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Question 1  (*%)

F(x)=(-x)’In(1-x), -1<x<1.

Find the Maclaurin expansion of f (x) up and including the term in x>

Question 2 (**+)

[

f(x)=e* cos4x.
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Question 3 (**+)
y=e>"sin3x.
a) Use standard results to find the series expansion of y, up and including the

term in x*.

b) Hence find an approximate value for

0.1
e**sin3x dx.

0

[ 1. ezxsin3x=3x+6x2+%x3—5x4+0(x5) ;
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Question 4  (**+)

Find the Maclaurin’s expansion of In| 3 / i+ ix , up and including the term in s
—2x

I:l, In 31+2x =%x+%x3+0(x5)
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Question 5 (¥*%)

f(x)=In(1+sinx), sinx#=1.
a) Find the Maclaurin expansion of f (x) up and including the term in X

b) Hence show that

1
4

In(1+sinx) dx = 0.028809.
0

[ ], [n(1+sinx) =x—%x2+éx3+0(x4)
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Question 6  (**%)

X
f(x)se—-ll—l,xeR.

2e2"

Use standard results to determine the Maclaurin series expansion of f (x), up and

including the term in xF

I:I, f(x)=1+%x2+1 4+;x(’+0(xg)
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Question 1 (¥*%4)

y=(1+x)"cosx.

Show clearly that ...
PE

Yy 2 .
a) ... —=[x"+2x-5]sinx—6(x+1)cosx.
©3 < (@ 22-5)sin -6 (x+1)

b) ... y=1+Ax+ Bx> +Cx° , where A, B and C are constants to be found.

, |proof
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Question 2 (¥¥%4)

Find the Maclaurin expansion of In(2—e”), up and including the term in X

l:l’ ln(2—ex):—x—x2_x3+0(x4)
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Question 3 (¥*%4)
£(x)=In(1+cos2x), 0Sx<%.

a) Find an expression for f”(x).

b) Show clearly that

¢) ‘Show: further that the series expansion of the first three non zero terms of f (x)

is given by

1n2—x2—lx4.
6

I:I f'(x):— 2sin2x
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Question 4  (¥*%4)

Find the Maclaurin expansion of In(1+sinh x) up and including the term in .

In(1+sinhx) = x—%x2 +%x3 +O(x4)

Question 5 (¥**+)

Find the Maclaurin expansion of f (x), up and including the term in X

f(x)EZX—x2+x3+0(x4)
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Question 6  (¥*%4)

tan x

y=e" ", xeR.
a) Show clearly that
2
—§=(1+tanx)zﬂ.
dx dx

tan x

b) Find a series expansion for e, up and including the term in X,

tanx __ 1.2,1.3 4
e —1+x+2x +2x +0(x )
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Question 7  (¥*%4)

y=tanhx, xe R.

By expressing the derivatives of tanh x in terms of y , or otherwise find the first 2
non zero terms of a series expansion for tanh x .

yzx—§x3+0(x5)
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Question 8  (***+)

By using results for series expansions of standard functions, find the series expansion

of ln(l —X— 2x2) up and including the term in x*

l:l, ln(l—x—2x2):—x—%x2 —Zx3—%x4+0(x5)
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Question 9 (¥*%4)

By using results for series expansions of standard functions, or otherwise, find the

series expansion of In (x2 +4x+ 4) up and including the term in Xk,

M 1n(x2+4x+4):21n2+x—ix2+ix3—ix4+0(x5)
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Question 10  (**%4)

f(x)=cosx+coshx, xeR.

Use the first 3 non zero terms of the Maclaurin expansion of f (x) to approximate the

solutions of the equation

f(x)=21.

x =~ +1.046|
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Question 11 (¥*%%)

f(x)=sin[In(1+x)], xeR, x>-1.
a) Show that
(1x)" (%) + (1+2) ' (x) + f(x) = 0
b) Hence find first 3 non zero terms of the Maclaurin expansion of f (x) .

¢) Use the result of part (b) to find first 2 non zero terms of the Maclaurin
expansion of sin |:1n (1+ x)] :

[ ], sin[In(1+x)]=a=dx2+ 1,3
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Question 12 (¥*%%)
By using results for series expansions of standard functions, or otherwise, find the

series expansion of In (x2 +2x +1) —(x— 2)(ex— 2) up and including the term in x~.

