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Question 1  (*%)

Investigate the convergence or divergence of the following series justifying every step
in the workings.

1
b) E —.
2r+2
r=l1
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divergent|, convergent
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Question 2 (*%)

Determine whether the following series converges or diverges.

>

k=1

Show a full method, justifying every step in the workings.

convergent
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Question 3 (*%)

By using the comparison test and justifying every step in the workings, determine the
convergence or divergence of the following series.

o0 ‘\/;
a) E 4
r—2
r=3

1
5 Z(km)ﬁ'

k=1

divergent|, [convergent
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Question 4 (%)

Determine whether the following series converges or diverges.

[e%e}

2
PP adr

r=1

Show a full method, justifying every step in the workings.

convergent
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Question 5 (*%)

By using the comparison test and justifying every step in the workings, determine the
convergence or divergence of the following series.

b)

k=1

convergent|, |convergent

2

Question 6 (%)
Determine whether the following series converges or diverges.
!’

n=l1

Show a full method, justifying every step in the workings.

convergent
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Question 7  (¥%)

Determine whether the following series converges or diverges.

Sl

n=l1

Show a full method, justifying every step in the workings,

convergent

Question 8 -~ (*¥%)

Determine whether the following series converges or diverges.

(o)

Z(nﬂ)ﬁ

n=l1

Show a full method, justifying every step in the workings.
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Question 9  (*%)
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By using the comparison test and justifying every step in the workings, determine the
convergence or divergence of the following series.

n’+1
a) -
n
n=l1
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Question 10  (*%)

Investigate the convergence or divergence of each of the following series justifying
every step in the workings.

N
a) —F =
ke+4k+1
k=1
n
b) 3" +2
2"4+3
n=l1

b
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convergent|, |divergent

Q) ATEPTING T <) CONUERGAICE B COMPARITER] AS THE D
we S o

MG Convkoges RY THe " - Tesr

14

{ s
e 4 Lh'mwoa, F pLy T

(F A et SO ©O0OIE Bite wwcessaey (BT RGT SorRagsT) ONDIMe
S THAT THE A0t OUIT 1S 2600 yuathed 1S NET Tie OREHERE

Created by T. Madas



Created by T. Madas

Question 11 (*%)

By using the comparison test and justifying every step in the workings, determine the
convergence or divergence of the following series.

(n+1)*
n’+1

Question 12 (**+)

Show clearly that Zur is divergent.

r=l1

proof
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Question 13 (**+)

By using the comparison test and justifying every step in the workings, determine the
convergence or divergence of the following series.

Question 14  (**%)

By using the comparison test and justifying every step in the workings, determine the
convergence or divergence of the following series.

2n
b .
: 2[3:12—4}
n=l

convergent|, |divergent

9
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Question 15

(***)
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By using the comparison test and justifying every step in the workings, determine the

convergence or divergence of the following series.

3
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Question 16  (**%)

Determine whether the following series converges or diverges.

n 2°
4 (n + 1)

n=l1

Show a full method, justifying every step in the workings.

convergent

Question 17  (¥%%)

Determine whether the following series converges or diverges.

(o)

(ksink)’
ool

k=1

Show a full method, justifying every step in the workings,

convergent
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Question 18  (**%)

Evaluate showing clearly your method

1+2"
F

n=l1

Question 19 (¥*%)

Determine whether the following series converges or diverges.

Show a full method, justifying every step in the workings.
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Question 20  (**%)

By using the comparison test and justifying every step in the workings, determine the
convergence or divergence of the following series.

a) E : n-=2
2n2(n+2).
n=1
b) E 2
Vk2 +k
k=1

convergent|, |divergent

b
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Question 21 (**%)

By using a suitable test and justifying every step in the workings, determine the

convergence or divergence of the following series.
E : 10"
a) —
n!
n=1

b)

o i(rﬂ)(zr;n@rﬂ)_

convergent

:

9

convergent

divergent

b
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Question 22  (**%)

Determine whether the following series converges or diverges.

(1)’
(3t)!
Show a full method, justifying every step in the workings.

convergent

Question 23 (¥%%)

The sum of the first # terms of an arithmetic series with first term a and common
difference d , is denoted by S, .

Simplify fully

Sn _2Sn+l + Sn+2'

Sn F 2Sn+1 + Sn+2 =d
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Question 24  (*¥%¥)
It is given that

1
1 E x,=2  and / E (xr)z——2 E g g3
n n n

Determine, in terms of n, the value of

n

Z(xr +1)%.

r=1
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Question 25  (**%)

It is given that

i[f(r

r=1

Find the value of
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20
~10]=200 and [£(r)-107* =2800.
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Question 26  (**%)

It is given that the following series converges.

