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Question 1  (*%)

Relative to a fixed origin Q, the point A has coordinates (2,-3).

The point B is such so that AB=3i—-7 J, where i and j are mutually perpendicular unit
vectors lying on the same plane.

Determine the distance of B from O.
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Question 2 (**+)

Relative to a fixed origin O, the point A has coordinates (-2,4).

The point B is such so that BA=5i— J, where i and j are mutually perpendicular unit
vectors lying on the same plane.

a) Determine the distance of B from O.

b) Calculate the angle OAB .
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Question 3 (**%)

The points A, B and C lie on a plane so that

AB=2i+7j and AC=4i-5j,
where i and j are mutually perpendicular unit vectors lying on the same plane.
The point D lies on the straight line segment BC, so that |BD| : |DC | =1:2.

a) Determine a simplified expression, in terms of i and j, for BD.

b) Show that the ‘E‘ is approximately 4 units.
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Question 4  (¥%%)

The following information is given for four points which lie on the same plane.
OA=i+4j, OB=5i+5j and CB=-i+6j,
a) Find the vector AB and hence state its length

b) Determine the length of AC .

¢) Calculate the size of the angle ABC'.
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Question 5 (¥*%)

C

The figure above shows a trapezium OABC , where O is a fixed origin.

The position vectors of A and C are 12i+4j and 18i—21j, respectively.
CB is parallel to OA, so that ‘EE‘ = 2‘5;1‘ .

The point D lieson AC sothat AD:DC=1:2.

a) Find a simplified expression, in terms of i and j, for the position vector of D .

b) Show that that O, D and B are collinear ;and state the ratio of OD: DB .
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Question 6  (**%)

-5 11
The points A and B have position vectors | =2 | and | 6 |, respectively.
8 20

The point M lies on AB so that |AM| J |MB| =3:1

10
The point P has position vector | 8
19

Determine the position vector of the point Q, if M is the midpoint of PQ.
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Question 7  (¥*%4)

|not drawn to scale|

The figure above shows a trapezium OBCA where OB is parallel to AC .

The point D lies on BA sothat BD: DA=1:2.

It is further given that 52=7i—4j, 5I§=3i+2j and AC=2 OB, where i and j are
mutually perpendicular unit vectors lying on the same plane.

a) Determine simplified expressions, in terms of i and j, for each of the vectors
R‘, AB , AD and OD.

b) Deduce, showing your reasoning, that O,D and C are collinear and state the
ratio of OC:0D .

¢) Show that XOBA =90° and hence find the area of the trapezium OBCA.

d) State the size of the angle XABC.

, lOC =13il, |AB = -4i +6j, Zf):—%i+4j, ob=L1i|, loc:op=3:1

9

|area=39
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XABC = 45°|
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Question 8  (¥*%4)

4i+ kj

The figure above shows a trapezium ABCD, where AD is parallel to BC .
The following information is given for this trapezium.
BD=5i+j, DC=i-10j and AD=4i+kj,
where k is an integer.
a) Use vector algebra to show that £k =—6.

b) Find the length of AB

c) Calculate the size of the angle ABD .

[ 1. |[aB|=v50=5v2],

XABD =70.6°|
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Question 9 (¥*%4)

The figure above shows a triangle OAB, where O is a fixed origin.

e The point A has coordinates (6,-8).

e The point P, whose coordinates are (4,1), lies on OB so that OP: PB=4:1.
e The point Q lies on AB sothat AQ : OB = 3:2

e The side OA is extended to the point R sothat OA: AR=5:3.

a) Use vector methods to determine the coordinates of Q.
b) Determine expressions, in terms of i and j, for the vectors @ and @

¢) Deduce, showing your reasoning, that P, Q and R are collinear and state
the ratio of PQ:QOR.
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Question 10  (**%4)

The points A, B and P lie onthe x-y plane, where the point O is the origin.
It is further given that

|OA|=4, |0B|=6 and <AOB=40°.

