of X .
e) Sketch the graph of f(x) forall x.

f) Determine with justification the skewness of the distribution.

[ 1 [B(x)=32~213|, [Var(X) =178 ~0.782|, [mode = 2.31],

|mean < median < mode = negative skew|

L Cm) N ~
0 ome (o 9 T uifinn sisnes e quren [0 e 3 oo L Z0r0 Yieu
JUUN
Hle-3p) =0 ¢ enonsf w15

o~
Laleon) by -
= | dele)d -4 by

v
= j@hgg Q)b =l 6= 2> /
= -2 =t > Ja-a-wn = =T X
K

e “
Tas - s [ N

I N = [e-pr] -2 . R e
= k(e -o]=1 — (- Ju') -0 =2 ~

)-ols ” €) St Te Gk )= £ae-at)= Lrl-ara)
— eu=t - 2wt = hg e it
= k= i/ [ P

%/ oo = D=at-2wd+ 18

QORLATIC CUMXA OFL (OMAETING. HE SGoneE

b
D)1 e go= Cafad
— - :
5 (mi-e)- 6 +n8 =0

+ =
TSI PR e i
- G-

1 « -
[ ekl e o)-e] -

W

= m-k = xdiE

5 %23 5 s - GLee TR U wiG) Sente ft) y _
B sy oware €60 = [ e d - e TR ) e v s
. 3
E‘fxﬁ:j by - étj e 25 - me % x 2 /’{wm N <MD < moss,
. B _ S 20 23
- .
iLLf,;‘]_—ir/m,ae, - % z
G A S L( ) Dj 3 J) B Diffednstaon < HEGATWE SGW //7¢
a2 e P
AN Var(x) = E(x?) - [EG]* .
—_— s o= - = & (-2

lor(k) = Jo _ /22y 1K
Vo) = & -G a e - £y = &(ex)

Created by T. Madas



Created by T Madas

Question 6 (¥**%4)

The continuous random variable X has probability density function f (x), given by

0<x<4

0 otherwise

where k and a are positive constants.

A statistician claims that a >4 .

a) Justify the statistician’s claim.

b) Show clearly that

8(3a—8)

It is further given that E(X )=24.

¢) Show further that

9

=03

d) Hence determine the value of a and the value of % .

e) Sketch the graph of f(x) for all x and hence state the mode of X .
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Question 7 (¥*¥**4)

The continuous random variable X has probability density function f (x), given by

%x 0<x<k

f(x)= %(6—x) k<x<6

0 otherwise
Determine the value of the positive constant &, and hence or otherwise find

P[ X <tk|x <k].

k=3.5
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Question 8 (¥***4)

(%)

The figure above shows the graph of the probability density function f(x) of a

continuous random variable X .

The graph consists of the curved segment OP with equation
f(x)=ke*, 0<x<4,
where k is a positive constant.

The graph of f(x) further consists ofm a straight line segment from P to Q(a,0), for

4 <x<a,where a is a positive constant.

For all other values of x, f(x)=0.

a) State the mode of X .

It is given that the mode of X is equal to the median of X .

b) Show that k = % , and find the value of a.

[continues overleaf]
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[continued from overleaf]

71

It is further given that E(X) T

¢) Determine with justification the skewness of the distribution.

a= % , |mean < median = mode = negative skew

mode =4

9 9

a) B Ko
MORE :W/

b) oot 4T TE DRQM B0 g NIG o MO = -

ALY VUNG. THE TRiAGE
= L(agcd =4
= Fe =
- a-u- 8

—- a=
— z

) G ki 4 uim)

‘m:m SUeAT NEGATIUE ey, BOT Pregaaey
~HMGET SYMUtTRIAC

A5 3% b= 4

By 4 4

Created by T. Madas



Created by T Madas

Question 9 (¥***4)

The figure above shows the graph of a probability density function f(x) of a

continuous random variable X .

