BINOMIAL
EXPANSIONS

EXAM QUESTIONS
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Question 1  (*%)
Find, without any calculating aid, the first three terms in the expansion of (2 —5x)5 ,in

ascending powers of x.

. 132=400x+2000x% — ...

Question 2 (*%)

Expand (3- 2x)5 in ascending powers of x, up and including the term in x>

1243 -810x+1080x% —720x° +...

Question 3 (¥%)

Find the binomial expansion of (1— 5x)4 in ascending powers of x.

L 11=20x +150x% —500x> + 625x*
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Question 4  (*%)
Find, without any calculating aid, the first three terms in the expansion of (2 — 7)6)6 ,in

ascending powers of x.

64 —1344x +11760x> + ...

Question 5 (¥%)

Find the binomial expansion of (1— 2)c)6 in ascending powers of x.

1-12x+60x%=160x> +240x* —192x> +64x°

Question 6  (*¥%)

a) Find the first four terms, in ascending powers of x, in the binomial expansion

of (1+ 3)6)8 )

b) Determine the coefficient of x° in the binomial expansion of (1+ 3x)8.

C1+24x+2520%2 +1512x° +...|, [20412

n £
o) Cuieza
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Question 7  (**+)

Find, without using a calculator, the coefficient of x> in the expansion of (2 + 3x) ]

4320

Question 8 (**+)

Find the coefficient of x° in the binomial expansion of (2+ 3x)9 :

489838|

9

Question 9  (**+)

7
Find, without using a calculator, the coefficient of x* in the expansion of (4x —%) .
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Question 10  (**+)

Find, without using a calculator, the coefficient of x> in the expansion of (2x— 3)7 ]

6048

Question 11 (**+)

a) Find the first four terms, in ascending powers of x, in the binomial expansion

of (1- 2)6)10 )

b) Use the answer of part (a) with a suitable value of x to find an approximate

value for 0.98'°, giving the answer correct to three decimal places.

11=20x+180x% —960x> +...|, [=0.817
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Question 12 (**+)

a) Find, in ascending powers of x, the first four terms in the binomial expansion
of (2+x)°.

b) By using the answer of part (a), or otherwise, find the first four terms in the

o . 1.\
binomial expansion of (2 7 x) .

[ ] [(2+x)” =512+2304x +4608x> +5376x° +...,

9
(2—%x) =512—576x+288x% —84x° +...

Question 13 = (¥*+)

a) Find the first five terms, in ascending powers of x, in the binomial expansion
of (1+ 2x)12.

b) Use the answer of part (a) with a suitable value of x to find an approximate
value for 1.02'%

¢) Determine the error in this approximation.

A1 +24x+264x% +1760x° +7920x* +...|, [1.02'% =1.2682392|,
lerror ~ 0.00000259
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Question 14  (**+)

In the binomial expansion of
(1+kx)°,

where k is constant, the coefficient of x> is twice as large as the coefficient of X2,

Find the value of k.
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Question 15 (**%)

a) Find, in ascending powers of x, the binomial expansion of (2+ x)5

b) By using the expression obtained in part (a), or otherwise, find the binomial

expansion of (2 —x? )5 .

¢) Use the expression obtained in part (b) to estimate,

the value of 1.99°.

correct to 3 decimal places,

[ l(2+x) =32+80x+80x2 4405 +10x* + 17|,

5
(2—x2) =32-80x2 +80x* —=40x° +10x® —x'°/, [1.99° =31.208
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Question 16  (**%)

a) Find the first four terms, in ascending powers of x, of the binomial expansion

of (1+2x)’.
b) Hence determine the coefficient of x in the expansion of

(1+2x) (3+2x)".

C1+14x+84x% +280x° +...|, [1350
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Question 17  (**%)
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a) Find the binomial expansion of (2x+ 4)3 , in descending powers of x.

b) Hence determine the expansion of

(2x—1)(2x+4Y’.

8x° +48x% +96x +64/,

16x* +88x° +144x% +32x—64
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Question 18  (**%)
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£(x)=(1-2x)°

a) Find the first four terms in the expansion of f(x), in ascending powers of x.

b) Hence determine, in ascending powers of x , the first four terms in the

expansion of

(2+3x)(1-2x)° .