If ﬁ’zZ(ﬁ)—3(@) determine the distance of P from the origin and the angle
between OP and OA.
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Question 11 (¥¥%%)

The points A(-1,4), B(2,3) and C(8,1) lie on the x-y plane, where O is the origin.
a) Show that A, B and C are collinear.

The point D lies on BC so that BD:BC=2:3.
b) Find the coordinates of D .
The straight line OB is extended to the point P, so that AP is parallel toOC .

¢) Determine the coordinates of P .
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Question 12 (**¥%4)

Relative to a fixed origin O on a horizontal plane, the points A and B have respective
position vectors 3i—2j and Si+4j.

The point C lies on the same plane as A and B so that AB:BC=2:5.
a) Find the position vector of C.

The point D lies on the same plane as A and B sothat A, B and D are collinear.

b) Given that |BD| = 63/10 , determine the possible position vectors of D .

c=10i+19j], [d=-i—14] U d=11i+22]

9

:

k) ® AR - b-a = Girw)-(3ial) = 246l
® DIL&oN Ot Re SOMEd © 143

; (e M
IR e
2 STEes’ N ntree DIEETIN

) TR

Aneanve

o LT Dlak)

Created by T. Madas



Question 13

The four vertices of a quadrilateral ABCD lie on the same plane.
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The points M and N are the midpoints of AB and CD, respectively.

Determine the possible values of the scalar constant A, given further that

(22-62+10)MN = AD +BC.
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Question 14  (***%4)

Relative to a fixed origin O, the points A and B have position vectors 3i—9j and

2i+10j, respectively.

The point M is the midpoint of OB and the point N lies on OA so that OA = 30N .

The point P is the point of intersection of AM and BN .

Determine the ratio NP : PB.
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Question 15 (Gk¥¥%%)

A triangle OAB is given.

The point M is the midpoint of OA.

The point N lies on OB so that |ON| : |NB| =145

If the point P is the intersection of the straight lines AN and BM , use vector algebra

to find the ratio of |AP| ; |EP| .
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Question 16  (¥**%%)

The triangle ABC is given.

The points D and E are such so that AD =ABC and BE = UAC, where A and i are
positive scalar constants.

Given further that A =1, show that D, C and E are collinear.

Ty Moy
R

+#=2G-q)
s pq

NS (g MOUED 45 foueus

Ble Rk = ReR = 0G4 = -Qpadg ed
G- BaEE = eI = (e-g)aypg = —ps g
HWCE WE now 6k

= e+ ()

S ~; )QAH):

BOT_Smce ’An».( w6 A

@ = = (g = k[ 0Geg |- 4 (e cay]
=4

"
gl

=t

Ry

it
e

[

A ST s P SF o B0 E Ao Gl

Created by T. Madas



Created by T. Madas

Question 17  (Gk¥¥%%¥)

It is given that

AP + 4BP + 3PC =0.

Show that

AP = [KE ’ 356]
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Question 18 (Fk#¥*¥)

a=(La?+)7+3)i+4j and b=(x+y)i+2j.

Determine the value of x and the value of y given that a and b are parallel.
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Introducing

Elementary
3D Vectors
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Question 1  (*%)

Relative to a fixed origin O, the points A, B and C have respective position vectors
-3i+k, —i+4j+k and Si+4j.

Calculate the size of the angle ABC and hence find the area of the triangle ABC .

, | XABC =116°|, |area ~12.2]
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Question 2 (¥%)

Relative to a fixed origin O, the point A has coordinates (2,1, —3) .

The point B is such so that AB =3i —-j+5k.

Determine the distance of B from O.

[ 1. ]loB]=v29
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Question 3  (¥%)

Relative to a fixed origin O, the point A has coordinates (6, —4,1) .
The point B is such so that BA=i -j+3k.

If the point M is the midpoint of OB, show that ‘W‘ = k\/ﬁ , where k is a rational

constant to be found.
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Question 4  (**+)

Relative to a fixed origin @, the point A has coordinates (2,5,4).
The points B, C and D are such so that
BA=i+2j+3k, BC=7i+j—-k and DC=4i+2K.

