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MATRICES

EXAM QUESTIONS
(Part One)
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Question 1 (**)
The matricesA, B andC are given below in terms of the scalar constanty, c

andd, by

-2 3 b -1 1l c
A= , B= , C= '
1 a 2 -4 d 4

Given thatA +B =C, find the value ofa, b, ¢ andd.

a=8 b=3c¢c=2,d=3

Question 2 (**)
Find, in terms ofk , the inverse of the followin@” 2 matrix.

k k+1
k+1 k+2 °

Verify your answer by multiplication.

-k- 2 k1

-1_
[ hmt= 0,
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Question 3 (**)

The 2° 2 matricesA, B andC are given below in terms of the scalar constantd
andc.

a 2 2 4 -1-c
A= , B= , C=
3 7 b 2 3 2
Given that
2A- B= 4LC,

find the value ofa, b andc.

a=1 b=-2,c=-
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Question 4 (**)
The 2° 2 matrix A represents a rotation 80° anticlockwise about the origi@®.

The 2° 2 matrix B represents a reflection in the straight line véitjuation y = - X.

a) Write down the matrice® and B.

The 2° 2 matrix C represents a rotation B0° anticlockwise about the origi@®,
followed by a reflection about the straight lindlwequationy = - x.

b) Find the elements of .

c) Describe geometrically the transformation represeibty C .

0 -1 0 -1 -1 0 S .
A= , B = y(Gr= ,|reflect|on in they axig
1 0 -1 0 01
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Question 5 (**)
The 2° 2 matrix A, is defined as

wherea andb are constants.
The matrixA , maps the poinP(2,5) onto the poinQ(- 1,2).

a) Find the value ofa and the value ob.

A triangle T; with an area 0P square units is transformed By into the triangleT, .

b) Find the area of,.

la=-1], [b=6/|, |area= 18

Created by T. Madas



Created by T. Madas

Question 6 (**)
The 2° 2 matricesA, B andC are given below in terms of the scalar constants

2 X 2 1 3x+2 7
A= , B= and C= .
31 1 4 7-X 7

a) Find an expression foAB , in terms ofX.

b) Determine the value of, given B'TAT =C.

4+x 2+ 4X
7 7

Question 7 (**)
The 2° 2 matricesA and B are given by

5 2 9 12
A= and B = .
2 1 4 5

Find the2” 2 matrix X that satisfy the equation

AX =B.

Created by T. Madas



Created by T. Madas

Question 8  (**)
The triangleT; is mapped by th@" 2 matrix

1 -2
3 -1

onto another triangld,, whose vertices have coordinatas(- 1,2), B,(10,15 and
Cy(-18; 14.

Find the coordinates of the verticesTpf

A(LD)],|By(4- 3. |Ci(-2.8)

Created by T. Madas



Created by T. Madas

Question 9 (**)
A plane transformation maps the general pinty) onto the general poir{tX,Y), by

X

X
=A ,
Y y

where A isthe2” 2 matrix

a) Give a geometrical description for the transform@tiepresented by , stating
the equation of the line of invariant points untles transformation

b) CalculateA? and describe geometrically the transformatioeiresents.

shear paralleltgy= @, 0,1 ( 3|[line of invariant pointy = [,
shear parallelty= 0, 01 ( 4

a) 4 (1?2 b A= AA

Created by T. Madas



Created by T. Madas

Question 10 (**)
The triangleT; is mapped by th@" 2 matrix

4 -1
3.1

onto a triangl€T, , whose vertices are the points with coordinatef4,3), B, (4,10)

and C,(16,12).
a) Find the coordinates of the verticesTpf

b) Determine the area df, .

A(L0),

B.(2,4)

C.(4.9)],
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Question 11 (**)
The 2° 2 matrix C is defined, in terms of a scalar constanby

a) Determine the value ad, given thatC is singular.

The 2° 2 matrix D is given by

b) Find the inverse oD.

The pointP is transformed byD onto the pointQ(6k+1,14k+ 3, wherek is a scalar
constant.

c) Determine, in terms ok, the coordinates oP .

P(2k+1,2k- ]
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Question 12 (**)
A plane transformation maps the general pinty) to the general poirX,Y) by

X 64 -72 X

Y <72 106 y

a) Find the area scale factor of the transformation.

The points on a straight line which passes thratghorigin remain invariant under
this transformation.

b) Determine the equation of this straight line.
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Question 13 (**)
The distinct square matrices and B are non singular.

Simplify the expression, showing all steps in therkings.

AB (A']B)'l.
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Question 14 (**)
The distinct square matricés and B have the properties

AB =B°A andB® =1

wherel is the identity matrix.