= n
(iil, xeR, x>0.
n
n=1

Determine the range of possible values of x.
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Question 27  (¥*%4)

By using the comparison test and justifying every step in the workings, determine the
convergence or divergence of the following series.

o5}

D
m*+6-

n=l1
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Question 28  (**%4)

Investigate the convergence or divergence of the following series justifying every step
in the workings.

convergent|, |convergent

b
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Question 29  (¥*%4)

By using an algebraic method, find the value of

992 -972 4952932+ +32-12
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Question 30  (**%4)

Evaluate, showing clearly your method

[}

3"-2
4n+l ’

n=l1

Question 31  (*¥%*%4)

By using the comparison test and justifying every step in the workings, determine the
convergence or divergence of the following series.

o5}

k+2
Z4k2+5'

k=1
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Question 32 (¥**+)

Show clearly that

n

Z[2r(2r2—3r—1)+n+q = (n+1)*(n=1)*.

r=1

proof
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Question 33 (**%4)

Consider the infinite series

x? Xt x° X8

I-—+ - + —...
27 42x2% 62x47x2? 82x62x47x2?

Write the above series in Sigma notation, in its simplest form.

[You are not required to investigate its convergence or to sum it.)

[e)

22 (n1)?

n=0

Question 34 = (¥*¥%4)

Show clearly by an algebraic method that

40% -39 +382-37% +...+2% =12 =820.

proof
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Question 35  (¥¥¥¥)

By justifying every step in the workings, determine the convergence or divergence of
the following series.

convergent
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Question 36  (**¥¥)

Determine whether the following series converges or diverges.

n!
nn+1 :

n=l1

Show a full method, justifying every step in the workings.

n—oo

n
You may assume without proof the value of lim {( n 1) } y
n+

convergent
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Question 37  (¥¥¥¥)

The sum of the first n terms of a series with general term u,, is given by the
expression

S =n2(n+1)(n+2).

n
a) Find the first term of the series.
b) Show clearly that ...
i ...ou,=n(n+1)(4n-1)
2n

iic 4 Zur=3n2(n+l)(5n+2).

r=n+l

M1:6

@ 5, - oG
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Question 38  (¥¥¥¥)

Determine whether the following series converges or diverges.

:E:Qf+sﬁ

=1

Show a full method, justifying every step in the workings.

Question 39  (¥**¥)

n

Z(ar2+br+c)zn3+5n2+6n,

r=l1
where a, b and c are integer constants.

Determine the value of a, b and c.

la=3|,|p=1|, |c=2]

9 9
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Question 40  (¥¥¥*¥)

Investigate the convergence or divergence of the following series justifying every step
in the workings.

(o]

> 224

2

divergent|, (divergent

2
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Question 41  (¥¥%%¥)

Show clearly that
P-2343 43+, —40° =-33200.

proof

Question 42 (¥*%%¥)

By using the comparison test and justifying every step in the workings, determine the
convergence or divergence of the following series.

[e)

ZHlx/Z'

n=l1

Created by T. Madas



Created by T. Madas

Question 43  (¥¥¥¥)

By using a suitable test and justifying every step in the workings, determine the
convergence or divergence of the following series.

a) AR
In(n+1) '
n=l1
b) E 1
\/3 P2 +4
r=1
k+10
c) .
k2410
k=1

oy
4m® +1
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Question 44  (¥¥¥F)

The variance Var(n) of the first n natural numbers is given by

n
Var(n) =er2— er
n n

r=1 r=1

Determine a simplified expression Var(n) and hence evaluate Var(61).

Var(n) =5(n* -1)|, [Var(61) =310
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Question 45  (¥¥¥%¥)

By using a suitable test and justifying every step in the workings, determine the
convergence or divergence of the following series.

%
et
n=l1
b) i rt
10"
r=1
k
k=1
1
9 Zmlnm
m=2

divergent|, |divergent|, |convergent|, |divergent
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Question 46  (**¥¥)
Consider the infinite series

x? it X0 8

- + -
2 4x2 6X4x2 8x6x4x2

a) Write the above series in Sigma notation, in its simplest form.

Next consider another infinite series

x3 XS X6 x9
X+

+ + il
3 5%x3 Tx5%x3 9xTx5x3

b) Also, write this series in Sigma notation, in its simplest form.

[You are not required to investigate the convergence or the sum of these series. |

(=) o 2'ri
s N (2r +1)!
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Question 47  (¥¥¥%¥)

Determine whether the following series converges or diverges.

Show a full method, justifying every step in the workings.

Question 48 (**¥¥)

3 [BEGEE!

r=1

Simplify fully the above sum, into a summation free expression

Created by T. Madas



Created by T. Madas

Question 49  (*¥¥*4)

Consider the infinite series

9
X

2
(1x2x3x4)(3x5%7x9)

)
SN x? B X
1x3  (1x2)(3%x5) (1x2x3)(3x5%7

7
2

o=
NS08}

X )+

Write the above series in Sigma notation, in its simplest form.

[You are not required to investigate its convergence or to sum it.)
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Question 50  (*¥**4)

Consider the infinite series

2X2x%2 2X2X2X2
x—§(2x2)+%(3x3)—3i5:7(4x4)+—3i5:7:9(5x5)—...