Determine the distance of D from the origin.
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Question 5 (**+)
Relative to a fixed origin O, the points A, B and C' have respective position vectors
2i+3j—k, 5i—-3j+4k and 7j—4k .

a) Given that ABCD is a parallelogram, determine the position vector of D .

b) Determine the distance AC and hence calculate the angle ABC .

, [d=-3i+13j=9k], |AC|=~29|, [£ABC =1.11°|
I \YGR - SynNoenc P';K: A — QUTION 8
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Question 6  (**%)

Relative to a fixed origin O, the point A has coordinates (k,3,5) , where k is a scalar

constant.

The points B and C are such so that ﬂ:3i—2j and BC =2i+cj—4k, where c is a
scalar constant.

If the coordinates of C are (1,4k,1), determine the distance BC .

D
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Question 7  (**%)

The points A(4,4,1), B(2,-2,0) and C(6,3,7) are referred relative to a fixed origin O.

If A, B, C and the point D form the parallelogram ABCD, use vector algebra to find
the coordinates of D and hence calculate the angle OCD .

[ 1.[D(8.9.3)],

£0CD =126.6°|
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Question 8  (**%)
OABC is a square, where O is the origin, and the vertices A and C have respective
position vectors 2i+4j+4k and 4i+2j—4k.

The point M is the midpoint of AB and the point N is the midpoint of MC .
The point D 1is such so that AD = %XE .

a) Find the position vectors of the points B, D and N .

b) Deduce, showing your reasoning, that O, N and D are collinear.

[ 1.[0B=6i+6j|, |OD =8i+7j-2k|, [ON =4i+ZLj-k
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Question 9 (*¥*%)

The points A(-2,—10,—17) and B(25,—1,19) are referred relative to a fixed origin O .

The point C is such so that ACB forms a straight line.

Given further that —" =—, determine the coordinates of C .
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Question 10 (**%)
The points A(-3,-14,—5) and B(1,—4,—1) are referred relative to a fixed origin O.

The point C is such so that ABC forms a straight line.

AB
Given further that H = % , determine the coordinates of C .
BC
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Question 11 (**%)

The variable points A(2¢,2,2) and B(z,4,1), where 7 is a scalar variable, are referred

relative to a fixed origin O.

a) Show that
‘ﬁ‘ — 22 <81 +17..

b) Hence find the shortest distance between A and B, as t varies.
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Question 12 (**%)
The points A(5,-1,0), B(3,5,—4), C(12,2,8) are referred relative to a fixed origin O.

The point D is such so that AD=2BC.

Determine the distance CD .

[ 1. |cp|=+458=21.40
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Question 13 (**%)

The points A(2,3,2) and B(5,2,2¢), where 7 is a scalar constant, are referred relative to

a fixed origin O.

Given that ‘ﬁ‘ = \/ﬁ , find the possible values of 7.

-~
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Question 14  (***4)
The variable points A(1,8,7—1) and B(2r—1,4,3t—1), where ¢ is a scalar variable, are

referred relative to a fixed origin O.

Find the shortest distance between A and B, as ¢ varies.
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Question 15 (**%4)

The points A(1,1,2), B(2,1,5), C(4,0,1) and D form the parallelogram ABCD , where

the above coordinates are measured relative to a fixed origin.
a) Find the coordinates of D .
The points E, B and D are collinear, so that B is the midpoint of ED .
b) Determine the coordinates of E .
The point F is such so that ABEF is also a parallelogram.
¢) Find the coordinates of F .
d) Show that B is the midpoint of FC.

e) Prove that ADBF is another parallelogram.
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Question 16  (**%4)

With respect to a fixed origin, the points A and B have position vectors 2i+4j+ 7k

and —4i+ j+k , respectively.

The point P lies on the straight line through A and B.

Find the possible position vectors of P if ‘ﬁ" = Z‘ﬁ‘ .

[ 1.

