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Question 1 (***)

C )
A > 7ms?
15.6 m
\\\B
O
D /

The figure above shows the cross section of aocartowerOACD standing on a
plane inclined at an anglg to the horizontal, wheréang = 0.1.

A patrticle is projected horizontally fromA hitting the incline plane at the poiBt.

The journey of the particle is in a vertical plasoatainingO, A andB.

Given that|OA{:15.6m determine the vertical distance through which plaeticle
falls as it travels fromA to B.

You may assume that the only force acting on thicfgis its weight.
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Question 2 (***)

A particle is projected from a poimA on level horizontal ground with speed of
U ms?atan angle of elevatiog.

The particle moves through still air without anysistance, reaching a maximum
height H above ground, before it first hits the ground @bt which isR m away
from A.

a) Show clearly, in any order, that ...

2 .
i RpoYtsing.
g
2 .2
FoH =29
29

It is now given that the particle reaches a gredtegyht above the ground 40D m,
after travelling a horizontal distance 60 m from A.

b) Determine in any order the value &f and the value ofang .

U =35, [tang =

Wl
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Question 3 (***)
A patrticle P is projected from the poinA on level horizontal ground with a speed of

2ims?! at an angley to the horizontal. In the subsequent mot®ns moving
under gravity, without any air resistance.

The particle passes through the poBit t s later. The horizontal and vertical
displacement oB from A arel2m and2 m, respectively.

a) By considering the horizontal component of the obf P show

t=

~

seq; .
b) ' By considering the vertical component of the mowbrP show

Atarfg- 30tam+ & .

c) Determine, to three significant figures, the snsligossible flight time of P
from A to B.
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Question 4 (***)

In a golf driving range, a golf ball is struck withspeed o#9 ms?® at an angle of
elevationa from a pointA, which lies4.9 m above level horizontal ground.

The ball first strikes the ground at the pobitwhich lies at a horizontal distance of
98 m from A.

The ball is modelled as a particle moving underiyawithout any air resistance.

a) Show clearly that

Atarfa- 20tam+ 3 .
b) Hence find, to three significant figures, the twasgible values o& .

c) Determine, to three significant figures, the snsdlf@ossible flight time of the
ball from A to B.

a»8.80,78.34|, |t»2.02s
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Question 5 (***+)

A patrticle is projected with speendms'1 at an angleg below the horizontal, from a
point O above level horizontal ground. The particle’s horizontahd vertical
distances fronO at timet s after projection, arx m and y m, respectively. The
particle is moving under gravity, without any asistance.

a) Show clearly that

X

y = xtang +——————.
2u® cofq

A child is throwing a tennis ball from tower bloakning at a target on the ground.

The ball is thrown from a height B m, with a speed 028 ms ?, aimingdirectly
at the target which is at a horizontal distanc® ai, from the foot of the block.

The tennis ball land® m short of the target because of the effect of gyavi

b) Determine the value db .
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Question 6 (***+)

A fixed origin O is located on level horizontal ground and the eexct andj are
unit vectors pointing horizontally and verticallgspectively.

A mortar shell is fired fromO with velogity (Ui +Vj) ms*, whereU andV are

positive constants. The shell lands on the enemgetavhich is located on the same
level horizontal ground a®. The highest point on the path of the shell hastjom

vector (300 +122.5) m.

The shell is modelled as a particle moving freaiger gravity.
a) Show that the time it takes the shell to hit thgefis10s.
The shell was projected at an angle of elevatjon

b) Determine the value afang.
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Question 7 (***)

A cannon fire a shell with a speed wims ® at an angle of elevatiop from a point
O on level horizontal ground. The shell has horiaband vertical displacements of
xm andy m from O at timet's. The shell is modelled as a particle moving under

gravity, without any air resistance.

a) Show clearly that

y = xtang - STXE(B tar‘?q).

