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Question 1  (*%)

Find a general solution of the differential equation

d*y _dy x
4Y 159 L ey=12(x+e*).

[ lly=Ae+Be > +e'+ 2x—%

Question 2 (*%)

Find a general solution of the differential equation

2
d—§+6ﬂ+13y:13x2—x+22.
dx dx

[ | |y=e*(Acos2x+Bsin2x)+x* —x+2
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Question 3 (*%)

Find a solution of the differential equation

2
d—§—3ﬂ+2y:10smx,
X

dx

subject to the boundary conditions y =6 and % =5 at x=0.
X

P y=2€x+ezx+3cosx+sinx
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Question 4  (*%)
Find a general solution of the differential equation
d*y

—+ﬂ—2y =6e”".
dx®  dx

[ 1 ly=(A+2x)e*+Be™>
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Question 5 (*%)

Find a solution of the differential equation

2
d—g— D oy =20sin2x,
dx dx

subject to the boundary conditions y =1 and % =-5 at x=0.
i

2x %

y=3cos2x—sin2x—e“"—¢e

Question 6  (*%)

Find a general solution of the differential equation

Ly _dy

- 2y= 12(e**—e7).

y=(A+4x)e** +Be ¥ -3¢
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Question 7  (¥%)

2
Q+y=sin2x, with y=0,ﬂ=0 at x=2.
dx? dx 2

Show that a solution of the above differential equation is

y :%cosx(l—sinx) .

proof
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Question 8  (**+)

with y=3 andﬂz—Z at x=0.
dx

Show that the solution of the above differential equation is

y=2¢e"+(1-2x)e ™.

, |proof
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Question 9 (**+)
Find a general solution of the differential equation

2
A oD 2yt kso.
2 dx 4

dx

1
[ 1 |y=Ae+Bre+—
4k

ORTIN T CoMRUOTIARY TNCTIEN — V1A ~AKIUALY £3uATLOY

Fowd 4§ =0
O-kF=o0
2 =k Coerrn
%
Ly= he"+ Bae™
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Question 10  (**+)

Find the solution of the differential equation

2
M+ﬂ=2x+3,
dx’® dx

dy

subject to the conditions y=2, P =-5at x=0.
X

y=x>+x—4+6¢"

Created by T. Madas




Created by T. Madas

Question 11 (**+)

Find a solution of the differential equation

2
d—2y+2ﬂ+5y:34cos2x,
dx dx

subject to the boundary conditions y =18 and % =0 at x=0.
X

y :2(8e"“+1)c0s2x+8sm2x
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Question 12 (**+)

The curve C has a local minimum at the origin and satisfies the differential equation

2
d—§+4@+8y=3zx2.
dx dx

Find an equation for C.

y=¢” (sin 2x+cost)+(2x—1)2
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Question 13 (**+)

P
%+9x+12sin3t=0, >0,
A

with x=1, ﬂzz at t=0.
dt

a) Show that a solution of the differential equation is

x=(2t+1)cos3t.
b) Sketch the graph of x.

proof
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Question 14  (**+)
d> y

dy
—2+4

=1 4y=16+32e%%,
dx dx

with y=8 andﬂzO at x=0.
dx

Show that the solution of the above differential equation is
y=38 cosh? x.

proof
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Question 15 (**+)

2
LYok ® 4 g2y = 1206k, k>0
dx dx

a) Find a general solution of the differential equation given that y = Pxlel,

where P is a constant, is part of the solution.

b) Given further that y =1, % =0 at x=0 show that
X

yzekx(2x3—kx+l).

yzekx(2x3+Ax+B)
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Question 16  (**+)

Show that the solution of the differential equation

2
d—g— D 16y =24e*,
dx dx

. o d :
subject to the boundary conditions y =-1, d_y =—4 at x=0, can be written as
x

y=(12:-1)e*".

proof
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Question 17  (**%)

2
d—g— D gy - 46>
dx dx

a) Find a solution of the differential equation given that y =1, ? =0at x=0.
X

b) Sketch the graph of y.
The sketch mustinclude ...

e the coordinates of any points where the graph meets the coordinate
axes.

e the coordinates of any stationary points of the curve.

e  clear indications of how the graph looks for large positive or negative
values of x.

y=e (24" - 3x+1)
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Question 18  (***+)
The curve with equation y = f (x) is the solution of the differential equation
d’y , dy

——4—+4+4y=8sin2x.
dx’? dx ¥

The first two non zero terms in Maclaurin series expansion of f (x) are x+kx2,

where k is a constant.