1—-16x+112x> —448x> + .|,

2—29%+176x> —560x° + ...
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Question 19 (**%)

a) Find, in ascending powers of x, the first four terms in the binomial expansion
of (2+x)’.

b) Hence find the coefficient of x°in the expansion of

(1—%x)2(2+x)9

[, |(2+x)" =512+ 2304x+4608x" +5376x + ., || * | = 4260
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Question 20  (**%)
F(x)=(2+ )"
a) Find the expansion of f(x), inascending powers of x.
b) Deduce the expansion of (2- 3x)4 , also in ascending powers of x.

¢) Determine the coefficient of x in the expansion of

(2+x)" (2-3x)".

F(x)=16432x+24x* +8x° + x*|, [16-96x +216x> —216x> +81x"|, [-1024
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Question 21 (**%)

a) Find the first five terms, in ascending powers of x, in the binomial expansion
of (1-2x)".

b) Use the answer of part (a) with a suitable value of x to show that
14" 1582
15 3375
¢) Determine the percentage error in the approximation of part (b).

:

1-22x+220x% —1320x> +5280x* + ...

9

% error ~ 0.122%|
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Question 22  (**%4)

It is given that if k is a non zero constant, then
6
(2+kx)" = a+bx+bx*+cx +...

Determine the value of each of the constants a, b and c.

c=81.92]

a=064|, |b=153.6

9 b 9

Question 23  (**%4)

In the binomial expansion of
( 2x+k )4 ,

where k is a non zero constant,

the coefficient of x? is 12 times as large as the coefficient of X

Find the value of % .
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Question 24  (**%4)

Find the binomial expansion of

4
(x+zj , x20,
X

simplifying each term of the expansion.

[ x4+8x2+24+3—§+%
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Question 25  (¥*%4)
a) Determine, in ascending powers of x, the first three terms in the binomial
. 10
expansion of (2—-3x) .
b) Use the first three terms in the binomial expansion of (2 — 3x)10 , with a suitable

value for x, to find an approximation for 1.970 .

¢) Use the answer of part (b) to estimate, correct to 2 significant figures, the

value of 3.940 .

[ 1. |[(2-3x)" =1024=15360x+103680x> +...|, |1.97'% = 880.768 ~ 881,
3.94'° ~ 900000
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Question 26  (**%4)

Find the term which is independent of x, in the binomial expansion of

Question 27  (**%4)

(1+\/§)5 Ea+bx/§.

Determine the value of each of the constants a and b .

a=41, b=29
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Question 28  (**%4)

Find the binomial expansion of

simplifying each term of the expansion.

x5—5x3+10x—&+%—i5
X X X

Question 29  (¥%*4)

In the binomial expansion of

where k is a positive constant, one of the terms is 960x> .

a) Find the value of k.

b) Determine the coefficient of %,
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Question 30  (**%4)
Given that k is a non zero constant and n is a positive integer, then

(14 kx)" =1+ 40x+120k*x* +...

Find the value of &k and the value of n.

Question 31  (¥%%4)
Given that k- and A are constants with k >0, then

(2= kx)® =256+ Ax+1008x> +...

Find the value of £ and the value of A.

A=-768

=
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Question 32  (**%4)
£(x)=(2-3x)" (1+4x)".

Find the coefficient of x* in the polynomial expansion of f (x).

EXPAND 0P O o IN ATOIDING RS of 2

{8) = s Qv an)’
(o) = (amrmame) [ 1+ T8+ Bt
{9 = Qz-mwu\z\)y tigaz +3300% 4. .)

> /
gV

DUQUICES CogeRUDY) IS

9-33¢ + L = [017/

Question 33 (**%4)
(2+x)5 =X +10x* +ax> +bx* +ex+32.

a) Find the value of each of the constants a, » and c.

5
b) Hence, or otherwise, simplify (2—\/5 ) , giving the final answer in the form

p+ q\/z ,where p and ¢ are constants.

la=40, =80, =80, (2321642
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Question 34  (**%4)
1 8
fx)=(2+4x)".
a) Find the first four terms in ascending powers of x in the expansionof f(x).

b) Use the expansion found in part (a) to find an approximation, to 3. significant

figures, for (%)8 ]

8
]:I, f(x)=256+256x+112x2+28x3+,_, , (8—(1)) ~ 283
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Question 35  (**%4)

a) Find the binomial expansion of
(5+10x)".

b) Hence, by using the answer of part (a) with a suitable value of x find the exact
value of 1005%.

You may not give the answer in standard index form.

. 1625 + 50002 +15000x% +20000x° +10000x" |, [1,020,150,500,625
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Question 36  (**%4)

F(x)=(1-20)" g(x)=(2+x).  h(x)=r(x)g(x).

a) Find the first four terms in ascending powers of x in the binomial expansion of
f (x) and in the binomial expansion of g (x).

b) Hence determine the coefficient of x? in the binomial expansion of A(x).