The cannon is aimed at the gate of a fortress wisian a hill at a height df50m
above the level of the cannon, and a horizontaadcd m from the cannon.

A shell is fired at70 ms * at an angle of elevatioarctan z, which hits the gate of the
fortress on its wagown, with a speedJ ms 1, T s after it was fired.

b) Determine in any order the value df the value off and the value of .

[d=300, |T=30{55958, |U =14/10» 44.27
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Question 8 (***+)

A footballer sees the goalkeeper off his line amdkkthe ball from level horizontal
ground with speet) ms !, atan angle of elevatiamp, Wheretanq=l—52.

When the ball was kicked, it was at horizontal atise 0f52.8m from the goal line
and perpendicular to it. Consequently a goal isestas the ball passes just under the
horizontal cross bar which stands40 m in vertical height.

The ball is modelled as a particle moving freelylemgravity, whose path lies in a
vertical plane perpendicular to the goal line dneldross bar.

a) By considering the horizontal and vertical displaeats of the ball, show
clearly thatU =28.6.

The goalkeeper whose vertical reacl3i211m could not prevent the goal.

b) Given that the keeper jumped to save the goal wherball was on its way
down determine the distance of the goalkeeper fnigngoal line when he
jumped for the ball.
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Question 9  (***+)

P
5m

/ 24
&

o) > X

The pointO lies at the bottom end of a fixed smooth planelined at30° to the
horizontal. A positivey axis is defined up the line of greatest slopeneffilane and a

positive x axis is defined perpendicular to tlyeaxis throughO, as shown in the
figure above.

At particle P is projected along the plane with spéefdms'l in a direction parallel
to the x axis, from the point with coordinat¢®,5), relative toO.

P reaches the bottom of the plane at the p())(l;to), with speedv , after timeT .

Determine in any order the value &f, V andT.

| |, |» 4-464)|, » 33960 m, |» 54¢ 14
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Question 10 (***+)

A particle is projected from a poif@@ on level horizontal ground with a speed of
34.3ms ! at some angle of elevation.

The particle is moving freely under gravity, reahia greatest height above the
ground before it passes through the pdint3's after it was projected.

When the particle passes throuBhit has a speed df4.7 ms !, at an angles to the
horizontal.

Show thaty = arcsir(%), stating further whether this angle is above thezontal or

below the horizontal.

]:[ , |proof
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Question 11 (***+)

————
R

_________ v
40 -~ ’
Plas ’

The pointO lies on level horizontal ground and the poitis at a horizontal
distanced m away fromO and at a heightl m above the ground.

A particle is projected fromO with speed 40 ms! at an angle of elevation

arctar(%) .

At the same time another particle is projected frAmvith speed 20 ms ! at an
angle of elevatiorarctar(%), as shown in the figure above.

The motion of the two particles takes place ingame vertical plane.

Assuming that there is no air resistance preséotyghat, if the two particles collide
during their flights, then

, |proof
e AT BE D e Si S 2T
Y= Bosea)T dae® = gt S39T*
Yo = L loskb )T - Lgt= = LvzonkT - 2472
9y = AT - 4yT?
Y= b T -T2 = Y=Y
= - %{/ Lusr%ff
THNG O & THE oaiG) - = =87
%= (fows)T = doxeT= T DWIninG THe UATonS |
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5«42:‘;;\%““ = ddh = Hr2
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Question 12 (***+)

In this question take =10 ms 2.

Two patrticles,A and B, are projected from the same fixed padt with the same
speedu ms ! at angles of elevatiog and2g respectively.

It is further given that ...

... Bis projected% s after A

... tang =

N

If A andB collide in the subsequent motion determine thee/alf u .
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Question 13 (***¥)

RN

LSS LSS LSS LSS S S S S S S SSSAA

A particle P is projected with a speed afms ! at an angle of elevatiog, from a
point A which is125m above level horizontal ground. The particle is mgvreely
under gravity and first strikes the ground at anp@, as shown in the figure above.