Determine in any order the value of k and the exact value of f (%71’)

Lz

| f(E7)=L(r-4)e?

k=2

b
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Question 19  (***4)

The function y = f (x) satisfies the following differential equation

2
d_;’_ ﬂ+5y =2e " (sin2x—2cos2x),
dx dx

subject to the boundary conditions y =0, ? =2 at x=0.
X

Solve the differential equation to show that

y =cosh xsinh2x .

No credit will be given for verification methods.

, |proof
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2ND ORDER or HIGHER
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Question 1  (*%)

Find the general solution of the following differential equation.

2
4t2%+4t%—x:0.
¢ t

Question 2 (**+)
Find the general solution of the following differential equation.
2 d’y

ar*

dy

4t +4t—+y=0.
dt

y:PCOS[IH\/;]+Psin[ln\/;]
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Question 3 (**%)

2
xzd—;j— xﬂ—4y=9x8.
dx dx

Determine the solution of the above differential equation subject to the boundary
conditions

_3 D )
y=5, dx_z at x=1.

I:l, y:i)cz‘(xz‘+1)+l

X

28 d s G Ut
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Question 4  (¥*%)

Find the general solution of the following differential equation

2
,d”y dy
x*—+2x—-—n(n+1)y=0.
dx? dx (n+1)y

B
y=Ax"+

+1
X"
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Question 5 (¥*%4)

Given that if x=¢' and y= f(x), show clearly that ...

a) ... xﬂzﬂ.
dx dt

b) ... xzd_zy:dzy dy

i,

The following differential equation is to be solved

2
xzd—§—3xﬂ+4y =2Ilnx
dx dx
subject to the boundary conditions y = 1 ,Q 3 4 at x=1.
2 dx 2

¢) Use the substitution x=¢' to solve the above differential equation.

y =%+%(2x2+1)lnx

Created by T. Madas



Created by T. Madas
Question 6  (¥*%4)

2
34y y—2xzﬂ—4xy=5.
dx* dx

Find the solution of the above differential equation subject to the boundary conditions

y:4,@:20 at x=0.
dx

y=5x" —l(1+lnx)
x
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Question 7  (¥*%4)
Find the general solution of the following differential equation.

4 3 2
d y+gd y 1d y+iﬂ:0, x>0.

dt xdd xrd P dx

]:l, y=Alnx+Bx2+Cx21nx+D
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Question 8  (*¥**4)

The curve with equation y = f(x) satisfies

2
xzd—§+5xﬂ+13y=0, x>0.
dx dx

By using the substitution x =¢’, or otherwise, determine an equation for y = f (x).

given further that y =1 and ? =—2at x=1.
X

cos(3Inx
e
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Question 9

(***+)

d? d
xz_zy_xy
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—+9y=0, x>0.
dx dx

3
Use the fact that y = Ax? satisfies the above differential equation, to find the full

solution subjectto y =4 and % =10 at x=1.

X

oy 1.

y :4x%(1+lnx)

412%5 ~a¥dy-o Y0t gu-n

I 1S GO6D T A oustion) s 0= Axx

;{— 3hve + il

G
ol by Cradvils st v el
qe ot NG + V) + 32 V&)

-y Sy s Sy
= F30V0) + 20 + 2R

SB WD T 05

ER LWL | oY 3 L
= | v el U » 3000 Bt iy [ V6 =o

FAPIRMEY 3 ran -
= WAV ity ) - 0a%0) - BAVG) 9@ -0

A :
5 BV + v o

7CREL
(Wr0)

PSR VR
= l&}u*«%"(’

:-)1%?-#?10 §

= '1%; =%

Created by T. Madas

| |
— Ld--La
Wlpl = B~ il

B
|

xl

= lpl= n|

At wunmon 40 = &

—O

4= ((AsBx0) = A=t

ESSI
2= 4G )




Created by T. Madas

Question 10 (¥¥%%¥)

Find the general solution of the following differential equation.

x—-—y=2x, x>0.