OP =p = -2i+2j+3k

OP =p=-10i—2j-5k
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Question 17  (¥*%4)

The points A(-3,3,a), B(b,b,b—5) and C(c,—2,5), where a, b and ¢ are scalar

constants, are referred relative to a fixed origin O.

Ii is further given that A, B and C are collinear and the ratio ‘ﬁ‘ : ‘ﬁ‘ =2:3.

Use vector algebra to find the value of a, the value of & and the value of c.

[ 1. [ab.c]=[-10.17]
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Question 18  (**%4)

The points A(7,4,3), B and C(1,2,—1) form the parallelogram OABC , where the
above coordinates are measured relative to a fixed origin O.

a) Find the coordinates of B.

The side OC is extended in the OC direction to a point D.

The point M is the midpoint of AC .

b) Given further that MD=i+7 J— 6k, determine ‘.OE‘ ; ‘-C_ﬁ‘ ]

[ 1.[B(8.6,2)]. [0c| : [cD|=1: 4
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Question 19 (**%4)

)

E
N C

The figure above shows the triangle OAB , where O is the origin and the position
vectors of A and B relative to O, are =61+27j—9k and 4i+6j— 6k , respectively.

The point E is such sothat O, B and E are collinear with OB: BE =1:2
The point C is such so that O, C and A are collinear with OC:CA=1:2
The point D is such so that B, D and A are collinear with- BD: DA =1:3
a) Determine the coordinates of C, D-and E, relative to O.
b) Show that the points C, D and E are collinear, and find the ratio CD: DE .

¢) Show further that BC is parallel to EA, and find the ratio BC : EA.

[ 1 ]c(-29.3). |p(3.43.-2L)|, [E(12.18,-18)|. [CD: DE=1:3],
) ST BY BuN e $oaTrod UETRs of O Dd E o) sl comene TR o A

(CB=b-c- C4476)- (23-3) = (6,3,-3)
iy
€

] A A {
E\\ “f g {ﬁgjﬁ:‘)) CAB = = -a = (uo9- (o) = (8-4,-0)
UG, B < Gy - ()
3 A = Gy = (20
0

AS CE o B A N THE SPE DICEETION, cR s

ES N
® 0F= 3R = 33e~) = (28-18) & E026-1)
PRNEL T© AE =

P

o O = 45k < pEamA)e Coas) ke C(—A‘L—&)//
o D - 68 v 85 = o8 + LBA
=& ¢J,;(§>’+o7\)=5§u-#1§5«$¥ 30 9
= 6% - 468 + 40 < Fh g :
< 3 Hem) = (3,4,7) 23 $E)
) dmounk we veaoes b 4 B
fa8s doe - Gipg)-Conr <Gy

= —us\
(B 2-d = Gooo) - (15) = @FH)

[kl = (A%

§E8 = (40,

2 -is,

7) e E A BT CD g DE ACE (o THE e
L Nmﬁsﬁﬁ‘l&%%\mb)
IMBUES THAT C,D & E 40 GotuwpA

7

£ = 2(9s)
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Question 20  (***4)

The points A(x,,y,,z ) and B(x,,y,,z,) are referred relative to a fixed origin O.

If the point P is such so that AP:PB = A: M, use vector algebra to show that

(laxl +/1x2)i+(:u)’1 +/1y2)j+(:uzl

+4z,)k

OP =
A+ u

, |proof

STHETING. OB A DIAGAN AC
Guyyz)
= 9 o> oy
Al A S TP
- P ﬂ/ /
R 2 (8R) / &
e /S s &,
= O (-axh) [ =Ty
B A (rark) OA//I
c i O ¢
B

ov= oh+ = + A (h-a) = Arp)+ACh-a
o= Ghe AP = a Mr(hz,) &r_;;r,,(il

iy L; b 8 pe s db
o Sy

SOAEHG. 1o GNFORATIC

1+ A00%)
. =

2l y ey k)

Ny
o (=)l v (py +0)s + Geidm)l
- A G
7k oo
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Question 21  (**%4)

Relative to a fixed origin, the coordinates of three points A(1,1,1), B(4,-1,3) and
C(2,5,~1), are given.