Write the above series in Sigma notation, in its simplest form.

[You are not required to investigate its convergence or to sum it.]

[e)

22 (~1)" % (n+1)1x x"
(2n+1)!

n=0
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Question 51  (**¥**4)

Use a suitable method to sum the following series.

Z (_1)n+1
n(n+2) '

n=l1
1
4
Question 52  (*¥¥*4)
Consider the infinite series
L4 2 N 6 £ 10 i 15 .
Ix1 (1x2)(1x3) * (1x2x3)(1x3%x5) (1x2x3x4)(1x3x5%x7)

Write the above series in Sigma notation, in its simplest form.

[You are not required to investigate its convergence or to sum it.]

(o)

Z(r+l)(r+2)2r_l
(2r)

r=0
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Question 53  (****%4)

By using the comparison test and justifying every step in the workings, determine the
convergence or divergence of the following series.

convergent
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Question 54  (****%4)

A sequence is generated by the function
u,(@)=rsin(6+rx), reN.

Find an expression or the value, whichever is appropriate, for each of the series

40
a) Zur(ﬁ).
r=1

40

120sin 6], [5535|

9

Created by T. Madas



Created by T. Madas

Question 55  (*¥¥*4)

Consider the infinite series

1 1 1 1
I+ + + + +
Ix5 (1x2)(5%8) (1x2x3)(5%8x11) (1x2x3x4)(5x8%x11x14)

Write the above series in Sigma notation, in its simplest form.

[You are not required to investigate its convergence or to sum it.)

(o)

Z r(3) / Z r(3)
3% (r - 1)< (342) 3 xrixT(353)

r=l1 r=0
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Question 56  (****4)

By using a suitable test and justifying every step in the workings, determine the
convergence or divergence of the following series.

2+xln
n=l1

divergent|, [convergent|, convergent|, [convergent
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Question 57  (**¥%4)

The following convergent series S is given below

S = sin0—%sin20+%sin3¢9—2—1751n40

By considering the sum to infinity of a suitable geometric series involving the complex
exponential function, show that

_ siné
10+6cosf

proof
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Question 58  (****4)

A sequence of positive integers is generated by

u,=3"-1,n=123,4,..

n
a) Write down the first seven terms of this sequence.
b) Verify that

U, =3u,+2.

¢) Show clearly that ...

il

26 80 242 728 2186 8

d) Deduce that

11 1 1 1 [t 1 1 1
t—t—t—+ + —t—t—F—+...
3 9 27 81

2,8, 26, 80, 242, 728, 2186,....
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Question 59  (¥*¥%4)

’ _\/Z+1
" -n

By using the comparison test and justifying every step in the workings, determine the
convergence or divergence of

neN, n=5.

convergent

Question 60  (****4)

Show clearly that

(o)

24”‘3=e+3.
n!

n=l1

proof
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Question 61  (*¥¥*4)

Consider the infinite series

X X x’ X’

X+—+ + + +...
3?2 52x3% 7°x57%x3% 9°x7?x57x3?

Write the above series in Sigma notation, in its simplest form.

[You are not required to investigate its convergence or to sum it.]

[

Z 2 (”!)2 2nl
[(2n+1)]

n=0

Question 62  (¥*¥*%4)

Show clearly that

r+4
R _3e-s.
Z(r+2)! ©

r=0

proof
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Question 63  (**¥*%4)

In2
Inzj tanh” x dx, ne N.
0

By considering a reduction formula for '/, , or otherwise, show clearly that

23 )

r=1

proof
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Question 64  (*¥**4)

Investigate the convergence or divergence of the following series justifying every step
in the workings.

Y
n2+2]
n=l1
— n 2
b 2:[&}
31’!
n=l1

divergent|, convergent

b
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Question 65  (**¥*4)

By considering the Mclaurin expansion of In G—F—xj find the value of
-X

(o)

r=0

giving the final answer as the natural logarithm of an integer.

Question 66  (¥*%**4)

Use partial fractions to sum the following series.

2 : 2n+1
nt+ond +n?
n=l1

You may assume the series converges.

[ 1.
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Question 67  (***%4)

Sum each of the following double series.

WY

m=0 n=0

n Y]

m=0 n=0
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Question 68  (*¥**4)
Consider the infinite series
3x? 9x* 27x° 818

1- + - - +...
Ix1 - (1x2)(1x4) (1x2x3)(Ix4x7) (1x2x3x4)(1x4X7%10)

Write the above series in Sigma notation, in its simplest form.

[You are not required to investigate its convergence or to sum it.|
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Question 69  (**¥*%4)

[

P

n=l

Use a comparison test to show that all four series described by the above expression
are divergent.

proof
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Question 70  (***%4)

By showing a detailed method, sum the following series.

~ = oz (—1)"™ 72

- + - +ot—t
2721 2%41 2061 288! 27" (2n)!