The graph consists of two straight line segments of equal length joined up at the point
where x=3.

The probability density function f (x) is fully specified as

ax 0<x<3
f(x)=4 b+ex 3<x<6
0 otherwise

where a, b and ¢ are non zero constants.

a) Show that b= % F o= —% and find the value of a .

b) State the value of E(X).

¢) Show that Var(X)=1.5.

[continues overleaf]
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[continued from overleaf]

d) Determine the upper and lower quartile of X .
A statistician claims that P(|X —,u| < 0") >0.5.

e) Show that the statistician’s claim is correct.
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Question 10 (***%4)

The continuous random variable X has probability density function f (x), given by

7 ( ) kx 0<x<a
x =
0 otherwise

where a and k are positive constants.

Show, by a detailed method, that

Var(X)=1ga’.
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Question 1 (¥*%%)

The continuous random variable X has probability density function f (x), given by

£ (x)= %(S—x) 2<x<5

0 otherwise
The cumulative distribution function of X , is denoted by F (x).
a) Find and specify fully #(x).

b) Use F(x), to show that the lower quartile of X is approximately 2.40, and
find the value of the upper quartile.

¢) Given that the median of X is 2.88, comment on the skewness of X .

0 x<?2
[ L F(x)=q-(x-8)(x=2) . 2<x<5|,[0;=33],
1 x>5
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The continuous random variable X has probability density function f (x), given by

kx(x=3)

)=

a) Use integration to show that k ==

11

b) Calculate the value of E(X).

3<x<4

0 otherwise

¢) Show that Var(X )=0.053, correct to three decimal places.

The cumulative distribution function of X , is denoted by F (x).

d) Find and specify fully F(x).

€) Show that the median of X lies between 3.70 and 3.75.

AP

E(x)=31 =368 |F(x)={-L(2x"-927 +27)

— 1
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1 x>4
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Question 3 (¥**%)

The continuous random variable X has probability density function f (x), given by

Fx)= k(x+2)  —2<x<0

0 otherwise

a) Show clearly that k = %

b) Find the value of E(X).
¢) Show that Var(X)=0.15.

The cumulative distribution function of X ,is denoted by F (x).
d) Find and specify fully F(x).

e) Determine P(-1< X <1).

0 x<-2
[ 1 B(X)=—05] [F(x) =33+ 3> +3x+1 1 -25x<0],
1 x>0

P(-1<X <1)=0.875
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Question 4 (F**%)

The continuous random variable X has probability density function f (x), given by

f() {&x 2<x<4
X)=

otherwise

a) Find the value of E(X).

b) Show that the standard deviation of X is 0.516, correct to 3 decimal places.

The cumulative distribution function of X , is denoted by F(x)
¢) Find and specify fully F(x).

d) Determine P(X >3.5).

e) Calculate the median of X , correct to two decimal places

0 x<?2
1 [r) =2

2823311, |F(x)={ 555

1 x>4
P(X>3.5)=5z2/, |median = 3.41]
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Question 5 (¥**%)

The continuous random variable X has probability density function f (x), given by

f(x):{kx(6—x) 0<x<5

0 otherwise
3
a) Show clearly that k =—.
100

b) Calculate the value of E(X).
¢) Find the mode of X .

The cumulative distribution function of X , is denoted by F (x).
d) Find and specify fully F(x).

e) Verify that the median of X lies between 2.85 and 2.9.

f) Determine with justification the skewness of the distribution.

0 x<0
E(X)=%», F(x)= ﬁx2(9—x) 0<x<5|,
1 x>5

mean <median < mode = negative skew

@ 1- Mo
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Question 6 (¥**%)

The continuous random variable X has probability density function f (x), given by

k(x—l)(x—4) 1<x<4
0 otherwise

9=

a) Show clearly that k = _%

b) Sketch the graph of f(x), for all x.
¢) State the value of E(X).
d) Calculate the Var(X).
The cumulative distribution function of X , is denoted by F (x).
e). Find and specify fully F (x)

f) Determine with justification the skewness of the distribution.