It took T s for Pto travel fromA to B, and the speed of the particleBitis3u ms 2.
a) Find the value oli.
b) Show clearly that ...

. _49T2%- 1250
i. ...smq—W.

E, 25 50
Il 7\/§<T< =7
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Question 14 (****)

Relative to a fixed origirO the unit vectors and|j are oriented horizontally and
vertically upwards, respectively. The origin ligslevel horizontal ground.

A particle is projected with velocit{7i +14 ) ms* from O and moves freely under
gravity passing through the poift with position vector(xi + yi) m, in timet s.

a) Show clearly that
y= %) x(20- X).

The particle reaches a maximum height fm above the ground and has a
horizontal range oR m.

b) Find the values oR andH .

The pointQ lies on the particle’s trajectory so that its ety at P is perpendicular
to its projection velocity.

c) Show that the position vector @ is k(4i +a‘) m, wherek is an exact
constant to be found.

= 3 ~25
[R=20, H=10, k=%
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Question 15  (****)

In this question take =10 ms 2.

A projectile is fired from a fixed poinD with speedu ms ! at an angle of elevation
a so that it passes through a poinht

Relative to a Cartesian coordinate system with iorigt O the point P has

coordinates(lO\/?S,S/_B).

It is assumed thaD and P lie in the same vertical plane, and the projectde be
modelled as a particle moving freely under gravity.

a) Show clearly that

500tafa - 2/ 62 tag+ 5004 &=

b) Hence determine the minimum valuelof

u319.021...
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Question 16 (***¥)

At time t =0, a patrticle is projected from a poi@ on level horizontal ground in a
non vertical direction.

At some time later the particle is passing throagpoint P with speed48 ms !, at
an angle of35° above the horizontal.

Given thatP is at a height 0£90m above the ground, determine the time when the
particle isagain at a height 090 m above the ground

t»9.744...
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Question 17 (****)

q
Qi daaddaairiddds

A projectile is fired from a fixed poinD with speed,/15ag at an angle of elevation
g so that it passes through a poiht Relative to a Cartesian coordinate system with

origin at O the pointP has coordinate(;lZa,l—\,_)2 a).

It is assumed thaD and P lie in the same vertical plane, and the projectde be
modelled as a particle moving freely under gravity.

Show clearly, that the respective minimum and maxmilight times of the projectile

from O to P are
4@ and ZE.
\jg \/g

proof
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Question 18  (****)

A particle P is projected from a poin® on level horizontal ground with speed
26 ms !, atan angley to the horizontal.

At the same time, another particeis projected horizontally with sped® ms 1,
from a point A, which lies78.4m vertically aboveO.

The motion of both particles takes place at the sarngcal plane with both particles
moving through still air without any resistance.

The particles hit the ground at the same time atgaiots which ared m apart.
a) Calculate the value of .

b) Given instead that the particles collide beforeg/tteach the ground, determine
by detailed calculations whethé& is rising or falling immediately before the
collision.

[d»28.33]
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Question 19

(****)

Created by T. Madas

Relative to a fixed origirD the unit vectors and|j are oriented horizontally ar

vertically upwards, respectively.

The gravitational acceleration constants taken to be 10 ms 2 in this guestion.

A particle is projected with velocit)(ui+\4i)ms'1, whereu and v are positive

constants, from a poir with position vectod05 m.

The particle moves freely under gravity passinguglfothe pointQ with position

vector 210 m.

a) Show clearly that

u® +2uv=2100.

d

b) Given that whert =2 the particle is moving parallel iq determine the time
it takes the particle to travel frofd to Q.

The particle passes through the pdiwith a speed 0£0V/29 ms .

c) Show R is 80 m below the level ofP .

,|u=30, v= 24, |flight time= 7 g
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Question 20  (****+)

O 10 m A

A patrticle is projected from a poi@ on level horizontal ground with spe&0 ms !
at an angle of elevatioa . The particle is freely moving under gravity, hewdi
towards a plane, inclined at an andieto the horizontal.

