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Summary of Bessel Functions

Bessel’s Equation

d*y d
x2—§+x—y+(x2—n2)y =0.
dx dx
If n is an integer, the two independent solutions of Bessel’s Equation are

o« J, (x) , Bessel function of the first kind,

AR ()

p=0

Generating function for J,, (x)

e Y

n
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Other relations for J, (x), ne Z.

= (—1)p x PP X x> X x!
Ji(x)= E — = - + - .
(p+1)!pN\ 2 2o 23121 292131 273141
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Question 1
d? y

dy
x—+(1-2n)—=—+xy=0, x=0.
dx® ( )dx e

Show that x"J, (x) is a solution of the above differential equation.

proof
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Question 2

Starting from the generating function of the Bessel function of the first kind

show that

proof

Created by T. Madas



Created by T. Madas

Question 3

Starting from the series definition of the Bessel function of the first kind
- Y 2r+n
‘]n(x)zziﬁj , ne L,
(n + r) Ir\ 2
r=0

show that

proof
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Question 4

Starting from the generating function of the Bessel function of the first kind

show that

proof
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Question 5

Starting from the generating function of the Bessel function of the first kind

show that

proof
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Question 6

The generating function of the Bessel function of the first kind is

a) By differentiating the generating function relation with respect to x, show that
Ly (x)-L7.,,(x)=7/(x)
2+ n—1 2 Y n+l n :

b) By differentiating the generating function relation with respect to ¢, show that

Ty(6) =5 [T () + 1 ()]

¢) Hence find a simplified expression for
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Question 7

Starting from the generating function of the Bessel function of the first kind

e Jy(x)=1- = 5= 5+
27(1)° 2 (21 2°(3)

R A (A § .
20111 231121 292131 273141
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Question 8

The generating function of the Bessel function of the first kind is

Use the generating function relation, to show that for n >0
a) J_,(x)=(-1)"7J,(x)

b) Jn—l(x)_‘,nﬂ(x):z‘l;t(x)'

O I, (3] ()=, ().

Use parts (b) and (c¢) to find simplified expressions for

d) i[x"Jn(x)]

dx

d

e) —[x_"Jn (x)}

dx

f) Use parts (d) and (e) to show that the positive zeros of J, (x) interlace with
those of J,,;(x).

d d

2ol |2 (o) [T () == ()

[solution overleaf]
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Question 9
The Bessel function of the first kind is defined by the series

Jn(x)zi ﬁ@z . nel.

r=0

Use the above definition to show

e%x(t_%) = Z[r"]n(x)], nez.

n=—oco

, |proof
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Question 10

The generating function of the Bessel function of the first kind is

Use the generating function relation, to show that

1(3) = D [10(3) J )],

Mm=—oco

, |proof

SN, Witk Tite GuINATVG. Ao B0 Tt BESEL FOUTIDNS of
e, st kb

LR ; [t“lhm]
SRERICO NI [gm&k&mﬂ[éu@mﬂ
R CEERER k‘; S [otg ]
o M
U n=kew a0 e THAT SOMMATIOV IS A ONGIGES
L Seey) E:miw[ ¥ “LE” Iﬁa‘]

gewed) |5 S g 3]
S|l

5 S dee] - Sl 5 [nune]]

o D) = EWLS”Q’) 3@ )
ks e

Created by T. Madas



Created by T. Madas

Question 11
The Bessel function of the first kind is defined by the series

J,Z(x)—rZ: ﬁ@z . nei.

Use the above definition to show
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Question 12

The above differential equation is known as modified Bessel’s Equation.

Use the Frobenius method to show that the general solution of this differential

equation, for n = A is

_1
y=x 2[Acoshx+ Bsinhx]|.

proof
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Question 13

Find the two independent solutions of Bessel’s equation

2
xzd—g+xﬂ+(x2—l/2)y=0, ve 7.
dx dx

Give the answer as exact simplified summations.