[ ], |[B(x)=25|, [Var(x) =045

0 x<l1
F(x)=q5(11-24x+152*-2x°) 1< x<4],
1 x>4

mean =median = mode = 2.5 = zero skew
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Question 7 (F**¥)

The continuous random variable X has probability density function f (x), given by

2+5 2<x<5
f(x)=1 &
0 otherwise

a) Show clearly that k = 3—23

b) Find the value of E(X).

¢) Show that Var(X)=0.731, correct to three decimal places.
The cumulative distribution function of X , is denoted by F (x).

d) Find and specify fully F(x).

e) Determine the median of X .

0 x<2
[ L Ex)=3, |F(x)={&(x+6)(x=2) 2<x<5|, [median ~3.70]
’ L) 33 R :
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J: 25— %jj“x do= | ?(x):\[ﬁ(;u) He. gj: mad = %[zu;;z]:
- [=+52], <k < 3Gy (] = [ 40me]
- ke (04 %)-(442) . ey
- k £ / ~ Q)= { 5@&@474': He-v)k-s) z<:;:
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Question 8 (¥**¥)

The continuous random variable X has probability density function f (x), given by

1

3 0<x<L2
f(x)= %)ﬁ 2<x<3
0 otherwise

a) Show that E(X ) =1.532, correct to three decimal places.
The cumulative distribution function of X , is denoted by F'(x).

b) Find and specify fully F(x).

¢) Calculate the median of X .

d) Determine with justification the skewness of the distribution.

0 x<0
%x 0<x<?2
T P-4 % [median=13.
m.x +—5 2<x<3
1 x>3

|(mode)<median < mean = slight positive skew|
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Question 9 (¥**%)

The continuous random variable X has probability density function f (x), given by

%x 0<x<2
F()=913 ~ 2<x<4

0 otherwise

=1
a) Show clearly that k = 0 -

The cumulative distribution function of X , is denoted by F(x).
b) Find and specify fully F(x).
¢) State the median of X .

d) Show that E(X )=

N|u]
oo

e) Calculate the interquartile range of X .

0 x<0
2
%x 0<x<?
[ F(x)=1 4 , [median =2, [IQR = 2.00
x +224
e 2<x<4
480
1 x>4
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Question 10 (¥**¥)

The continuous random variable X has probability density function f (x), given by

k(x2—2x+3) 0<x<2
f(x): %k 2<x<3
0 otherwise

a) Show clearly that k = 1

(91

The cumulative distribution function of X , is denoted by F(x).

b) Find and specify fully F(x).

—
—

¢) Show that E(X) =y

o

d) Show that the median of X lies between 1.05 and 1.1.

0 x<0
L y(x?=3x+9 0<x<?
15X\~ X+ <x<
. r =5

B(x+ 12) 2<x<3
1 x>4
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Question 11 (¥**%4)

The continuous random variable X has probability density function f (x), given by:

%x 0<x<4
f(x)= 2-2x - 4<x<5
0 otherwise

a) Sketch the graph of f(x) forall x.

b) State the mode of X .

¢) Show clearly that E(X)=3.

d) Calculate the value of Var(X).

e) Find and specify fully the cumulative distribution function of X , F(x).

9

~

mode =4/, [Var(X)

=, F(x)=

n|—

(x2—10x+20) 4<x<5

0 x<0
%xz 0<x<4

1 x>5

Q) SETHNG THE b £ ONSaIW: of T Gk

B wose w4
9 tx= [ aboa )
FETIE O ol e s ¢
9= (2B (26204 - 5 é““lj%“x
s [ gels &) Com)-lem)
= Bax-fas® -3
wESerw %ﬁwm
d) i cowr €)= [od
€)= So EJENE &Q 1‘@@)&:&‘7@‘&1 +£3*‘§’J41
ST
@ (F-9-(2-9- ¢

OING VoG = EG) - (EGN]2
Nar(x)= €L — 3>
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Question 12 (***%4)

The continuous random variable X has probability density function f (x) , defined by

the piecewise continuous function

T (x=1) 1<x<3

1 3<x<6
LR

E—ﬁx 6<x<10

0 otherwise

a) Sketch the graph of f(x), for all values of x.