The foot, A, of this incline plane is located at a horizortstance ofLO m from O,
as shown in the figure above.

The patrticle strikes the incline plane at the pd@ntso thatAB is a line of greatest
slope in the same vertical plane which cont&ns

Determine the distanc@B, given further thata = arctan% and b = arctan%

l:I’ |AB| =- 1550;;10@/_21»13.48 0t
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Question 21 (****)

Two particles are projected from the same fixed pointh the same speadl, at
angles of elevatioy and 2g .

If the particles collide in the subsequent motibovs that

gT(2cosgy- I( cog+ )
2sing ’

whereT is the time delay between the projection of the particles.

proof
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Question 22 (****+)

d

O X

A patrticle is projected from a poiflg8 down an incline plane with a speed@,
wherea is a positive constant, at an-angle of elevatjon

The patrticle is moving freely under gravity andtfistrikes the ground at a poit.
The pointO lies vertically belowA and at the same horizontal levelBs as shown
in the figure above. The plane has constant inetinadnd the particle moves in a
vertical plane which contains the angle of greadkxte of the plane.

a) Show that
xztanzq- 2ax tang+ - 2ab
where OA= b and|OB| = x.

b) Hence show that the maximum valueofand the corresponding angle of
projectiong satisfy

_ _ | a
x=,/a(a+2b and tang= P

proof
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Question 23 (****+)

A particle is projected from a poif@ on level horizontal ground with speedat an
angleg above the horizontal, towards a smooth verticdl which is at a harizontal
distancea from the point of projection.

The particle moves in a vertical plane perpendictdathe wall and hits the wall
before it hits the ground. On impact with the widlé particle rebounds and first
strikes the ground aD.

Given thate is the coefficient of restitution, show that

2= ag(e+1)
esin2g

proof
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Question 24 (*¥***x¥)

A patrticle is projected at an angde above the horizontal, from a vertical cliff face o
height H above level horizontal ground. It first hits theognd at a horizontal
distanceD, from the bottom of the cliff edge.

Assuming that air resistance can be ignored, shaithe greatest height achieved by
the particle from the level horizontal ground is

Dtarfa

H + .
4(H +Dtana)

proof
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Question 25 (*¥***x¥)

A tennis player standing on a level horizontal ¢t@arves the ball from a height of
2.25m above the court. The ball reaches a maximum hegt&.4 m above the
court and first hits the court at a horizontal @nste 0f20 m from the point where the

player served the ball. The ball rises T@ts and falls forT, s .

The ball is modelled as a particle moving througlhat without any resistance.

a) Show clearly that

b) Determine the magnitude and direction of the véyoaf the ball ...
i. ...when it was first served.

ii. ... asitlands on the court.

U » 22.926... m&" , taa =4—30 a» 4.289]
"]

V » 23.8685... ms" tan =gy b>» 16.699

@ Now usae Vg,
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Question 26 (****¥)

A particle P is projected from a fixed poiD with speedv and at an angle of
elevationg®.

It passes through a poifit which is at a horizontal distan@from O, and a vertical
distanceh below the level 0.

P is then projected fron® with speedv at an angle of depressi¢@0- gf and
passes througl) again.

a) Show that
v2 +agcot(27) = 0
b) Deduce that

h+atan( ) = 0.

proof
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PROJECTILES
ON INCLINE PLANES
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Question 1 (***)
The point A lies on a smooth plane which is inclined at anlewag to the horizontal,

-5
wheretana = 17

A particle is projected fromA, up a line of greatest slope of the plane, wiipeed of
245ms ! atan angle of elevatioa +g , wheretang =% .

The particle is moving freely under gravity andtfings the plane aB .