[ 1 (x)=1=12x+60x> —160x> + .|,

g (x) =128+ 448x+672x% +560x" + ...|, [2976
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Question 37  (**%4)

Find the binomial expansion of

6
(x+zj , x20,
X

simplifying each term of the expansion.

[ 1, x6+12x4+60x2+160+£20+g+ﬁ

X X4 )C6

Question 38 (¥*%+)

£(x)=(3-2x)7(1+2x)°.

EXPmIOING W) THE Dsoat’ Mo
(a) - (ol + (Fleie's @ela) - @eiy)
E10E) GG - el
= (xafu )¢ (exn'a2) + (sndcy) + (200nd5)

’(mf«%) v (exxxB) + (i x &)

:1‘*lu‘#€of+t&t2_‘&»‘£r—57
; x> xE ;zs/

Find the binomial expansion of f(x) in ascending powers of x, up and including the

term in x°.

:

9+96x+ 400x> +768x° +...
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Question 39  (**%4)

It is given that
(1-2x)(2+kx)’ = A+ Bx+240x> + ..,

where k, A and B are constants.

Determine the possible values of k

Question 40 (**%4)

10
a) Find the binomial expansion of (1+%x) in ascending powers of x up and

including the term in X, simplifying fully each coefficient.

b) Use the expansion of part (a) to show that

(ﬁ%fozlzs.

2 e4A5,2,15,3
l:|, l+2x+16x tg X e
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Question 41  (**%4)
£(x)=(1+3x)°.

a) Find, in ascending powers of x, the binomial expansion of f(x) up and

including the term in Xt

b) Use the expansion found in part (a) to show that

(1.003)° = 1.01813554122..

f(x)=1+18x+135x> +540x° +1215x" +...

Created by T. Madas



Created by T. Madas

Question 42 (**%4)

a) Find the binomial expansion of (3+2x)".

b) State the binomial expansion of (3— 2x)4 .

¢) Use the answers of part (a) and (b) to find
4 4
(3+8) +(3-8) .

No credit will be given for any other type of evaluation.

(3+2x)" =16x* +96x° +216x% +216x+81|,

4 4
(3-2x)" =16x* 962" +216x% ~216x+81|, |(3+8) +(3-+8) =1154
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Question 43 (**%4)

a) Find the first four terms, in ascending powers of x, of the binomial expansion

;
of (1 +§j , giving each coefficient in exact simplified form.
b) Hence determine the coefficient of x in the expansion of
2 7
(sz (1 +fj ;
X 2

[ . 1+%x+%x2+ﬁx3+..., [x]=42
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Question 44  (***4)
f(x)=(1+2x)

a) Determine the first four terms, in ascending powers of x, in the binomial

expansion of  f (x).

b) Hence, or otherwise, find the first four terms in the expansion of

(3+4x—4x7)(1+22)°,

giving the answer in ascending powers of x.

[ ] [1414x+84x% +280x> + .., [3+40x+224x> +672x° + ...
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Question 45 (**%4)
a) Find the binomial expansion of (2—5x)10
3

in ascending powers of x up and

including the term in x~, simplifying fully each coefficient.

b) Use the expansion of part (a) to show that

)10

(1.99)"” =974 .

1024 — 25600 +288000x% —1920000x° + ...

Question 46  (*¥*%%¥)
(1+ax)" =1-30x+405x% +bx’ + ..,

where a and b are constants, and # is a positive integer.

Determine the value of n, a and b.

. ln=10|, la==3], |b =—-3240]
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Question 47  (¥¥¥%¥)
f(x)=(1+x)", xe R, neN.
Determine showing a clear complete method the coefficient ...

a) ... of the highest power of x in the binomial expansion of f(x), when n=13.

b) ... of the second highest power of x in the binomial expansion of f (x), when
n=14.

1716

3003|

9 9

Question 48  (¥¥¥¥)

Find the coefficient of x° in the binomial expansion of

(1=x) (1+x)°.
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Question 49  (¥¥¥¥)

where k is a positive constant.

Given the coefficient of x° in the binomial expansion of f(x) is 21, determine the

value of k.

k =32|

b
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Question 50  (¥¥¥*¥)
f(x)=(1+2x)", xeR.
a) Find the binomial expansion of f(x).
b) Hence state the binomial expansion of f(—x).

¢) Find the two non zero solutions of the equation

f(x)=f(—x)=64x.