3 2
ELA N I )
dx’ dx? dx

[ Iy = Ax+ Bcos(Inx)+Csin(Inx)+ xIn x
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Question 11 (¥*%%)

Use variation of parameters to determine the specific solution of the following
differential equation

2
2 7D 6y =16Inx.
dx® dx
given further that yz%, %: 2 at x=1.
X

y=%+(l+x4)lnx
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2N ORDER ODEs
WITH MISSING
INDEPENDENT
VARIABLE
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Question 1 (¥**%4)

The curve C, has gradient % at the point with coordinates (ln 2,%) , and satisfies the

differential relationship

d*y dy
4Y_(1=29)%2 <
dx> ( y)dx y

=

Find an equation for C, giving the answer in the form y= f(x).
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Question 2 (¥¥*%)

Use appropriate techniques to solve the following differential equation.

2
144
d_g -—.  »(0)=6, & .
dx y dxxzo

&Ko w 2 P
o 3o, =5, g4=0

Y e
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Question 3 (F**FE4)

The curve C, has a stationary point at (0,2) and satisfies the differential relationship

d*y 4
7:—3, y#0.
X y

a) Given further that ? >0 along C, determine a simplified expression for the
X

Cartesian equation of C.

b) Verify by differentiation the answer to part (a).
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Question 4  (F**FE4)

The curve C, has a stationary point at (0,4) and satisfies the differential equation

a) Given further that ? >0 along C, determine a simplified expression for the
X

Cartesian equation of C, giving the answer in the form x= f ().

b) Verify by differentiation the answer to part (a).

x= 4arc0sh(%\/;)+\/y2 —4y
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Question 5 (¥*¥FE4)

The curve C with Cartesian equation f (x,y)=0, satisfies the differential equation

(1-y)y" =(2-)(¥)*.

It is further given that y(0)=0 and y’(0)=1

a) Determine a simplified expression for the Cartesian equation of C.

b) Verify by differentiation the answer to part (a).

x=ye ”

Created by T. Madas



Created by T. Madas

Question 6 (Gk¥*¥FF)

The function with equation y = f (x) satisfies the differential equation

2 2
M_l Q =2yIn3, y(O):l, %(0)=21n3.

dx*>  y\dx X

2
Solve the above differential equation to show that y=3"*2*

, |proof
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Question 7  (Gk¥FFEE)

The curve with equation y = f(x) satisfies the differential equation

9
d—g=6y2+4y, ﬂ20.
dx dx
If y=3, ? =12 at x= —%ln 3, solve the differential equation to show that
X

y= cosech? x.

proof
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Question 8  (F¥¥¥FF)

The curve with equation y = f(x) satisfies the differential equation

2 2
dx? dx

Given further that the curve has a stationary point at (%,%) , solve the differential

equation to show that
= x2 1
y=x"+x+s5.

proof
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Question 9 (Gk¥¥EF)

The curve with equation y = f(x) satisfies the differential equation

If y=0, ? =—]lat x= 77[ , solve the differential equation to show that
X

y=In(1-cosx).

, |proof
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Question 10 (k*%%¥)

The curve C, has gradient 1 at the origin and satisfies the differential relationship

d*y dy 1
4 -2y =%(3y-2), y<i.
72 y dx( y ) y<35

Find an equation for C, giving the answer in the form y= f(x).

sin x
=——— =(secx—tanx)tanx
1+sin x

@ v ;.4
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Question 11 (Gk¥%%¥)

The curve C, has gradient % at the point with coordinates (1,%) and further satisfies

the differential relationship

d?y 2 dy
2v2 2 (2y+1)(y=1)"=2=0, y=0.
3 (2y+1)(y )dx y

Find an equation for C, giving the answer in the form y= f(x).
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Question 1  (¥%%)

2 2
2y L Lgy D |16y =(ﬂj vy #0,
dx? dx dx

Find the general solution of the above differential equation by wusing the
transformation equation ¢ = \/; .