The cumulative distribution function of X , is denoted by F (x).

b) Show by detailed calculations that

0 x<l1
1,21 .1
24 * 12x+24 1<x<3
F(x)= %x—% 3<x<6
_ 1 e 13
48" +1 X—15 6<x<10
1 x>10

[continues overleaf]
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[continued from overleaf]

¢) Calculate the median of X .

d) Determine the value of P(2< X <4)UP(5< X <9).

e) Find the value for E(X).

median =5

9

; P(2<X<4)uP(5<X<9)=%, E(X):%
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Question 1 (¥*%)
The cumulative distribution function, F (x) , of a continuous random variable X is

given by the following expression

0 x<l1
F(x)=1k(x*+26%-3)  1<x<3
1 x>3

where k is a positive constant.

a) Show clearly that k = 9_16 :

b) Find P(X >2).

¢) Determine the probability density function of X , for all values of x .

5 f(x)z ﬁ(x3+x) 1<x<3

|l\)

[ ] |px>2)=4

[\

0 otherwise

C o wei
F@J:zt&ﬂﬁﬂV, o o

>3

Q) EG)=l (I a3 we e Yoome" A e r’!bwumj

= k(@ ats) =1
= Wbl=(

gk:g@///
174

b hsa) -« 1+ Porea)
= 1= F@)

= 1= (hets)
<&
32 //
9 ey ko]

= L (%)= LaG)

RN (<xg
o owwie.
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Question 2 (**%)

The cumulative distribution function, F (x), of a continuous random variable X is

given by
0 x<-3
F(x)z k(x+3) —3<x<8
1 x>8

where k is a positive constant.

a) Show clearly that k = ﬁ ’

b) Calculate P(X <1).

¢) Find P(X =1).

d) Define the probability density function of X , for all values of x.
e) State the name of this probability distribution.

f) Determine the value of E(X ) and the value of Var(X).

1 3<x<8

1 o= . PO, - ,

0 otherwise

E(X)=3|, [Var(x)=121

|unif0rm continuous

9

) X<z
=4 teus) -3<x58

! a8

6 FBl=l = k)=l
=

k=
- k;{T/

B R0xa) = FL) = fus)- ﬁ./

o PG=l) :y

A do-glr] - glee] - ¢

L —3<xge
" = (0
w 4@ { ° CHAISE //’

€] NI ot ) Ao o A wmmm%

*_.t‘,, :
b axs. £
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Question 3 (*%%)

The continuous random variable 7' represents the lifetime, in tens of hours, for a
certain brand of battery.

The cumulative distribution function F(#) of the variable T is given by

0 1<?2
F(t)=155(t+6)(t=2) = 2<t<4
1 t>4

a) Calculate the value of ...

i ... P(T>35).
ii. ...P(T=3).
b) Show that the median of 7" is 3.10, correct to three significant figures.

¢) Define the probability density function of 7', for all values of 2.

Four new batteries, whose lifetime is modelled by 7', are fitted to a road hazard lantern.
This lantern will only remain operational if all four batteries are working.

d) Determine the probability that the lantern will operate for more than 35 hours.