Prove that
BAB =A .
proof
Question 15 (**)
The 2° 2 matrix A is given by
1 45
A= 3
1 4
The 2° 2 matrix B satisfies
BAZ=A .

Find the elements dB .
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Question 16 (**)
The triangleT; is mapped by th@" 2 matrix

onto the triangleT, , whose vertices have coordinatés(-7: 1), B,(5,5) and
C,(7,16).

a)  Find the coordinates of the verticesTpf

b) Determine the area a5, .

[ TAG41) [B(23)] |o\(15), [area= 60

O Shr 3 fueie wse of &
derB = ay-(x)= s
£t ;,\
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L
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Question 17 (**+)

The transformation represented by ®ie2 matrix A maps the poin(3, 4) onto the
point (10,4) , and the poin{5,- 2) onto the poin{(8,- 2).

Determine the elements & .

Question 18  (**+)
The 2° 2 matrix A is given below.

-1 -3
A= o

Determine the elements &> and hence describe geometrically the transformatio
represented bw .

™

8 0| [rotation of 120°, anticlockwise & enlaegent of S.F. 1
both about the origin-and in any order.
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Question 19  (**+)
Itis given that

a) Determine the matriAB .

b) Find the elements of

BA - 2C2.
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Question 20  (**+)
The 2° 2 matricesA and B are given below

10

2 1
A= and B= .
2 0 -2 2

The matrixC represents the combined effect of the transfoonatepresented by the
B, followed by the transformation representedAy

a) Determine the elements @f.

b) Describe geometrically the transformation represeibly C .

C= 3 |en|argement by scale factor 2, reflentia the liney = x , in any ord+s
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Question 21  (**+)
The 2 2 matrix D is given by

4 -5
D= .
6 -9

a) Giventhatl isthe2” 2 identity matrix, show clearly that ...
i. .. D?+5D=6l.

i. ...D1=%(D+5l).

ol

The transformation in th&-y plane, which is represented by the maRix maps the
point P onto the poinQ.

The coordinates o are(7- 2k,9 6k), wherek is a constant.

b) Determine, in terms ok, the coordinates oP .

P(2k+3,2k+1
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Question 22 (***)
The 2” 2 matrix B maps the points with coordinatgsl,2) and(1,4) onto the points

with coordinate0,1) and (6,- 1), respectively.

a) Find the elements dB .

b) Determine whetheB has an invariant line, or a line of invariant gejror both.

c) Describe geometrically the transformation represeily B .

2 1
[ gl [B= , [line of invariant pointsy = - ¥, |invariant line y = - x+ d,

10
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Question 23 (***)
The 2° 2 matricesA andB are given by

5 7 19 36
A= i B= .
2 3 8 15

Find the2” 2 matrix X that satisfy the equatioAX =B

Question 24 (***)
It is given that A andB are 2" 2 matrices that satisfy

det(AB)=1¢ _and def(B!)=-3

A squareS, of areab cm?, is transformed byA to produce an imagé&«.

Given thatS( is also a square, determineperimeter.

72c
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Question 25 (***)
The 2° 2 matrix A is given by

wherea andb are scalar constants.

a) If the point with coordinategl,1) is mapped byA onto the point with
coordinateq(1,3), determine the value af and the value ob .

b) Show that
A%=2A-3 .

The inverse ofA is denoted byA™! and | is the2’ 2 identity matrix.

¢) Use pari(b) to show further that ...
i. ..A3=A-4d.

i. .. At=L(2-A)

| |, [a=-1],[b=0)

a) BY "Momneuoqro]

2a\(1) (1) _, [2Xrax) /1
(1 b)(lj :<3) =1 (zx\rbx\): <s>
ar2=|
by3=3

na=-l g b-o

b)

VBUEY B CAUWOATING: €AQH SOE SSANTEL/
ELan . =Yz ((2%2-13 26040
o AT (1 o\/\: c>: (e vo 7]
g —z)
s A \£ =
& 7t o) ¢ 2)_(3 o
e amare2 () (L) - D)-CG2)
(1 -2)
(e =3/
L= 21%431//

6)3’) f;: oA —3T m A =24-31

= KA = 2An-31A ~ AL = 2AL —SK
A = = AL = 2I -34"

T T > & - aT -3

=5 A = 2QA-37)-24 - 3. aT—A

= A - t(z-4)
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Question 26  (***)
A transformation in thex-y plane is represented by tB& 2 matrix

1-3
-1.4

T=

A quadrilateralQ has vertices at the points with coordinafs, 6), (26,9), (50,19
and (44,12 . These coordinates are given in cyclic order.
The vertices ofQ are transformed by .

a) Find the positions of the vertices of the imageXf

b) Determine the area @, fully justifying your reasoning.