——2+5x—x2+lx3+0(x4)
2
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Question 13 (¥*%%)
f(x)=e"cosx, xe R.

a) Show clearly that

b) Find a series expansion for f (x), up and including the term in X

¢) Hence find a series expansion for e*sinx, up and including the term in X",

showing further that the coefficient of x* is zero.

f(x):1+x+%x3—%x4—3—10x5 +0(x6) - exsinx:x+x2+%x3+0(x5)
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Question 14  (¥¥%%¥)

The functions f and g are given below.

f(x)zarctan(%x), xeR.

1
=) R, -1<y<l.
g(y) oy 0E y

a) Expand g(y) asabinomial series , up and including the term in y3.

b) Use f’(x) and the answer to part (a) to show clearly that

2 \.2. 8 3,32 5_ 128 7
"“Ctan(ﬂ)’“ﬂ 31 T1215% ~15309" -

g(y)=1-y+y* =y’ +o(y]
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Question 15 (¥¥%%)
y=+94+2sin3x .

a) Find a simplified expression for y? ;

X
b) Hence show that if x is numerically small

~ ~1,2_13.3
y=3+x 6% 79X
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Question 16  (**%%)
f(x)=arsinh(x+1), xe R.

Show clearly that ...
a) .. fE)HE [ ()] =0.

b) ... arsinh(x+1)z]n(1+\/§)+§x_%x2+4£§x3.

proof
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Question 17  (¥%%%)

T
y=tanx, 0Sx<5.

a) Show clearly that ...

i . d—2y=2yﬂ.
dx? dx

ii L —
dx* dx d’ dx*

5 Y 3 4
Zsy:{uj gy o dy
X

b) Use these results to find the first. 3 non zero terms of a series expansion for y .

N T
9D (9= b |
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Question 18  (*¥*%%)

y=In(4+3x), x>—%.

2 3
a) Find simplified expressions for ﬂ, d_;) and Q
dx  dx x>

b) Hence, find the first 4 terms in the Maclaurin expansion of y =In(4+3x).

¢) State the range of values of x for which the expansion is valid.

d) ‘Show that for small values of x,

(4+3xj 3 9 ;4
In =—x+—x.

4-3x) 27 32
dy 3 d*y 9 d>y . 54 i__ 4
o L A 2537 o) RN I R 1 &
dx_ 3x+4| |dx (3x+4)7| |dx” - (3x+4)

1n(4+3x)=ln4+%x—%x2+%x3+0(x4)

B¢ Y., = ot

Created by T. Madas



Created by T. Madas

Question 19 (¥¥%%¥)
If m and n are non zero constants, then the first non zero term in the Maclaurin

expansion of ¢ —(1+4x)" is —4x”.

Find the coefficient of x> in this expansion,

You may NOT use standard series expansions in this question.

m—

PMd b O o
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Question 20  (¥¥¥%¥)

Determine the first 3 no zero terms in the Maclaurin expansion of

I:l, y=1+x2+%x4+0(x6)
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Question 1 (¥%%%4)
y=In(I1+sinx), sinx#—1.

a) Show clearly that

dy _
ﬁ—fb%

where f(y) is afunction to be found.

b) Hence show further that

In(1+sinx) = x—lx2 +lx3 —ix4 + L i
6 12 24

o 7
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Question 2 (¥**¥4)

Use the Maclaurin theorem to show that

104,845

y :tan(x+£jzl+2x+2x2+§x3+
4 3 15

proof
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Question 3 (¥**%4)

Find the Maclaurin expansion, up and including the term in x*, for y= eSin2y,

gSin2x :1+x+2x2—2x4+0(x5)
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Question 4  (F**E4)

Consider the following infinite convergent series.

3_5+7_9+11_
I1x2 2x3 3x4 4x5 5%x6

a) Use the method of differences, to find the sum of this series.

b) Verify the answer of part (a) by using a method based on the Maclaurin
expansion of In(1+x).
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Question 5 (¥¥¥EL)
y=In(2-¢*), x<in2.
Show clearly that

3
b d_3y+3ﬂd_2y+ ﬂ

3 2 +e* :O,
dx dx dx dx

and hence find the first 3 non zero terms in the Maclaurin expansion of

)’=ln(2—ex), x<In2 .