L(t+2) 2<r<4

[ o P(T>3.5):%,, £(t)=110

, 10.00683

0 otherwise

a) bS] ﬂws-s}: - pCrars) = 1- Flzg)= I- g
= 3= owrg_~
I) P=3) =o / CosTmuox, vaeinaie )

b B Det oy S5 uion)
=% f3o)= s (Borsg)ors—3)
S =% = 0w,
(e\e2) = 1o Zog
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Question 4  (¥%%)

The cumulative distribution function, F ( y) , of a continuous random variable Y is

given by
0 y<0
F(y)=1ky’ 0<y<b
1 y>b
It is further given that P(1<Y <3) :%.

a) Find the value of k and hence determine the probability density function of ¥
forall y.

b) Calculate the median of Y .

¢) State the mode of Y and hence comment on the skewness of the distribution.

median = 3.17|, |mode = 4|,

0 otherwise

e3 2 0<y<4
D,m):{w ysd)

median < mode = negative skew

q Hicvey =% v e £ = |
= ) - b)) = Lo
= F&) - FQ) =% L

b= ¢
— b k= “L

3 .
- Aok =B b?
=5 Wk = % PP UMIT
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Nw Q) = 2 FQ
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by T v e Fl)=L
&=L
= 32
gzﬁ‘z g-vv/
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Question 5 (¥*%)

The cumulative distribution function F(x) of a continuous random variable X is

given by the following expression

0 x<0
F(x)=1ke(x+2) 0<x<2
1 x>2

where k is a positive constant.
a) Find the value of k.

b) Show that the median of X is 1.236, correct to 3 decimal places.

¢) Calculate P(X >1.5).
d) Define the probability density function of X, f(x), forall x.

e) Sketch the graph of f(x) forall x, and hence state the mode of X .

Lix+1 0<x<?2
[ . k:%, p(x>1.5):%, F(x)= g (x+1) <x< Toode=1]
0 otherwise
9 s Fy-l
)=t = ;k(:g:\

by S
b) B ook ok SotonG  euAdRTIC

FQ23sQ) = flias)Gasssez) = 0-09968... <o
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§ e - 401
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Question 6  (¥*%4)

The time, in weeks, a patient has to wait for an appointment to see a psychiatrist in a
certain hospital, is modelled by the continuous random variable 7 .

The cumulative distribution function of 7" 1is given by

0 <0
F(t)={gogt  0sts12
1 1>12

a) Find, to the nearest day, the time within which 80% of the patients have been
given an appointment.

b) Define the probability density function of 7', for all values of .

Itis given that E(T)=9 and E(Tz) =86.4.

¢) Determine the probability that the time a patient has to wait for an appointment,
is more than one standard deviation above the mean.

1 .2
=t 0<r<12
, |=78 days|, |f(t)=1376 , 1= 0.1597

0 otherwise

) T Box of PSS e 86 ceed', sav)
= T<K)= 08

RS 3
- Foki= ot f}s =t
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W@ = sy
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o it | Saonen DoRTON = 9+ 2336 = 13238
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Question 7  (¥*%4)

The time, in hours, spent on a piece of homework by a group of students is modelled
by the continuous random variable 7.

The cumulative distribution function of 7" is given by

0 <0
F(1)= k(2t3—t4) 0<1<b
1 t>b

where k is a positive constant.

a) If the probability that a student from this group took between one quarter and

three quarters of an hour to complete the homework is % , show that k = % .

b) Find the proportion of students who spent over an hour in their homework.
¢) Verify that the median is 0.921, correct to 3 decimal places.

d) Define the probability density function of 7', for all values of ¢.

32(a,2 3
3t =2t 0<t<h
T pas =g =] )

-

0 otherwise
o) P02 < T <078 = &

= frew)-i(i<on) - 2
= o) - Ffloax) = %

k[ 20.06- 0qet ] - - -
- [mx 07t ] ~ k(zroac? 02'] =~ &
By o zZy=3
ek — gk Ed
%%k:-g-
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Question 8 (***+)
A continuous random variable X has the following cumulative distribution function

F(x) , defined by

0 x<0
F(x): %x2(6—x2) 0<x<1

1 x>1
a) Find P(X >O.5).

b) Define f (x), the probability density function of X , for all values of x.