Given that the coefficient of restitution betwed plane and the particle%\/f%,

show that the patrticle first rebounds frdnwith a speed o14.7 ms L.
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Question 2 (***+)

The figure above shows a patrticle projected fronoiatgO on a plane inclined at an
angleg to the horizontal. The particle is projected dowa plane with speed, at
an anglea to a line of greatest slope of the plane.

The particle lands for the first time at the poifin timeT .
The gravitational acceleratiog is assumed constant and air resistance is ignored.
a) Determine an expression connecting ¢, a andT .

b) Hence show that

|OP| = 2 sina coda -q)

|2usina = gT cog
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Question 3 (***+)

The pointO lies on a plane which is inclined at an angl€6t to the horizontal.

A particle is projected fron®©, up a line of greatest slope of the plane, wiipeed of
Ums? atan angles to the plane

The particle first strikes the planeraght angles, at the pointA.

The gravitational acceleratiog is assumed constant and air resistance is ignored.

a) Determine the value dfany .

b) Given further thatOA =35 m, determine the value of) .

[ ]|ty =1V3

U=42=245ms
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Question 4 (****)

The figure above shows the path of a particle,asdd from rest, from a height
above a smooth plane, inclined at an argléo the horizontal.

The patrticle strikes the plane at the poftand rebounds striking the plane for the
second time at the poirig .

The coefficient of restitution between the pland #re particle is.

The gravitational acceleratiog is assumed constant and air resistance is ignored.

Given that|AB = d, show that

d =4en e+1)sina .
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Question 5 (****)

The pointO lies on a plane which is inclined at an angl¢o the horizontal.

A particle is projected fron®, up a line of greatest slope of the plane, withespof
V at an angle of elevatioa , along a line of greatest slope of the plane.

The gravitational acceleratiog is assumed constant and air resistance is ignored.
The particle lands at a poift on the plane, at tim& after projection.

a) Find an expression fof interms ofV, g, g, anda , and hence show that

szsina-q coR
o = 2-=nla-g)com,
gcos g

The value ofa can vary so thgOP is greatest.
b) Expressa in terms ofg when|OP| is greatest.

c) Show further that greatest value|6H is

V2
g(1+sing)

T=2V5|n(a-q) [a-

Jcosg (29 +p)

N
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Question 6 (****)

The pointO lies on a plane which is inclined at an angleo the horizontal.

A particle is projected fron®, up the line of greatest slope of the plane, wjbed
of V at an angley to the line of greatest slope of the plane.

Show that the maximum range of the particle upplbee is

V2
g(1+sina)’

where g is the gravitational acceleration, assumed cohstan

Air resistance is ignored in this question.

proof
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Question 7 (****)

The pointO lies on the foot of a fixed plane which is inclihat an angle o#i5° to
the horizontal. A particle is projected fro@, up the line of greatest slope of the
plane, with speed aii.

The gravitational acceleratiog is assumed constant and air resistance is ignored.

Given that the particle achieves the greatest rapgbe plane, determine the angle of
projection.

, |22.5 to the plane or 67.5 to the horiz
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Question 8  (****)

The pointO lies on a plane which is inclined at an angl€6t to the horizontal.

A particle is projected fron®, up a line of greatest slope of the plane, withespof
vV ms ! at an angle of elevatiof80+a)°.

The gravitational acceleratiog is assumed constant and air resistance is ignored.

The patrticle first hits the plane at right anglea @ointP, 16 s after projection.

Determine the exact value tdna and the distanc®P.

tana =33, |OP[=649=627.2
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Question 9  (****)

The pointO lies on a plane which is inclined at an angle%gm‘ to the horizontal.

A particle is projected fron®, up a line of greatest slope of the plane, witkespof
U ms?! at an angle of elevatioql+%p.

The gravitational acceleratiog is assumed constant and air resistance is ignored.

The patrticle first hits the plane when it is movimgrizontally.

Determine the exact value tdng .

tang = %\/_3
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Question 10 (****)

A particle is projected with speadl, from a pointO on a plane which is inclined at
an angle%p to the horizontal.