I:I, y:ln(z—ex):_x_XZ_x3+0(x4)
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Question 6 (¥***4)

Find the Maclaurin expansion, up and including the term in x*, for y =sin(cos x).

|:|, sin(cos x) = sinl—%x2 cosl+x* (2—14cosl—%sin1)+0(x6)
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Question 7 (¥*¥*%4)

Find the first four non zero terms in the Maclaurin expansion of

y=In(1+coshx).

[ 1 ln(1+coshx):1n2+%x2 —9—16x4+ﬁx6+0(x8)
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Question 1 (k¥%F)

The curve with equation y = f (x) is the solution of the differential equation

2
f(x)=In 1-x+x”

1+ x+x°

6n-3

Determine, in its simplest form, the coefficient of x , ne N, in the Maclaurin

series expansion of f(x).

N

6n-3
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Question 2 (FFEF)

Find the Maclaurin expansion of arctan x , and use it to show that

7L'=Zf(n),

n=0

for some suitable function f .

(For . ”:iﬂ

2n+1
n=0

ST T DIFRESIATION 4 11§HeeATiond

& adowa) =

a4 [ i e L

ERCEE
INHGLATING WY Lesper

ok = >,

Aty 2 =

Created by T. Madas



Created by T. Madas
Question 3 (FHHEE)

a) Use an appropriate integration method to evaluate the following integral.

¥ arctan x dx.
0

b) Obtain an infinite series expansion for arctan x and use this series expansion to
verify the answer obtained for the above integral in part (a).

[you may assume that integration and summation commute)
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Question 4  (k¥EF)

It is given that

L 2
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Assuming the following integral converges find its exact value.

1

(Inx)(arctan x) dx.
0

[you may assume that integration and summation commute)
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Question 5 (Gk¥¥FE)

Show with detailed workings that

2r+3 3
——— | = 3In(=].
r=l1
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Question 6  (Fx*FFF)

. . . 1+ : !
By considering the series expansions of ln(l—xz) and Tn| —* , or otherwise, find

I-x
the exact value of the following series.

)
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Question 7 (FFEEE)

Find the sum to infinity of the following series.

1 1 1 1 1
—— + — + i
1 1+4 1+4+9 1+449+16 1+4+9+16+25

You may find the series expansion of arctan x useful in this question.
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Question 8 (FHHEE)

Find the sum to infinity of the following series.

1 1 1 1
1+ + > 3+ Tt
3x4 5x4° Tx4> 9x4
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Question 9 (k¥EE)

Given that p and ¢ are positive, show that the natural logarithm of their arithmetic
mean exceeds the arithmetic mean of their natural logarithms by

4r=2
2 (Jp=va)"
2r=1{(Jp +q

r=l1

You may find the series expansion of artanh (xz) useful in this question.

, |proof

@ ST RoM THE SEUEE PN OF  atanhax 1N 06 BRI ® POTING Al THE DESUIS. TOGETHAL.
OTTING AL THE RESUCK TOGETHER.

= ¢ g v e anee S [Car2) L[ aea2)
3 obwha= L0(1) = & [t - b 2 1= | 2%
4 =t =7 1 il |
e -
alsli T : | S [ C oA ed)
S Ot 3 Gam 2o | 7 i 5| - zm\j@/ﬁ
L 7 4l =

I 8 = 2 y -
S arond=H 4L+ T2y ] £+q )

" Lo

TR P
=athwhy = @+ T‘{-l;‘fxl +4a 4

pu— ol () a > b
=2 ¢ o) = P Lafe fats Loty
2| orkagh(ad) =
| an\ X
L =

® peT T -

TR 4

2+ 24

= 45

Created by T. Madas



TAYLOR
SERIES
EXPANSIONS
4 BASIC
QUESTIONS



Created by T. Madas

Question 1 (¥*%)

x>0

1
y=-—7,
Jx
a) Find the first four terms in the Taylor expansion of y about x =1.

b) Use the first three terms of the expansion found in part (a), with x= P to show

that \/_ z@ .
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Question 2 (**%)
f(x)zlenx, x>0

a) Find the first three non zero terms in the Taylor expansion of f(x), in powers

of (x=1).

b) Use the first three terms of the expansion to show In1.1=0.095.

L | r () =(-0+3 (=1 + 3 (x-1) +0((x-1)1)
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Question 3 (¥*%)

f(x)=cos2x.

a) Find the first three non zero terms in the Taylor expansion of f(x), in powers

of (gj

b) Use the first three terms of the expansion to show cos2 = —0.416.