Give the answer in the form y= f(x).

y= (Aezx+ Bxe )2
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Question 2 (¥%%)

The differential equation

2
AR L Sy
dx dx
. . y 4 3 dy 1
is to be solved subject to the boundary conditions y =—, o = 5 at x=1.
X

. d ) ) ;
a) Show that the substitution v = d—y, transforms the above differential equation
X

nto

dv 2v
e o T o S
dx - x

3.

b) Hence find the solution of the original differential equation, giving the answer
in the form y = f(x).

1 2 1
=—| x"+—+1
: 2( x j
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Question 3 (¥%%)

The curve C has equation y= f (x) and satisfies the differential equation

2
sz— xﬂ—Zy(2x2—1)=3x3ex, x#0

dx® dx
. 4 y 3 dy 1
is to be solved subject to the boundary conditions y = 5 I = > at x=1.
X

a) Show that the substitution y = xv, where v is a function of x transforms the
above differential equation into

7
d—;}—4v:3ex.
dx

It is further given that C meets the x axis at x=1In2 and has a finite value for y as
x gets infinitely negatively large.

b) Express the equation of C in the form y= f(x).

y=xxeT-xe
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Question 4  (¥*%4)

The differential equation

2
(x3 +1)d—§—3x2ﬂ= 2—4x°,
dx dx

is to be solved subject to the boundary conditions y =0, d_y =4 at x=0.
X

o d ) i
Use the substitution u:d—y—2x, where u is a function of x, to show that the
i

solution of the above differential equation is

y=x4+x2+4x.

, |proof
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Question 5 (k**%)

3-fi<6e)

& +10ye®* =5¢%" sin(2ex).
dx

dx

a) By using the substitution x =1Inz or otherwise, show that the above
differential equation can be transformed to

2
4 6D 10y =5ein2.
dr*  dt

b) Hence find a general solution for the original differential equation.

L. 1.

y=e2¢ [Acos(ex)+Bsin(ex)}+%sin(26x)

—%cos(2ex)
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Question 6  (¥*%4)

Solve the differential equation

2
Y D g
dx? dx
dy

subject to the boundary conditions y =2, . =—latx=1.
X
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Question 7

(Fky)

X

2

dx

Created by T. Madas

2 dx

y+(6x+2)dy+9xy=27x—6y.

Use the substitution u = xy , where u is a function of x, to find a general solution of

the above differential equation.

L.
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Question 8  (*¥**4)

4>
—;—Z—ytanx—ysec“x:O.
dx dx

The above differential equation is to be solved by a substitution.

a) If r=tanx show that ...

i ... @:@seczx

dx dt

/ d*y d? d
. ... —gz—gsec4x+2—ysec2xtanx
dx dt dt

b) Use the results obtained in part (a) to find a general solution of the differential
equation in the form y= f(x).

) 1) DIFGRIATNG. W} Basheer T 4 = Shadr -~ g =0

() Ul At

tbur = £

Y4 y o
oodt o s i
2\ s N Aotumy gonn)
P A T o
S TR N-i=0
A==x1

.

- 4 _sad
o ~rdt/mw<rm B

2 GRUOAL ST &

T) N0 DIFUATIATING. T ABook BORISIO) W RIpT B 3

ye ALt 0 g= Pleht +Qumht
o 4 Vo @, dul J 4
= o%(éﬂu\ - =gy . :
y i 1 & =Pkl ok
oy S—:{~ 2l iuf ;S{&%gﬁ YAy get} 3 mbwﬂ@wk@/&;
« L S S b =
pury %L o 2y % + s S ngt Y