Find the position vector of the point P if 4PA + 3PB = 5PC.

:

LeT THE PosiTion) VLIRS BE
a=lbedek o hogi-gesk ceesiob pealipgat

Now e e
48K+ 3FE = SR
= 4(@-p)+3e-g) = S(c-9
= dasdh -4p-p=Sc-S
= 4a43b-S = 2p
= 4l dral) -s(atrs) = 2
= 6L-oyl el = 2

- 2= -8 +&k o

7
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Question 22  (¥¥¥%¥)
Relative to a fixed origin O, the positions vectors of the points A, B and C are
defined below.

OA=i+j+4k, OB=2i-2j+4k, OC=4i+12k.

If OD =% OC prove that the point D lies on the straight line AB .

, |proof

ZoAOWG A DiAfeAn
Aluy)
! __~Chw)
A=
o D

By

Demeuine Tie Ry K0 of B
S8 - L0 - LGo) = (%oy) 1€ d(%ow)

DETWINE Tit€ LTS AT § DB
A =d-ax Gow-0ug) = o) < (ko)
FEab-d - Gray-Gow)- (hrze)= 2(5rh)
A5 AD 1S TiE S DioekTiond K T 5 Aud Sheee 4T
AD g B A Guntde jso D LR 00 THE e 48
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Question 23  (¥¥¥%¥)

Relative to a fixed origin O, the position vectors of three points A, B and C are
OA=i-2k, AB=2i+10j+2k and BC =6i-12j.
a) Show that AC is perpendicular to AB.

b) Show further that the area of the triangle ABC 1is 18v6 .

¢) Hence, or otherwise, determine the shortest distance of A from the straight line
through B and C.

I:l , |distance =

(e}
2
=

Q) STAYTING Wil 4 DINGRAM Q) 00 AT 4 DINGIAM AGAR)
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Question 24 (¥¥¥%¥)

The points A(2,-1,4), B(0,-5,10), C(3,1,3) and D(6,7,-8) are referred relative to a
fixed origin O.

a) Use vector algebra to show that three of the above four points are collinear.
A triangle is drawn using three of the above four points as its vertices.

b) Given further that the triangle has the largest possible area, determine, in exact
surd form, the length of its shortest side.

Vo4

a) AT B(os,i0) C(ai,2) D(&T-8) ¢ ® THE Lovow o 8D 1o 6lipal (o aowpure l4-bl)

= 6JT+41t9'= 64y

® PL0c A PoNT AT pAMOM AND CAUNATE AU OHAD.
VECTORS TO T OTHEZ 3 Folil§

® Ko ue e

<|®e - b‘\:‘\@ﬁé)— (Orx‘vo\\\: l3,6,-7 |

AR = b-a = G=59-C4y) = (246) = 2(-2,3)

- O+ % 2 Aol
o« coa = @) -Grng) = Gz = 1Gam) =V9tkd = Jy
4D =d-a

- Grt)-Gri) - (48172) = 402-3) B =L -4l leod a0l lae 1]

= T " . =\ 9ren =
@ Hence b e 8 ¢ AD Pl onrevesTon” =mwna - g

AR = 2(\2,3) = -2 (1p,-3)

S THe SPORY SI0E OF THE TRUMGE WHOE HAS ThE

LAQEEST Az s A"
~ AR g D W munxne g

$z

B) ® Dot A DAGedy|

tagt oy
Blorgio) AR 4k D(47-6)
N —
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Question 125  (¥¥%%)

Relative to a fixed origin, the points P and Q have position vectors 9j—2k and
7i—8j+11k , respectively.

a) Determine the distance between the points P and Q.
b) Find the position vector of the point M , where M is the midpoint of PQ.

The points P and Q are vertices of a cube, so that PQ is one of the longest diagonals
of the cube.