[ ]

(2.4),(- 119 {519 ( 84,
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Question 27  (***)
The 2 2 matrix B is given by

wherea andb are scalar constants.

The point with coordinate(;?.,l) is mapped byB onto the point with coordinates
(5.13).

a) Determine the value cit and the value ob .

The inverse oB is denoted b)B'l andl is the2” 2 identity matrix.

b) Show that

B°=5B+2 .

c) Show further that ...
i. ...B3=27B+10.

i. ..B'=3(B-5l)
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Question 28  (***)
A transformation in thex-y plane consists of ...

...a reflection about the line with equatigr= x

... followed by an anticlockwise rotation about tregin by 90°
... followed by a reflection about the axis.

Use matrices to describe geometrically the resyitombined transformation.

., |rotation about the origin by 18(
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Question 29 (***+)
The 2° 2 matricesA andB are defined by

4 1
A= and B=
31 -3 5

a) Find A1 the inverse ofA .
b) Find a matrixC, so that

(B+C) *=A.

c) Describe geometrically the transformation represeibty C .

1-1 -1 0
, [rotation abouO , by 18¢

-1 iF
A S T

q) SIHSAON NETHD 0 INUCTING 2x0 UATRCES

VAl @x)-(ax) = £-3 =1
ol e s 7
Tl 4| (= s//
b ey & Bunus
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= (@r<)eey = @A
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Question 30 (***+)
The 2° 2 matrices

0 1 2 0
A= and B= ,
-1 0 0 1

represent linear transformations in tke plane.

a) Give full geometrical descriptions for each of th@nsformations represented
by A andB.

The figure below shows a right angled trianglewith vertices at the pointA(l,- 1) ;
B(3- 1) andC(3,3).

C(3,3

> X
L. ¢

A(L-1) B(3,- 1)

The triangleT is first transformed byA and then byB, producing the triangl@ (.
b) Find the single matrix that represents this conmtpdsansformation.
c) Determine the coordinates of the verticed 6f

d) Calculate the area af¢.

[continues overleaf]
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[continued from overleaf]
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The triangleT ¢ is then reflected in the straight line with eqaatly = - x to give the

triangle T¢.

e) Find the single matrix that magst back ontoT .

, |rotation abouD |, 90°, clockwi,

enlargement, ix only,scale fact

BA =

0 2
-1 0

1 0

[AC2 9862 3 ce, ¥ lEe=t|

& 25
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Question 31 (***+)
The 2° 2 matrix A given below, represents a transformation inxhe plane

0 -1

A=
1 0

a) Describe geometrically the transformation represeibly A .

The transformation described I8y is equivalent to a reflection about the straig |
with equationy = - x, followed by another transformation describedhmy matrixC .

b) Find the matrixC, and describe it geometrically.

1 0
,|rotation abouD ,by 90 , anticlockwi, |C = g -1

[reflection about the  axi

Q) (PokING AT Bie BASE et
) e (3)=a T“

= (o ()= =t
= (e )=t 5 5

oo AT AGolT O, & “m.) AU y
/

\o) SETNG. 00 A MATIX 0ATo) — T e DEYOIM M AT B C,

= A= CR

>AL = CBE'

L] A'E:\ T D TS WSE U Ao
= = B, (et & 4 Sf

- INUEAE Procesc)

e £

1
o
I
[ RARN SIS
2l ol e e,
digeed

DERGTTIoN A T 2 »mx'/'/

Created by T. Madas



Created by T. Madas

Question 32 (***+)
The 2° 2 matrix M is defined by

Find, by calculation, the equations of the two $iméhich pass through the origin, that
remain invariant under the transformation repre=ebt M .
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Question 33 (***+)
Find the image of the straight line with equation

2x+ 3y =10,

under the transformation represented by2he& matrix
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Question 34  (***+)

The 2" 2 matrix M = IS given.

Under the transformation representedMya straight line passing through the origin
remains invariant.

Determine the equation of this line.

e

Wolemt: 48 FOUOWA
o "Rt U = ma
® "bage Uk Y = X

2 O\ [ x\_ (*)
-G A &
I R

~0 ey < X

DIviping T E0ATONE

By

iy o
— 2w dng
— W

Gw 9 =o

2 DO Uit
— =2 —_—
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Question 35  (****)

21
The 2° 2 matrix A = c & is given.

Under the transformation representedAy a straight line passing through the origin
is reflected about thg axis.