SR o h 92 |

s BZJ%(%)] or 1, (x)= ZO[%(%)
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Question 14

Find the two independent solutions of Bessel’s equation

2
xzd—g+xﬂ+(x2—n2)y=0, nez.
dx dx

Give the answer as exact simplified summations.
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Question 15

Find the two independent solutions of Bessel’s equation
2d’y dy (2
X —2+x—+(x -n )y=0, n=0.
dx dx

Give the answer as exact simplified summations.

y—AZ{%(%x)Z’} or Jo(x>—2{((j))z (34

y=B(In x)i{((;l)); (%X)Zr_ + Bi ((;'1)); (%x)zr Z%
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Question 16

The generating function of the Bessel function of the first kind is

ii. Jn—l(x)_‘,n+l(x) F 2J;t (x)

2n
L. Jn—l(x)+‘]n+l(x) 27],1()6) .

b) Use part (a) deduce that

i. %[x"]n(x)sz"Jn_l(x).
i %[xl_"Jn_l (x)} =—x"""J, (x)

¢) Use part (b) to show further that

x2JZ(x)+xJ;,(x)+(x2—nZ)Jn(x):O.

proof

[solution overleaf]
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Question 17

a2
t—y+@+ty, t>0.
dt

dr?

The Bessel function of order zero, J (t) ,-1s a solution of the above differential

equation.

It is further given that liml:.lo (t)] =1.

t—0

By taking the Laplace transform of the above differential equation, show that

ﬁ[fo(t)]:
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Question 18

It can be shown that for ne N

eyt N D D 3) o)
(1) " e ar- (2m)‘1“(n3+n+1)2

y m=0

Use Legendre’s duplication formula for the Gamma Function to show

x" ! 1

Jn(x)=2n_lﬁr(n+£) 0(1-:) cos(xt) dt .

, |proof
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Question 19

Legendre’s duplication formula for the Gamma Function states

r'(2n)N7

F(n+%) 22TF(71)’ ne N

a) Prove the validity of the above formula.

b) Hence show that
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Question 20

a) By using techniques involving the Beta function and the Gamma function,
show that

T
2 )2 92
j (cos8)** ! dg = (k)72

. (2k +1)!

The series definition of the Bessel function of the first kind

Jn(x)=iw;—?)rmgfﬂ, ez

r=0
b) Use the above definition and the result of part (a), to show that

T

jz Jy(xcos@) dO = l—cosﬁ’
0

X

proof
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Question 21

The Bessel function J,, (@x) satisfies the differential equation

where ¢ is a non zero constant.

If J,(x) and J,(enx) satisfy J,(oq)=J,(y)=0, with o; # &, , show that

proof
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Question 22

The series definition of the Bessel function of the first kind
d _1 r 2r+n
Jn(x)zzg ﬁj , heZ.
(n + r) r!i\ 2
r=0

Use the above definition to show that

1
where [ =j (1=)"" " g (xt) dt, n>m>-—1.
0

proof

~~~~~~
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Question 23

1 L
I:j (l—tz) 2l gy
-1

a) By using the series definition of the exponential function and converting the
integrand into a Beta function, show that

[}

,:Z (-2 T(neh)r(md) |

(Zm)! F(n+m+1)

m=0

Legendre’s duplication formula for the Gamma Function states

r'(2m)\z

T(m+%) 22’"_11"(111)

,me N,

b) Use the above formula and the result of part (a) to show further

Ju(x)

(l—t2 2 cos(xt) dr .

xn 1 n_l
~on-l \/Zr(n+5).“o )

proof
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Question 24

The Bessel function of the first kind J,, (x), satisfies

Show that

T
where I:I cos(xsin @) cos>* @ de.
0

proof
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Question 25

The generating function of the Bessel function of the first kind is

ii. Jn—l(x)_‘,n+l(x) F 2J;t (x)

2n
L. Jn—l(x)+‘]n+l(x) 27],1()6) .

b). Given that y =J,(Ax) satisfies the differential equation

2
x2 d §_+xﬂ+(ﬂ,2x2_n2)y:0, n=0,1,2,3,..
dx dx

verify that
2
et

and hence show that if 4; is a non zero root of J, (4)=0

) IO 14T dv = [7ys ()T =[T0n (4)T

proof

[solution overleaf]
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