Question 71  (¥*%%**4)

By showing a detailed method, sum the following series.

2 3 4.5
S+
1 2 4 8
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Question 72 (**¥*%4)

The positive integer functions f and g are defined as

f(n)zzn:r3 and g(n)=l+zn:(2r+l).

Evaluate

5135|

9

: p
A=Al St
= &

" \
@ ORI THE NDIBUAL EMPINOTE 1S SIMPUAR Rl

=
o= St G

1 3 2
'(“&m sl D)= e kS
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= Lt 2xbn(a) &k
= L) +n = Ur W4y
= Wamd = Gt
.ﬁwcé b Hve
3 ey >
6 S & Car)? X g
P - W
Z 361 2w 2 A

= ;L x »\g‘c(m\(:m)

= fpxBxdoxny
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Question 73 (*¥¥*4)

Find the Maclaurin expansion of arctan x, and use it to show that

ﬂ':Zf(n),

n=0

for some suitable function f .

(For . x:iﬂ

2n+1
n=0

ST T DIFRESIATION 4 11§HeeATiond

& adowa) =

a4 [ i e L

ERCEE
INHGLATING WY Lesper

ok = >,

Aty 2 =

Created by T. Madas



Created by T. Madas

Question 74  (Gk¥FEF)

o CFL L oo

where n and k are positive integer constants.

It is given that

a) By considering the binomial expansion of (1+ x)" , determine the value of k.

b) By considering the coefficient of x" in

(1+x)" (1+x)" = (1+x)>"

b

simplify fully
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Question 75  (Gk¥FEF)

By considering the binomial expansion of

1
(1=cos 49)2 ’

sum each of the following series.

) Z;zr‘l}

Created by T. Madas
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Question 76  (G¥¥FFEF)

I-x ,—l<x<l.

fx)= 3

/ l+x+x>+x
Show that f(x) can be written in the form
F()=s(x) ) (=),

r=0

where g(x) is a simplified function to be found.
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Question 77  (GeFEEF)
The sum to infinity S of the convergent geometric series is given by

S:1+x+x2+x3+x4+..., |x|<1,

By integrating the above equation between suitable limits, or otherwise, find

o)

2l
rx2"

r=l1

You may assume that integration and summation commute.
[ ].[m2

UERNATIVE SOWTION ‘UING STANDARD QXPANSIONS
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g = - (s 4GP 50 ]
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Question 78  (F¥¥FEF)

Show clearly that

r=l1

proof
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Question 79  (k¥EE)
Investigate the convergence or divergence of each of the following two series using
standard tests and justifying every step in the workings.

N Z i
n(n+3)
n=l1
1
» D n(n=3)
n=4

You may not conclude simply by summing each the series.

:
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Question 80  (Gk*EF)

The finite sum C is given below.

C-= Ziﬂ’:j(_l)n cos” Hcosne} .

Given that ne N determine the 4 possible expressions for C .

Give the answers in exact fully simplified form.

[ ] |n=4k, ke N:C=cosnfsin" 6 |, |n=4k+1, ke N: C=sinnfsin" 0 |,

n=4k+2, ke N:C=—-cosnfsin" 0 |, |[n=4k+3, ke N:C =—sinnfsin" 8
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Question 81  (F¥¥¥%¥)

2-3x
/(%) (1-x)(1-2x)° -2

Show that f(x) can be written in the form

Fx=) [+ elr)].

r=0

where g(r) is a simplified function to be found.

[ ] fe(r)=2"+1
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Question 82  (Fk#*EF)
Show, by considering standard series, that
1 2
In(1+
j In(l+x) =~ 7"
0 i 12
You may assume without proof that Z{%} = %n’z
n

n=1

®
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Question 83  (F#*EF)

Show, by a detailed method, that

48 47 46 2 1 1
+ + .t + =A+B "
2x3 3x4 4x5 48x49 49x50 r

r=l1

where A and B are constants to be found.
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Question 84  (F¥¥¥EF)

2.2.3 234 2.3:4.5
=+ + +

S=1+-
4 4.8 4-8-12 4-8-12-16

By considering a suitable binomial series, or other wise, find the sum to infinity of S .

_16
[, Sw =79
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Question 85  (¥****)
3 + 33 + 333 + 3333 + 33333 + ...

Express the sum of the first n terms of the above series in sigma notation.

You are not required to sum the series.
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Question 86  (F¥*¥*¥)

S, = (2x11) +(5%20) + (10x31) + (17x4Y) + ...+ (1 +1) n!

Use an appropriate method to show that

S, =n(n+1)!

, |proof
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Question 87  (Gk#*EF)

Consider the infinite series

-1 5 -1x1 4 —1x1x3 6 —1x1x3%5 8
x°+ X+ X+ x°+
2x1 4x3%x2x%1 6XxX5%x4%x3%x2x1 XTX6X5x4%x3%x2x%1

1+

Write the above series in Sigma notation, in its simplest form.