BE IF =t
dt _
&5 = sy
Y X I VN g
- & bt 1 stidieq
= o dY g 29 ) iz
> B = dY oy 4 2wy
T a as Dipatso
 TOASRUNNG T G 0D

> Aoy
> G2 be -

4a =0

(& 3 82T o fwa kT | (e
o9y RN AW — ySted =0
< (gpuct + 2 adlan) - 2sd ) e — g

Created by T. Madas



Created by T. Madas

Question 9 (¥**4)

Show clearly that the substitution z =sin x, transforms the differential equation

d? .
—;jcosx+—ys1nx—2ycos3 x=2cos’ X
dx dx

into the differential equation

2
%—n:z(l—zz)

proof
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Question 10  (**%4)

By using the substitution z = d_y , or otherwise, solve the differential equation
X

2
(x2+1)d—§+2xﬂ= 6x% +2 ,
dx dx
. o dy
subject to the conditions x=0, y=2, —=1

X

y:x2+2+arctanx
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Question 11 (¥*%%)

Use the substitution z = \/; , where y = f(x), to solve the differential equation

2 2
Q.,.l(@j _5Q+2y:0’
dx*>  y\dx dx

subject to the boundary conditions y =4 ,? =44 at x=0.
X

Give the answer in the form y = f(x).
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Question 12 (¥¥%%)

2 x

2 1
22 y+(1—3x2j@+y=0.
dx d

The above differential equation is to be solved by a substitution.

1
a) Given that y= f(x) and =x2 , show clearly that ...

dy _1dy
“dx 2tdt

oooody_1d’y 1y
dx> A di? A8 dt

b) Hence show further that the differential equation

2 1
2x—‘; §+(1—3x2j?+y=0,
X X

can be transformed to the differential equation

d’y dy
Y 39 oy,
a? dt

¢) Find a general solution of the original differential equation, giving the answer
in the form y = f(x).

= Ae\/;+ Bez‘/;

A

oy t-x (& - x4
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Question 13 (¥¥%%)

Show clearly that the substitution z = y*, where y = f(x); transforms the differential

equation

4y

dx?

into the differential equation

2
+l(ﬂj 5D oy -0,

y\dx dx

2
d—§—5§+4z=0
dx dx

proof
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Question 14  (¥*%%¥)

1
Given that if x=r2 , where y=f(x), show clearly that

1
a) ﬂ:%zﬂ_
dx dt
2 2
b) ﬂ:4tﬂ+ ﬂ.

dx* drt o dt
The following differential equation is to be solved

2

xd—g—(8x2+1)ﬂ+12x3y=12x5,
dx dx
. iy 10 d’y
subject to the boundary conditions y :?, 7:10 at x=0.
X

1
¢) Show further that the substitution x=¢2, where y=f (x) , transforms the

above differential equation into the differential equation

d’y dy

—+3y=73r.
a? i
d) Show that a solution of the original differential equation is
2 2
y=e>¥ e +x2+%.

proof
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Question 15  (¥¥%%)

d*y _d
—;)—2—ycotx+ 2ycose02x =2c0sx—2¢0s° x.
dx dx

Use the substitution y =zsinx, where z is a function of x,to solve the above

differential equation subject to the boundary conditions y =1, ? =0at x= %
X
Give the answer in the form
y= asin2x+b(1—sinx)sin2x,
where a and b are constants to be found.
a=l,b=%
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Question 16  (**%%)

1
Use the substitution x=z2 , where y= f(x); to find a general solution of the above

differential equation.
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Question 17  (¥*%%)

Use a suitable substitution to solve the differential equation

2
xzd—g—6y=2—21nx—6(lnx)2,

dx

subject to the boundary conditions y(1)=1, ﬂ(l) =3

dx

Give a simplified answer in the form y = f (x).