Determine the possible equations of this line.

(00N AT THE DU THE RER

QU fj=-i
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Question 36 (****)

Find the image of the circle with equation

C+y2 =4,

under the transformation represented by2he matrix

[ ], [20x%- 32xy+ 13yP= 1¢

\Sx}
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Question 37  (****)

The 2" 2 matrix R represents a reflection where the pdi2tl) gets mapped onto the

point (6,- 5), and the line with equatiog = - %x is a line of invariant points.

a) Determine the elements & .

The 2° 2 matrix M Trepresents the combined transformation of theec#tin
represented by , followed by another transformatiain.

0 -04
M = .
25 2.8

b) Given thatT is also a reflection determine, in exact simpdifilorm, the
equation of the line of reflection df.

2
|:|,R=%

n u
A . I . - L AT
a) ST B Rl Twe wite R The 2ereiol Boom-(; 1:) = b oo o ek romacemncd > o= 4 T
be e B — okt g @M= 06
20) s (65) Une 9= b 500 o . —hafp 3
: \mm?xm &};&‘ = M=TR b LS R
31016 o Tar S I deae
SHUECHRERCE ETHETN | IR & :
b AN g kb = 2-2kie Glse it
Wtb=g o - bbt = ¢ = ug' =11 - i s =+
2¢ vd= -5 gt enbe § 7 - T- Me~ = 2bfp 13k 2u0 (s whon)
a-Lbot - T = (Shut—1) (kb+2)=0
B0 e wutese oF R
c-dd=rp - Ll A%
- 2:(2 =) dak L2 St
SOWG SMMUREOU Y TE TR (o wa)
Qarb =L % d=-s Q\: \ (—24\" 2 2\
el ek Brarla o (4 3 " gk -
el o L {K S SRE e B8 T K wmmwum»m] /4 i
2-b=2 s Ld L ( P
ST [ V(2L [es e
Mig dee8 Lk b= £ B (}g w)\a = 08 —og) < ds-l
6=2 Uocx-g
ghse 4 xvde g OUPUNG WO Tic exgemon, (smunnan) ukme
34 d =as Fe® s
Qb .
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Question 38 (****)

Under the transformation represented by 2he2 matrix

1 2
4 -7

A=

the straight line with equatiog = mx is reflected about th& axis.

Find the possible values ofi .

, Im=1, m=2

WOUNG. AT A DIAGEAM

0ndie Ao Avansormskion
(emt) v T, -wT)

e we oz
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Q\ 2)(ti; /T\ [t ot
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At- Twk = -wT ]
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o e | T
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= k2m |
Sy Sm
= M- = 4w
= O=2_-Cm ¢l

= M-I+ o

= - u-=o

s §
= e

e
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Question 39  (****)

A transformation in two dimensional space maps aegd point with ‘coordinates
(x,y) onto the point with coordinatdsX,Y) according to the equation

whereB is the2” 2 matrix

Investigate whether this transformation has anyedliof invariant points or any
invariant lines, giving any relevant equations wétslines if they exist.

You may not use eigenvalue/eigenvector methoddis guestion

,|no lines of invariant point, invariant lines y:%x y= X

(0O 0 UNKS of IuARIATT TOUI AT So. (Zyy) +> (< 1)

Y= ez 7 %=y mexy
Y= 4-a N Y= by T Tyt
e W0 UNFOF g FonlT
A
y%
NET (g0l R0 INUABIATT UNES oF TiE folwt 4f= it C ) ujousf

Wk ERECT_C=0

X = 2 -2(wrsc)
Y o= - 60

SURSTIUTE (N Y = wX +C
)

2 (5 i
= A= 60mec) = m [ B2l 4c

=45 cw —6e = 3

= Zuf2 -9 Hy =
(32 \
= (M{-Mrd)a = c(7-2)
=) (2w -)-4) - cGu-1) =0
IS PELATIONSING CMN oy BE AT

IF med jceo oo mmk <0
i, )

L
L

o8 ///

o nAAST Us age < ‘\j:
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Question 40  (***¥)
The 2° 2 matrix A is given below.

a) Find scalar constant& and h, so that
A2+K =HA
b) Use parfa) to determineA” !, the inverse ofA .

No credit will be given for findingﬁ\'1 by a direct method.

| | k=1, [h=8g], |A"*=

Q) BY CoudtOns EUMKTR N B MATOX CEUATIoN)

A e kT = WA

(2 2)22). 3 (1 o) 2 2\
(3 232 2 (voeN_ [ [?2)
\7&)‘\7&,]Lk\o()’t*\7§/
(25 ®Y ooy | (3
eag /(o )= s

loounG AT a lookn AT a
6 +0 =2 24k =3
h=8 Wik = 2

i b=y 2

b e e gunoy o ener

BT PRV

ERAI5oak alA%aT-waaf

8= o (ars-mg
: e

= 8l-A

5 1>
¥

- (8 o\ [3 2)
A R oy

T (3 =5)
s\ 3/\‘

By

.