[You are not required to investigate its convergence or to sum it.]

Question 88  (F¥¥¥*¥)

7, 5 7 / 9 . 11 .
12 12427 12422432 12422432447 12422432442 452 7

Show, by a detailed method, that the sum of the first 40 terms of the series shown

. 240
above i1s —.
41
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Question 89  (Fk¥¥EF)

By showing a detailed method, sum the following series.

! + ! + ! + ! + +;
2221 2%41 2061 2881 T 22 (2r)
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Question 90  (Gk¥¥EF)

A function is defined as

[x] ={the greatest integer less or equal to x} .

The function f is defined as

Determine the value of

[ . [5877

IE] = 3 Gasarst nrrgop tess nawmg’
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Question 91  (Gk¥¥%F)

Use partial fractions and a suitable Mclaurin expansion to sum the following series.
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Question 92

The function f is defined for ne N as

fully factorized form.

Created by T. Madas

f(n) = 1xn®+2(n=1)"+3(n-2) +4(n-3)" +.

Determine a simplified expression for the sum of f(n),

I

Created by T. Madas

A+ (n=1)x2% +nx12.

giving the final answer in
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Question 93 (Gk¥¥EF)
Find the sum of the first 16 terms of the following series.

E P+2 P+23+3 P+23433+4°

+ + +
1 1+3 1+345 1+3+5+7

T g
[EFE
14248

La2e e,
H+3+S+T

1
NI ) i i it
75 Sl 2\\ . “‘l
7 Wl 230 =21
ARING T U v,
6 13
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ik —| 3 N ¥
L o -V | L TNDor
% €
~ o)
= 2 L:H%/ iy { = 4>
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k=2 e T
w
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Question 94 (Gk¥¥EF)

S, =1x343x3%+5x3% +7x3* +...+(2n-1)x3"

Find a simplified expression for S, , giving the answer in the form A+ f (n)><3"Jrl ,

where A is an integer and f (n) a linear functionof n .

[The standard techniques used for the summation of a geometric series are useful in
this question]

Question 95 (¥**E*F)

By showing a detailed method, sum the following series.

Z{(rirl)!}

r=l1

-3

=
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Question 96  (F¥*¥EF)

The " term of a progression is given by
_ r—1
u.=ak’"
where a and k are constants with k # *1.

Show clearly that

proof
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Question 97

(*****)

Created by T. Madas

It is given that the following series converges to a limit L.

2x—-17
x+2 |

r=l1

Determine with full justification the range of possible values of L.
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Question 98

(*****)

Created by T. Madas

By considering the trigonometric identity for tan(A—=B), with A =arctan(n+1) and

B =arctan (n), sum the following series

oo

2 : 1
arctan o
n“+n+l

n=l1

You may assume the series converges.
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Question 99  (Gk¥¥EF)

It is given that

>
(2r-1° 8

r=

By using this fact alone find the exact value of
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Question 100  (***%#)

Evaluate the following expression

22[31}

n=0 m=0

Detailed workings must be shown.

Ths s 4

=
2.
o
c

|
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Question 101 (¥*%%%¥)

I 1-3 135 1-3-5-7
S =1=5# +
4 4.8 4812 481216

Find the sum to infinity of S, by considering the binomial series expansion of (1+ x)

for suitable values of x and 7.
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Question 102  (¥**k#)
Show clearly that

[}

T X ZsinZn—lx
In| tan| —+—=1||= > 7
4 2 2n—1

n=l1

proof
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Question 103 (¥¥¥%%¥)
The function f is defined as
y e A"

f(n)= :

n!

where n=0,1,2,3,4,... and A is a positive constant.

By showing a detailed method, prove that ...

oo

a) .. Z[nf(n)] = A.

n=0

[}

b) ... Z[nz (n)] = A’+A.

n=0

proof
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Question 104  (¥*%%%¥)
Find in exact simplified form an exact expression for the sum of the first n terms of
the following series

I +11+ 111 + 1111 + 11111 + ...
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Question 105  (¥*%%%¥)
The product operator H , 1s defined as

k
i=1

Find the sum to infinity of the following expression
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k
Z I I 8r—17
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k=1 r=1
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Question 106  (***#%*)

Find the value of

sin (7Z>< 2r_2)
4"
r=0

Hint: Express sin* @ in terms of sin’@ and sin’26 only.
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Question 107  (¥¥%%%¥)

Find the sum to infinity of the following series.

1 1 1 1 1
—— + - + B
1 1+4 1+4+9 1+449+16 1+4+9+16+25

You may find the series expansion of arctan x useful in this question.
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Question 108  (**%%¥)

S all E S e |
T = iy 3T

Show that f(x) can be written in the form

F(x)=1- Y [ e(r)]

where g(r) is a simplified function to be found.
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Question 109  (*%%%¥)
It is given that

~ 2
co-F 4t
r=l1

By using this fact alone find the exact value of

[N,

Created by T. Madas




Created by T. Madas

Question 110 (G¥¥k#%)

_§+ 3x9 4 3x9x15 N 3x9x15x21 N 3x9x15x21x27
8 8x16 8x16x24 8x16x24x32 8x16x24x32x40

By considering a suitable binomial expansion, show that S =1.
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Question 111 (k)

Sum the following series of infinite terms.