[ez)

y= X +(lnx)2
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Question 18 (FwEE)

Use a suitable trigonometric substitution to solve the following differential equation

(1—x2)d—§—x@+y:0, y(0)=1 Y (0)=4.
X

dx dx

y =3x=cos(arcsin x)

¢

>
( flz\‘%z;xg“i‘fg:n =0

o, Y= %gp
LT o= om Cop 0s8) DIFFEASIATE WD T
! o 2 3
S = (o 99 Y _ Bl d® 08 oo dd do
o T "y | GumebebD F reshd
&y 4 |
o
du,

1
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4= Atog (orzswn) + By
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Question 19 (¥¥%%)

2
4xd—+4 &) 2D
dx? dx dx

1.

By using the substitution ¢ = Jx , or otherwise, show that the general solution of the
above differential equation is

y=A — \/; + ln[l+BeZ\/;},

where A and B are arbitrary constants.

, |proof
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VARIOUS TYPES
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Question 1  (**+)

Find the general solution of the following differential equation.

dy . dv .
— 42—+ A"y =0.
dx* dx?

W= Acosﬂx+Bsin/1x|

Question 2 (¥*%)

Solve the differential equation

2
d—§+2Q =1,
dx dx
. 1 dy » )
given that y = 4 and o =1 at x=0, giving the answer in the form y= f(x).
P

y =%[2x—e_2x}
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Question 3 (¥*%4)

Solve the differential equation

2 2
ﬂ+4(ﬂj =1,
dx? dx

given that y =0 and ? 2% at x=0, giving the answer in the form y = f(x).

X
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Question 4  (***4)

2 2
a7y (dy) _,
dx?

Given that y = ? =0 at x=0, show that
X

y=—x+ h{%(nezxﬂ_

proof
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Question 5

(***_I_)

Created by T. Madas

The function with equation y= f(x) satisfies the differential equation

d2y

dx?

2 dy dy
= I-——, 0)=1, —
2x—1( j y(0)

dx dx

(0)=-1.

Solve the above differential equation giving the answer in the form y= f(x).

y =x+1+ln|2x—1|

SIRT_RY REAQOANONG THE 0.0 AS Roucw(

Qs A PRALT DIFRATIAL
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Question 6  (¥*%%)

The above differential equation is known as modified Bessel’s Equation.

Use the Frobenius method to show that the general solution of this differential

equation, for n = A is

_1
y=x 2[Acosh x+ Bsinhx]|.

proof
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Question 7  (¥**¥)

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
4x2%—4x%+(3—4x2)y=0.
X X

Give the final answer in terms of elementary functions.

y= \/;(Acoshx+Bsinhx)
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Question 8  (¥**¥)

Find the solution of following differential equation

dy\[d?y) _dy

dx ) | dx? >’

subject to the boundary conditions.

Given the answer in the form y = f(x).

[ [ |y=2m
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Question 9 (F**FE4)

A curve has a stationary point at (—

-1).

The rate of change of the gradient function of the curve is given by

=
=

X+y+2,

where x+y+2>0.

Determine the equation of the curve, giving the answer in the form y= f(x).
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Question 10  (F**%4)

Solve the following differential equation

d*y @72 dy 1
242 42y=2=0, y(0)=2, =Z(0)=-2.
e s v y(0)=2., —=(0)=—5

Give the answer in the form y* = f(x).
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Question 11 (***%4)

By writing @ = p and seeking a suitable factorization find a general solution for the

non linear differential equation

2
dx dx Xy

Give the solution in the form F (x,y)G(x,y)=0.
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Question 12 (¥**%4)

By writing @ = p and seeking a suitable factorization find a general solution for the

non linear differential equation

2
dy dy = >
| +y—==x"4xy.
(dxj ydx 2%

Give the solution in the form F(x,y)G(x,y)=0.

(2y—x2+A)(x+y—1+Be_x)=0
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Question 13 (Gk¥¥%¥)

A curve C is described implicitly by the equation

a) Show, by a detailed method, that

A (-2 2 e o
dx dx dx

b) Use an analytical method, with suitable boundary conditions, to obtain the
equation of C by solving the above differential equation.

, , |proof
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Question 14  (Gk¥%%¥)
Find a general solution of the following differential equation.
dy @

— dx
y=x—+ed%,
dx

|:|, (y+Ax+B)(y—xlnx+Cx):0
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