1. f(x)z—2(x—£j+i(x—zj3

4

4 7r5 757
Ty | +O|| x——
sert) ol (%)
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Question 4  (¥%%)

f(x)=cosx.

a) Find the first four terms in the Taylor expansion of f (x), in ascending powers

of (gj

b) Use the expansion of part (a) to show that

d) Fuo e Fer 3 vooamos of (&)
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Question 1 (¥*%4)
f(x)=sin2x, xeR.

a) Determine, in exact simplified form, the first 3 non zero terms, in the Taylor

expansion of  f (x), centred at x= %7[ .

b) Write the entire expansion of f(x), as a simplified expression in > notation.

[ f(x)=1—2(x—%ﬂ')2+%(x—%75)4+... !

(4 (1
f(x)= (Zr)'(x_%”)
r=0 "
a) ST B DiremiaTol 4 SAWATOL A x= T
46y = s ()=

{6) = 2w0m {&)=o0
&) < —wem 1
4

~8msa
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Question 2 (G¥¥¥¥)

a) Show that

Created by T. Madas

y=tanx.

d3

2
2y9L—+2(@j
dx>

dx? dx

b) Determine the first four terms in the Taylor expansion of tanx, in ascending

powers of (x—zj
1)

¢) Hence deduce that
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Question 3 (FxEE)
y= tan2 X.
a) Show that
d* y

F =120sec® x—120sec* x +16sec’ x .
X

b) Determine the first 5 terms in the Taylor expansion of tan” x, in ascending

T
powers of | x——
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Question 1  (**+)

A curve has equation y=f (x) which satisfies the differential equation

d
@ _s2_ 2

dx Yo

subject to the condition x=0, y=2.

Determine the first 4 terms in the infinite series expansion of y = f(x) in ascending
powers of x .

1. Y=2—4x+8x2_4_7x3+0(x4)

3
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Le,
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Question 2 (**%)

A curve has an equation y = f (x) that satisfies the differential equation

dy dyjz
—=+{— | +xy=0,
ydx2 (dx w

dr

subject to the conditions x=0, y=1, -
X

By using the first four terms in the expansion of y= f(x) in ascending powers of x,

show that y =1.08 at x:%.

proof
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Question 3 (¥*%)

A curve has an equation y = f (x) that satisfies the differential equation

xﬂ—y2=3, x#0,

dx

subject to the condition y=2 at x=1.

Find the first four terms in the expansion of y = f(x) as powers of (x—1) .

y52- 1)+ F T -1 of(+-1)')
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Question 1 (¥*%4)

dy  3x+y?
Ly X , x=#0.

dx X
Given that y=1 at x=1, find a series solution for the above differential equation in

ascending powers of (x—1), up and including the terms in (x— 1)3 .

y=1+4(x-1)+

(1A

(x=1)° +18(x=17 +0| (»=1)" ]
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Question 2 (¥*%4)

A curve has an equation y = f (x) that satisfies the differential equation

2
d—§+ 2D Gin2x+4ycos2x =0,
dx dx

subject to the conditions y =3, ? =0 at x=0.
X

Find a series solution for f (x) up and including the term in x*

y=3—6x2+8x4+0(x6)
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Question 3 (¥*%4)
A curve has an equation y = f(x) that satisfies the differential equation

2
e_xQZZyﬂ+ y2+1
dx

with y=1, ﬂ=2 at x=0.
dx

a) Show clearly that

_ d3y _ dzy dy dy
e —==2y+e |—+2—| y+—|.
dx® ( ( )dx2 dr\” " dx

b) Find a series solution for f (x), up and including the term in X

I:I, y =1+2x+3x2+5x3+0(x4)
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Question 1 (¥*%4)

Show clearly that
243
f(x)=1-4x +§x .

proof

Question 2 (¥*%4)

2
a) Find the first four terms in the series expansion of (1 —% yj

b) By considering the first two non zero terms in the expansion of sin3x and the
answer from part (a) , show that

1fl—lsin?ax = l—gx—ix2 +£x3 .
2 4 32 128

1.1 .2 1.3 4
1-dy—55y gl vo(r?)
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Question 3 (Gk¥¥FE)

By considering a suitable binomial expansion, show that

) b 2r 2 X 2}"+l
arcsinx = E — =
r)2r+1\ 2

r=0
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