3 7 15 31 = 63
+§+—+—+

l —t—
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Question 112 (G¥¥k#%)

Sum the following series of infinite terms.

8 16 32 64 128

1 1
_+_
2 4

35 8 13
+—+

THE NOMSOATOR 1S THe ABONACCE SKRLEC  THE DENOLINATOR 18 A- G.P
WITH (oMMON PATIO 2. ) ok L fL nre unble fATonAC M

THUL LT THE REPUIRED SOM BE
B L A% Ak YA

i . k-

o4 = 4§ A
Ao 5= L
35
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Question 113 (G¥¥k#%)

By considering the simplification of

arctan (2n+1) —arctan(2n—1),

determine the exact value of

o)

e

n=l
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Question 114  (*%i#*)

Determine the exact value of the following sum.
20

E : n>—n?+1
n*—n

n=2
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Question 115 (¥¥¥%%¥)

It is given that the above infinite series converges to a limit L.

Find, in terms of L where appropriate, the limit of each of the following infinite series.
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Question 116 (¥**%%)

Consider the infinite series

2(1))(2 3 (1 1)4 4 (1 1 1) 5 (1 1 1 lj
S e | — 4= = 8
22 22\ 2 4 Pod®x62\2 4 6)  Pxx6Px8\2 4 6 8

Write the above series in Sigma notation, in its simplest form.

[You are not required to investigate its convergence or to sum it.]

=) n

DD o

n=l1

Question 117 (ki)

Determine the sum to infinity of the following series

107 4 1 2 5
+

+
2 3! .41 5! 6!

10e —13
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Question 118 (G¥¥k#%)

Consider the binomial infinite series expansion
(1+ax)",
where ae R, ne Q, ng¢ N.

Show that the series converges if |ax| <l.

proof
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Question 119  (¥¥¥%%¥)

The n™ term of a series is given recursively by

_n
el = 2n+1

a) Show, by direct manipulation, that

) _2x[(n-)T
" (2n-1)!

[you may not use proof by induction in this part]

)

b) Determine whether E u, converges or diverges.

n

u,, ne N, u=2.

converges
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Question 120  (F*%%%¥)

Determine, in terms of k and n, a simplified expression
n

Z r(1-k)-1
r(r=1)k"

r=2

A B

@ ST BY BTl FUATONS
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Question 121  (¥¥¥%%¥)

Use an appropriate method to sum the following series

rx2"
(r+2)!
r=l1

You may assume the series converges.
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Question 122 (Gk¥k#%)

The n™ term of a series is given recursively by

2n

=ty ne N, =1,

Uy

a) Show, by direct manipulation, that

4" x(n!)?

" (2n+1)!

[you may not use proof by induction in this part]

)

b) Determine whether E u, converges or diverges.

n

diverges
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Question 123  (¥¥¥%%¥)

The following convergent series S is given below

sin@ sin260 sin360 sin4@
1! 2! 3! 4!

By considering the sum to infinity of a suitable series involving the complex

exponential function, show that

S =¢ sin(sinH).

, |proof
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Question 124 (**%F)

(e} 1_
g(x)st(x,r) — \/1_x2%71_x3 , —l<x<l1.
r=0

Given that the first term of the series expansion of g(x) is %xs , determine in exact

simplified form a simplified expression of f(x,r).
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Question 125  (¥¥¥%%¥)

Determine the value of the following infinite convergent sum.

(o5}

2l

r=2

@Shor By qgmac FAGionNS (By nssTion)

G 3
- = =
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Question 126
Show clearly that

(*****)

Created by T. Madas

proof

Question 127
Show clearly that

(*****)

1

1-4

1-4.7 1-4-7-10

;o + + -
24 2448 24-48-72 24-48-72-96
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Question 128 (F*¥%%¥)

Use the standard techniques for the summation of a geometric series, to show that
S, =(n"—2n+3)x2"" -6,

[You may not use proof by induction in this question.]

proof
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Question 129  (¥¥%%¥)

By showing a detailed method, sum the following series.

9

Z[(r+l)xll’x109_’]

r=0

You may leave the answer in index form.