[ ] (x) = 1+10x+40x% +80x% +80x* +32x°|,

f(=x) =1=10x+40x* —80x” +80x* —32x°| [x = £
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Question 51  (¥¥%%)

. . . k
In the binomial expansion of (1+ ax) , where a and k are non zero constants, the

coefficient of x is 8 and the coefficient of x? is 30.

a) Determine'the value of a and the value of & .

b) Find the coefficient of x°.

Created by T. Madas

1. [o=4]. =18l [

a) EXPmIO vp g oo T at T

3 2 "
(re0's 14 ba) +HE ] « KD G’y

= 1y B+ Gro-adh + <gga«ﬁz:z);¥j4,
Ly N T
i ;

8 30

SOUG. SIUTHIRUL GRUATIONS
ka-g S E
Ny = e =
SGoa= 0 P ok
N o

unfu &y 2,
— GHCe-1) = 6ok
- G ~ed = eak

- e
= tzm/

§ smee_kasg u:JZ/
- Z

b) Ténn e wehany oF 2

Lkt = LxléxiSxnx @3 = 79/',/




Created by T. Madas
Question 52 (¥¥¥%¥)
f(x)=(k+x)", xeR,
where k and n are constants such that ke R, k#0, ne N, n>3.

a) Given the coefficients of x> and x° in the binomial expansion of f(x) are

equal, show clearly that

n=3k+2.

b) Given further that k=2, determine the coefficient of x* in the binomial
expansion of f (x).

1| ]=1120
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Question 53  (¥%%%)

a) Find the binomial expansion of (3+ x)4 , simplifying fully each coefficient.
b) Hence solve the equation

(3+x)* +(3-x)"=386.

81+108x+54x2 +12x° +x*|, |x =42
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Question 54  (¥¥¥*¥)

a) Find the binomial expansion of (2x— 4)5 , simplifying fully each coefficient.

b) Hence find the coefficient of ...

i. . y2 in the binomial expansion of (

y+16j5

5 5
ii. ...z% in the binomial expansion of (\/Ez—Z) (\/§z+2) .

1325 =320x* +1280x° = 25602 +2560x —1024], [ﬂ:m, |8 ]=-320

Question 55  (¥¥¥¥)

Find the coefficient of x'! in the binomial expansion of

13
9 2
2x 3 '

. [x“]=92664
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Question 56  (**¥¥)

If k>0 and n is a positive integer, then

(1+ kx)" El+%x+Bx2+Bx3+...,

where B is a non zero constant.

By considering the coefficients of x* and x°, show that

nk=2k+3,

and hence find the value of n and the value of % .

=
I

n=14

A=

9 2

EXPIND g (OMPAOE (DRERUNSIS
y
Cebn) = e M) + 85007+ B0 ('
2w ka s SN0 EnG)ora)
el [ —

14 B B

OMATING T EPUATINS
o k= z o Ln()E* = {Vv(wfﬂ(wz)kg
w2 g ke
= += Ltaak
= 3= (-2)k
= 3= mk-2

= o3 =k
A Bpuien)

SOING- s&mﬂg RGN

= ak+3=wk
— ac+3= T
%gszi

k=1 El wk;%
B S
Y=

Created by T. Madas



Created by T. Madas

Question 57  (G¥¥¥F)

Show that if x is numerically small

(2+x—x2)5zA+Bx+Cx3

where A, B and C are integers to be found.

A=32

B =80

b b 9

C =-120|

Ao As A_Bwoway

Question 58  (¥*%%¥)

It is given that

(1=2x)* (2+kx)* = A+ Bx—104x% + ..,
where k, A and B are non zero constants.

Determine the possible values of B .

[ 1.|B=32 U
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MUY ouT UP To 22

G - BLg2 4.
a4
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o A=R (O weawo)
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¥
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Question 59  (G¥¥¥F)
(2+ax)(1+bx) =2-41x+357x% +...,

where a and b are integers.

Show that » ==3 and find the value of a.
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Question 60  (****4)
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a) Find the first four terms, in ascending powers of x, of the binomial expansion

of (6x— 3)8 , simplifying fully each coefficient.

b) Hence find the coefficient of ...

8
| y3 in the binomial expansion of (yij .

8 8
ii. ...z%in the binomial expansion of (x/zz—l) (\/Ez+l) .

L1

6561104976+ 734832.x% — 2939328 x> + ... |. [y3}:504 ,

iﬂ =448
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Question 61  (**¥**4)
(2+ax)’ (1+bx)° = 4+44x+85x% +..,

where a and b are integers.