¢) Show that the length of one of the sides of the cube is 13 units.
d) Calculate the distance of the point M from the origin O.

e) Show that the origin O lies inside the cube.

[0, |Po|=+507]. |08 = Zi+ Lj+ k], |om|=1yi31

-
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= J8rowcie9 !
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Question 26  (****4)

The points A(3,2,14), B(0,1,13) and C(5,6,8) are defined with respect to a fixed
origin O.

The straight line L. passes through A and it is parallel to the vector BC.
The point D lies on L so that ABCD is a parallelogram.
a) Find the coordinates of D.

b) If instead ABCD is an isosceles trapezium and the point D still lies on L,
determine the new coordinates of D .

[ 1.|p(87.9)]. |D(6,5.11)

x X A DIAGLA
q) STALTING. BT A DIAGUAM = Y-y
-8 v =1l
Bu8 o ok 43
A 5
/ ‘/ = -2k rse =1
B T e
Alsay b

— 2-2uk+K =0

o ATHOURTIOE B GPETIoN A g = Y _gktK=0
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Question 27  (Gk¥¥%F)

With respect to a fixed origin, the points A and B have position vectors 10i+9j— 6k
and 6i—3j+10k , respectively.

The position vector of the point C has i component equal to 2.

The distance of C fromboth A and B is 12 units.

Show that one of the two possible position vectors of C is 2i+5j+ 2k and determine
the other.

_9j 6l 2
[T ¢=2i+7=j+55k

TRKE Ok oF THE GLATINS Suat AS

N
(&(Nréﬁ B(Grs‘mm'
A=

N TR A

STRTRY oG AC § B

= 442+ 6 -202-0 1
%9
= ‘1@9#« Sty ~ oz = 11l

()°+ 92
= (2) + W+ @) - B2 =T

i
A= < ~a = (24@)-Clogre) = (6,94, 24¢) = (o] + 2+ 8(d2+7) —teoz = 11
B = c-b = (2y2)- (B3) = (4 yez, 2 53

il = b+ Bz +49+9F + 224 126 ~ |2 _1U=0

NEXT SET SPUAED EXPRESICNS o0 6acr of THE Mobutl — AP -S22 + 4 =o

= (2-2)(se-2) =0

—lea-2xlc 12
= Jerrgafew® <12
= 6+ k() = W
= (9-+ 2w =

= g-' e+ TR =B

= s, 2ol

= Jer o
— 16+ (3 (@-0) = e
= Yu) G-0) = 18
= b3 +2522 koo <hg

= ATy ez =19

—
2

2
sz Ly

Py ARG =42+ 7
IR ARG ) = 4et.]

= vjizﬂxa@ +lz = -7 elf 2=2 o <%
3y = |
SoWle SINTANGOLY B SBTUACTING. Tt GUATINS 33 f 3g= %47
= ERER e = 182
(W Fr -2ty ) =
g [ +F -8 w2e =37 e y- &
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Question 28  (Fk¥¥*F)
The vertices of the triangle OAB have coordinates A(6,—18,-6), B(7,—1,3), where O

is a fixed origin.

The point N lies on OA sothat ON : NA = 1:2.
The point M is the midpoint of OB .

The point P is the intersection of AM and BN .

By using vector methods, or otherwise, determine the coordinates of P .

[ 1. |p(4.-4.0)

SN WITY A DIAGIAM Q
il R el i BT P M 4 A A Bl
Alsc 8, 3} i o
o B wegection) = MP=OMA  Pesouw seaae A
N(z-6-2) = [ﬂ}xls"‘ﬁ‘ﬂs';\=//\£'5“p -stz st 4)
N M) i

EQUATE Any TWRO COMPONGAS

o i LT S-S 7 L Sisi- el s

-4 = -Rk-2 skaab= Lon) =2

WoRE. AS_fouows
Loge 48 Fous .
I

W=kl , o<k e
O = k(e n) = L[ Ceta)-(240] = k(553) -

______ ARING.

W = g
WP = -mru g (S sys)
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