9
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Question 130 (k% %%¥)

Use the ratio test to show that the following series converges

Z 5" +1
n"+8

n=l1

o |~

-n
You may assume without proof that lim (1 +lj =

n—oo n

:

proof
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Question 131 (¥¥¥%%¥)

r=0
b) Find a similar expression for e A and show further that
16~ x*
x 3 — 2r 1 1 2r-1
A Z r (f67)(8+)
(16 —X ) r=1

¢) Determine the exact value of

d & Laned]
- 2[ §sme

al H2AE

= S (f0)x 2 (275 ]
2 (Tl ()
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(*****)

Question 132

Determine, in terms of 7, a simplified expression

>

r=1

2497 +19
(r+5)!

b

and hence, or otherwise, deduce the value of

[

P2+ Tr+11
(r+4)!

r=1

n 2 e 2
r°+9r+19| 1 n+5 r-+7r+11 5
P —' p_— > —' A4
(r+5). 6 (n+5) (r+4). 24
r=1 r=I1
© ST LT PAATIAC ~FRACTEONS, — WOTE THC THC NOHATOR 1S
A QAORATIC IN_ T S0 we it ® T > FACERIAS AT ‘x*‘* 419 £ NeE { e
(Hg]\ U7 Gyl T T o=
@s)|
L€ Prger 9 o4 B & /
[T GE @ Now Poeo Ac fouomt
S Per+ = A+ BEs)(red) — Z {r %m 1. 5 - me
=5 tAIC L = Be* 4 9Br+ (2oBtA) sy st @l
LBl g Aol /[;"“”f‘%‘”““ :
">2 *mm]: £ me
OHNE Y T MTHD of DIffSICES =l Gl SLo @l
[Tearey T W | 2w yar =g 11 G, B0
| Tor © 69”6 | = 2 (o). & 8
: B m L ows sl
=i 1220 Fal 61 — Z L e o A it
o2 areay o L x (GOl I st Gl
et gt %
— q*,&fm & T —-> k“}”\—l B L I
Ptk Lrgte _ s =5 st
1A // =l
P4 2% g
R ﬁz l Wl ST Gl
-, R L / t
: Gt wh (el Z Tzl s o me
. S e NGO I
T=n W e @L g
Cws) | L T @l
° (ool Lol [ L =3 r’q””& <l [ - VL(S;)\E\
ot Z el Leg - [@“ a0 =ANGEI o L® EOL]
= Bad (s oL 2 ((enrea .
= Fts % o) - 5
S - (8 awe] >3 Z\ow| = 3 -

Created by T. Madas




Created by T. Madas

Question 133 (#¥%%¥)

The n™ term of a series is given recursively by

:a(2n+1)A

4.-neN, n21,
" 2n+4 "

where a is a positive constant.

Given further that Ay =1, show that

a "(2n+2 1
" 4 n n+l’

al2n ) _
A= S5 ke
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Question 134  (k*ki#*)

I+
By considering the series expansions of ln(l—xz) and In (1—)6} , or otherwise, find
-X
the exact value of the following series.

Sl4e)
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Question 135 (Gk¥k#%)

By considering a suitable binomial expansion, show that

‘ hnd 2 2 X 2r+1
arcsinx = E e
r)2r+1\ 2

r=0

, |proof
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(*****)

Question 136
The product operator H, is defined as

k
I I[ul] = ulxMZXu3><u4X...><uk_1><uk.
i=1

Find the sum to infinity of the following expression

o5}

ST

k=1 r=1

8r—7
40r

Ly -
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Question 137  (¥¥¥¥%¥)
. is generated by the recurrence relation

A sequence uy, u,, Uz, Us, Ug, ..

n g =(n+Duy, n=1,2,3,4,..

It is further given that

Find in exact form the value of ;.

STHT By BEOUTING: THE Reron) 4 GodCeaTive 4 o) TS

= iy, = Gl
- o
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Question 138  (¥¥¥%%¥)

Find the sum to infinity of the following convergent series.

1 1 1 1 1
+ + + + +...
4x2! 5x%x3! 6x4! 7Tx5! 8x6!
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Question 139  (Gk¥k#%)

a) Use an appropriate integration method to evaluate the following integral.

1

¥ arctanx dx.
0

b) Obtain an infinite series expansion for arctan x and use this series expansion to
verify the answer obtained for the above integral in part (a).

[you may assume that integration and summation commute)

[
| ot = L
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Question 140  (F**k#)
Find the sum to infinity of the following series.

1 1 1 1

1

Mebe A — OING SKU EXPImIONS MEEED B — At Wide Tiedneds
(i) = L= dat g 4t ot 0&2 (OO
()= —a - - 4ot~ 2 o2 T G yar sz Nyt
§ L [?J o il
SUBTRACTING: THE BCPANKIONS, (- OBTH | . \
= G = < =
b0s)—l(a) = sor %t 4 295+ o67) B Gt
W) = o[ opgd v a8+ 27, op] g
W) = 2] =g Fr Lol | 000 RO T WO SO G -
8 ————— il
e LAy Lot o LL]
i \3}3! =2 2"‘\ BTy } I+ fﬁ fopt et g)\{:’“‘kﬁ
NoW DTl THE ZANU of (ontOROGANGE | 6T 3= 5 i Zr i
—— e w:u i =Z‘LZY_*[ Y D =2 Z(:‘A‘ ~]: 22@:&1]
\ e | Gere | L £ J