Find the possible values of a and the possible values of b .

[0, ffab]=[-73]U [Z-4]

EXPAD THe EXPREsia) 0P T 2%, 10 Tt of A & b
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Question 62  (**¥*%4)

a) Given that ¢ is a non zero constant, determine the first four terms, in ascending

powers of x, in the binomial expansion of (1+cx)

It is further given that

(a+éj(l+cx)6 E—i+74—576x+ s
x x

where a and b are non zero constants.

b) ‘Show that one of the two possible values of ¢ is —3, and find the other.

f 1+6cx+15¢%x% +20c°x° + .. ,le=—
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Question 63  (**¥*%4)

Find the coefficient of x> in the binomial expansion of

(2x2+3x+1)7.
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[ x*]=203
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Question 64  (¥*¥%4)
a) Find the binomial expansion of (2+x)’.
b) Hence solve the equation

(2+x) +(2=x) =105.25

(2+x)° =32+80x+80x> +40x> +10x* + x|, [x ==

Question 65  (¥***4)
2\0 2 3
(1+x—x ) =1+ Ax+Bx“+Cx’ +...

Determine the value of each of the constants- A, B and C.

.lA=6l|, |[B=-21], |C=-10]

b 2
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Question 66  (****4)

Itis given that if k is a constant then
4
(1+443) =892-33613.

Determine the value of k.
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Question 67  (***%4)

If A, k and »n are constants, with ne N, then
(14 kx)" =1+ Ax +264x* +1760x° +...
a) Show that
(n—2)k =20.

b) Determine the value of A.

& Ax + 26da0 + ot 4

o o
q) pmad (4 16) 08 D 1NCUIING THE TEQM (N X
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Question 68  (F¥*¥E¥)

The binomial coefficients are given by

n n!
—— ™ keN, neNu{0.
[kj iy kN nelui0)

Show directly from the above definition that
n n—1 n=1
= + .
k k-1 k

I:l , | proof

Created by T. Madas



Created by T. Madas
Question 69  (¥¥¥EF)

Find the value, or possible values, of y if

y=8x3+i3 and 4x?+—=12.
X X

CONRD@ THE BINOUIAL EXPANSION_CATRY = A425R + B2

= QL) = wle2lyl &

= (n‘;\ = A\wLJﬁ
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= L;;«}\E =Bl rSe

s
= @+i)= B e mrg
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Question 70  (GkFFEF)

It is given that
_ wor 2\
f(x)= E Krjx (1+x+x ) },

=0
where n is a positive integer constant.
a) Evaluate f(-1).
b) Find the value of n that satisfies the equation

F(3)f(2)=1728""%.

L.

,
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Question 71  (Ge#¥EF)

.. . . ] . 23 ¥
The coefficients of x", x™' and x"*? in the binomial expansion of (1+x)™ are in

arithmetic progression.

Determine the possible values of n.

,|n=28, 13
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Question 72 (GkFEF)

o CFGL o oo

where n and k are positive integer constants.

It is given that

a) By considering the binomial expansion of (1+ x)n , determine the value of k.

b) By considering the coefficient of x" in

(1+x)" (14 x)" = (1+x)>"

b

simplify fully
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Question 73 (GkFFEF)

It is given that

(a+bx)" =8192+6656x+2496x% +...,
where a, b and n are non zero constants.
Use algebra to determine the values of a, b and n.

No credit will be given to solutions by inspection and/or verification

[ e [a,b,n]z[Z,%,B}
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o
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Question 74  (GkFFEF)

It is given that
(a+bx)" =512+576x+288x" +...,
where a, b and n are non zero constants.

Use algebra to determine the values of a, b and n.

No credit will be given to solutions by inspection and/or verification

EXPMD IN AL Rl P T a2

CREp RPN PRI
(ot by = <QJ(:\‘:(M) (1) @) +(8)@)(ba) +-

IR TR
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" ey (1 I
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4

Lodudt- 4T THE SpUATIONS OBTHINE) Worl e G#AUNSIS oF Lq X

T B The Coum e ol - sia,
= axsiz = SK

= Stn = sgm-N
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Question 75  (Gk¥FEF)

Find the term independent of x in the expansion of

10
( x+1 x—lJ
ST 1| -
x3—=x3+1 x—x2
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Question 76  (Gk¥FFEF)

The binomial coefficients are given by

n n!
—— ™ keN, neNuU{0.
[kj iy kN neNu{0)

Show directly from the above definition thatif n >r >m, then

2O

, |proof
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