A skewness coefficient can be calculated by the formula

mean — mode
standard deviation

(@)

¢) Given that E(X )= %

and E(X 2) = % , evaluate the skewness coefficient for

(V)

this distribution.

4 2
=x|3- 0<x<1
1 [p(x>05)=371. | £ (x)= 3a(3-+') 2 Es07
0 otherwise
Q) PXes) = =~ Plx<os) = 1= Flox)
= - LestE-os?) =) - 2 Samy
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Question 9 (¥*¥¥)

The cumulative distribution function, F (x) , of a continuous random variable X is

given by the following expression

0 x<l1
F(x)=1k(-x+6x"-5) 1<x<4
1 x>4

where k is a positive constant.

a) Show clearly that k = %
b) Define f(x), the probability density function of X , for all values of x.
¢) Sketch the graph of f(x) for all x, and hence state the mode of X .

d) Given that E(X)=2.25, show that the median of X lies between its mode and

its mean.

e) State the skewness of the distribution.

') %x(4—x) 1<x<4

I:I, f(x)= , Imode = 2|, |positive skew

0 otherwise
o) e KO-
Fa)at = k(o) =
=1
k‘é‘,/

L) on & = d0eew]

% lj? (=it x)] = £ (-alemn)= #(41—1‘) = dx4-)
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Question 10  (¥*%%¥)

The cumulative distribution function, F (x) , of a continuous random variable X is

given by the following expression

0 x<l1
F(x)={(3=x)(x=1)> ~ 1<x<2
1 x>2

a) Find P(X >1.2).
b) Show that the median of X lies between 1.59 and 1.60.

¢) Show that for 1<x <2, the probability density function of X, f(x), is

£(x)=(1-x)(3:-7).

d) Show further that the mean of X is %

e) Given that the variance of X is %, find the exact value of E(X 2) .

f) Find the mode of X .

[ 1 [p(x >1.2)=0.928], [E(x?)=ZF|, | mode =

Wl
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Question 11 (¥**%4)

The cumulative distribution function, F (x) , of a continuous random variable X is

given by

0 x<3
F(x)= k(a—36x+bx2—x3) 3<x<6
1 x>6

where k, a and b are non zero constants.

Determine the value of &, given that the mode of X is 4.

_1
[ 1, k==s

3 z<3
T@)= 9 b (a-enrbarad) 3 cxdt
t

a>6

PCeo R FPuons

= %LF(”} b (-3642bx <82)
Now s B Nobe 18 U, ol s Benoe 3 g 6, ash g
(e Of SpuktTe/ oF THE _guioestc

{6 = k(b-6) s

o = k(2b-6xt) i j\
0= 2oz Cido) R Eamm S
b=t xp

N&T W6 ook AT T C.F b b=2.
FQ) = k(a-3a 4 n2rw)
®£(3)=0
k(<18 + 18 ~27) =©
k(a-m)
azo (il

DRGE]
k(- %+ xg@- 63)=(
M=l —
k=g ~
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Question 12 (Gk#¥%¥)

The continuous random variable X has the following cumulative distribution function

0 x<0

F(x)= ax=bx* 0<x<k
1 x>k

where vehicles a, b and k are positive constants.

The variable Y is related to X by

Y=3X-2.

Determine the value of a, b and k given further that E(Y)=2 and Var(Y)=8.

1 . _
I:I’ a=35l b_16 , k=4

STHIT BY REVEOSING THE TRANSERMATIONS

= Y= -2 — Y= x>

= EQ) = €G@r-2) = Nar¥)= Var(ax-2)
= 2= 3EC)-2 = 8 = FVr®
= W)= & = V()= 5

OBThN A PeuAtionst® €M Te ¢ D.F
FG)=t = |ak-bi=1

OBRTMN THE PDE NeXT
(¢ r s
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e
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