S
¥
e
B ] ISHOBHANGE SounsTion § 160Nt
h <‘71l e Z‘[@t‘w\ gzwj i £
= .,:QjA[T mfk\& = —7&2([0&1&;"»;&;,'7’&
o Lw = L 4

L=
€=

& Lo

b = 5 e

e s :

- po s e

I 3 22) = b= \L(“maqd‘
S

)
< j = Dn(u,\,,yhh,l;j}

[IMe The
A

L)
LI Y
G
o (20 : s s
] P s S = T B e R T N e
= N SeETY o e l /)/
TR soorr S e Ry s m/// >

Created by T. Madas



Question 141

(*****)

Created by T. Madas

By showing a detailed method, sum the following series.

n=0
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Question 142  (¥¥%%%¥)

Evaluate the following expression

oo k -1
2%
P r=1
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= bn |\ 2 Tga |
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Question 143  (***k¥)

The first three terms of a series .S are
S=7+9x+8x>+...

The n'™ termof S is given by

A( x)n +B(

EN{V)

n
%),

(OS]

where A and B are non zero constants.

Given that the sum to infinity of S is 19, determine the value of x.
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Question 144 (k%)

Find a simplified expression for the following sum
1 1 1

1 1 1 1 1
+ + + e —
2108! = 99! 100!

—+—t
100! 99! 2198! 3!197! 4196!

2100
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Question 145  (¥*%%%)

Show by detailed workings that

proof
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Question 146 (#**%¥)

Consider the following convergent infinite series.

2}"+4

(r+3)r!
r=0

Use appropriate techniques to show that the sum to infinity of the above series is
4(e*-1)

, |proof
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Question 147  (Gk¥k#%)

) e f . ! k—1 a1
A family of infinite geometric series §; , has first term 7 and common ratio —,

where k =3,4,5,6,...,99,100.

Find the value of

100
10*

—+
100!

[(k=1)(k=2)-1]s; ].

k=3
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Question 148  (¥**#%)

A discrete random variable X is geometrically distributed with parameter p.

Show that ...
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Question 149  (F¥¥%%¥)

Find the sum to infinity of the following convergent series

B 3P B PG
et —t—t—
2! 314! 5! 6!
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Question 150 (k% %%¥)

The function f is defined as

where ne N, xe R, O<x<l1.

Show that f(n,x) = nx.

, |proof
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Question 151  (¥**k¥)

The binomial probability distribution X ~ B(n, p) satisfies

where r=0,1,2,3,...,n and 0< p<1.

The expectation of X is defined as

E(X)EZ[rP(X =r)]
Show that
E(X) =np.

, |proof
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Question 152  (***k¥)

The function f is defined in terms of the real constants, a, b and c, by
2 -3
f(x)z(a+bx+cx )(l—x) , xeR, |x|<1.

a) Show that

%)

f(x):a+(3a+b)x+%2[[a(rz+l)(n+2)+bn(n+1)+cn(n—1)] x”].

n=2

b) Use the expression of part (a) to deduce the value of

(o)

'y

n=l1

S{R=a+ @b rk D
-

L)) © Now WolnG AT T
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Question 153  (***k¥)
The function f is defined by

[

f(x) = Z[nx”} xeR, [f<I.

n=l
Use the above function to find the sum to infinity of the following series.

3 4 5
—t—t+—+

2y
9 27 81 243
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Question 154

(*****)

Created by T. Madas

Find the value of xe& R in the following equation

n(n—l)(n—Z)(n—3)
2n+k

n=0
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Question 155 (F**%%¥)

Evaluate the following expression

Detailed workings must be shown.

L0k A5 founms.
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Question 156  (¥**%%¥)

1
It is given that for xe R, —%<x<;, k>0,
Given further that

where a, are functions of &, show that

i[a zxr} _ (=ke)(1+k)°
’ (1-x) (1+ k) (1= k2x)

r=0

[}

You may assume that E [arzxr] converges.
r=0
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Question 157  (G¥¥k#%)

It is given that

*
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+
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47[
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=1In2

Assuming the following integral converges find its exact value.

1

(Inx)(arctanx) dx.

0

[you may assume that integration and summation commute)
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Question 158  (***k¥)

Created by T. Madas

Given that p and ¢ are positive, shown that the natural logarithm of their arithmetic

mean exceeds the arithmetic mean of their natural logarithms by

4r=2
2 (Jp=va)"
2r=1{(Jp +q

r=l1

You may find the series expansion of artanh (xz) useful in this question.

, |proof
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Question 159  (Gk¥k#%)

Show that

36 9 2 15 1
* L2 +x—+x—+...=l[ex+2e2xcos(l\/§x)]
316! 9! 12! 15! 3 2

You may find useful in this question the fact that if z = e 3" then 1+z+2°=0.

,-|proof
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