L
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Question 41 (****)
The 2° 2 matrix A given below represents a transformation inxhe plane.

3-1
-5.2°

A=

The straight lineL with equation
y=2x+1
is transformed byA into the straight lineLd.
a) Find a Cartesian equation &f.
The straight lineM is transformed byA into the straight lineM ¢ with equation
11x+ 6y = 4.

b) Find a Cartesian equation of .

L& y=1- x|, |M 'y=4- 3x
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Question 42 (****)
Describe fully the transformation given by the doling 2° 2 matrix

agald olw
alw ol s

The description must be supported by mathematalatuitations.

reflection iny = X
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Question 43 (****)
A composite transformation in they plane consists of ...

i. ... auniform enlargement about the origin of scalgdr k, k >0, denoted
by the matrixE .

ii. ... ashear parallel to the straight lihe denoted by the matri$.

L 12 16
It is given thatES = SE=
-9 36

a) Show clearly thak = 24.

b) Find a Cartesian equation &f.

<
"

N
o
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Question 44 (****)
A plane transformation maps the general pinty) onto the general poir{tx,Y), by

d)

X 2 -1 X

Y -1 2y
Find the area scale factor of the transformation.

Determine the equation of the straight line of meat points under this
transformation.

Show that all the straight lines with equationtod form
X+y=c,
wherec is a constant, are invariant lines under thisdf@mation.

Hence describe the transformation geometrically.

SF=3, |y = x, |stretch perpendicular to the lige= X , bearscale factor
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Question 45  (****)

A transformationT : 2 2 is represented by the followingj 2matrix .

-3 8
-1 3°

a) Find the determinant oA and explain its significance with reference to its
sign and its magnitude.

b) Find the equation of the straight line of the inaat points under the
transformation represented By .

c) Determine the entries of t& 2 matrix B which represents a reflection about
the straight line found in paftb), giving all its entries as simple fractions.

The transformation represented By, consists of a shear represented by the m@lrix
followed by a reflection represented by the maBix

d) Determine the matrixC and describe the shear.

detA=-1, |y
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Question 46 (****+)

A transformation in two dimensional space maps aegd point with coordinates
(x,y) onto the point with coordinatdsX,Y) according to the equation

X-4 X
Y+4 y

-2 2
where A is the2” 2 matrix )

Investigate whether this transformation has anyeslirof invariant points or any
invariant lines, giving any relevant equations wétslines if they exist.

, [line of invariant points: 8- £= |, |invariant line :y=-x+ C
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Question 47  (****+)

A transformationT , maps the general poifi, y) onto the general poir{tX,Y), by

X -1 2 X

Y -2 3 vy’
a) Find the area scale factor of the transformation.
b) Determine the equation of the line of invariantsiunder this transformation.
c) Show that all the straight lines of the form
y=X+c,
wherec is a constant, are invariant lines under
d) Hence state the name df.

e) Show that the acute angle formed by the straigletWwith equationy = - x and
its the image under is

£ arctan 2 :
4 3
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Question 48  (****+)

A curve has equation
5x2- 16xy+ 13y?= 2E.

This curve is to be mapped onto another ci@vaunder the transformation defined by
the 2° 2 matrix A, given below.

-1 2

A= :
-2 3

Show that the equation & is the circle with equation

X2 + y2 =25.
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Question 49  (****+)

The 2° 2 matrix P is given below.

2 -1
-3 2

P=

The points on the-y plane which lie on the curve with equation

13x% - 16xy+ Y+ 8% 6% ¢
are transformed by onto the points which lie on another cui@e

Determine an equation f&@ and hence describe it geometrically.

[ (x-9% (v 2%
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Question 50  (****+)

The pointsP(7,5) and Q(4,- 3) are given.

The pointQ is rotated by90° anticlockwise about the poirit.

v S

R(15,2
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Question 51 (*¥***¥)
A shear is defined by th2” 2 matrix

a
M= ,
C

wherea, b andc are scalar constants.

Under this transformation the point with coordirﬁ(ﬁz 2) is mapped onto the point
with coordinateq - 8,11).

The shear defined byl has an invariant lin& , which passes through the point with
coordinateq0,1) .

Determine an equation df.

,|Lry=1-X
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