The particle is projected up the plane at an aggte the plane and moves in a
vertical plane which contains a line of greatespslto the plane. When the patrticle
first strikes the plane at the poiat, it is moving at right angles to the plane.

The gravitational acceleratiog is assumed constant and air resistance is ignored.

2
Show that/OA = 4$_g .

proof

Created by T. Madas



Created by T. Madas

Question 11 (****)

A patrticle is projected from a poil@ on a smooth plane inclined at an angldo
the horizontal.

The patrticle is projected up the plane with speedt an angleb to the plane, and
moves in a vertical plane which contains a lingrefatest slope of the plane.

The particle first hits the plane at the po#atand rebounds in a vertical direction.
The gravitational acceleratiog is assumed constant and air resistance is ignored.
If the coefficient of restitution between the pelgiand the plane is, show that

cota cotb =e+ 2.

proof
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Question 12 (****+)

The pointO lies on a plane which is inclined at an angld s to the horizontal.

A particle is projected fron®, up a line of greatest slope of the plane, witkespof
30ms?!atan angle o¥5° to the horizontal.

The patrticle first strikes the plane at the point

When the particle strikes the plane it reboundssirikles the plane again at the point
B, whereB is further up the plane thaA.

The gravitational acceleratiog is assumed constant and air resistance is ignored.

The coefficient of restitution between the partiatel the plane ig.

Given further thatan15 = 2- \/_E, show thate< - 1+ %\/?3
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Question 13 (****+)

The pointO lies on a plane which is inclined at an angl€6t to the horizontal.

A particle is projected fron®, up a line of greatest slope of the plane, witkespof
V ms?atan angley to the plane.

The gravitational acceleratiog is assumed constant and air resistance is ignored.

Show that agy varies the greatest range of the particle up theepis achieved when
the direction ofV bisects the angle between the plane and the upxeatidal.

proof
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Question 14 (****+)

The pointO lies on a plane which is inclined at an angl¢o the horizontal.

A particle is projected fron®, up a line of greatest slope of the plane, witkespof
Ums?!atan angley to the plane. When the particle hits the planehbbunds with
speedv ms 1. After rebounding the patrticle first hits the pdaat the pointB .

The coefficient of restitution between the partiatel the plane i% :

The gravitational acceleratiog is assumed constant and air resistance is ignored.

U 2

proof
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Question 15 (****+)

The pointO lies on a plane which is inclined at an angletbf to the horizontal.

A particle is projected fron®, up a line of greatest slope of the plane, witkespof
Ums?!atan angley to the plane. When the particle hits the planehbbunds with
speedVv ms 1.

The coefficient of restitution between the artiated the plane i%.

Given further that at the instant when the partiaigt hits the plane it travels in a

horizontal direction show that = %U )

The gravitational acceleratiog is assumed constant and air resistance is ignored.

proof
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Question 16  (*****)

A patrticle is projected from a poil@ on a smooth plane inclined at an angldo
the horizontal.

The patrticle is projected up the plane with spgedat an angley to the plane, and
moves in a vertical plane which contains a lingrafatest slope of the plane.

The patrticle first hits the plane at the poit rebounds and next hits the planeat
The gravitational acceleratiog is assumed constant and air resistance is ignored.
If the coefficient of restitution between the padiand the plane is, show that

cotg =(1+e) tama .

proof
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Question 17  (*****)
The pointO lies on a plane inclined at an angleo the horizontal.

A particle is projected fron®, with speedu up and in a direction up the plane, at an
anglea to the horizontal.

The particle first strikes the incline plane at goént A.

The motion of the particle takes place in a veltgane which contains a line of
greatest slope of the incline plane.

The gravitational acceleratiog is assumed constant and air resistance is ignored.
Given that the patrticle is travelling horizontadly it strikesA, show that

tana = 2tam .
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