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Question 1 (**)

Use integration to show that the moment of ineftiaf a thin uniform rodAB, of
length 2a and massn, about an axis throughA and perpendicular to the length of
the rod is given by
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Question 2 (**)

A uniform circular disc, of mass and radiusa, is free to rotate about an axis
through the centre of the disc and perpendiculénéglane of the disc

Prove, using integration, that the moment of iaeofithe disc about. is %maz.

[You may assume without proof that the standardltresihe moment of inertia of a
uniform hoop about an axis through its centre argopndicular to its plan¢

proof
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Question 3 (**+)

Show that the moment of inertia of a uniform samhere of mass and radiusa,
about one of its diameters is

2
2md’.
[In this proof, you may assume standard resultgtfermoment of inertia of uniform circular digcs.

proof
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Question 4 (***)
A uniform circular laminal has massn and radiusa.

a) Show by integration that the moment of inertiaLofbout a perpendicular
axis through the plane of the lamina and thougheatgre is% ma’ .

A closed hollow cylindelIC has massvl , radiusa and heighth. The entire cylinder
is made of the same material with uniform density.

b) Show that the moment of inertia 6f about its axis of symmetry is

proof
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Question 5 (***+)

The finite regionR is bounded by the axis, the straight line with equatioo=3a
and the curve with equatiop=+/2ax, wherea is a positive constant.

A uniform solid S is generated by fully rotatin® in the x axis.

If the mass ofS is m, determine the moment of inertia 8f about thex axis.

[In this question, you may assume standard resuith& moment of inertia of uniform circular digcs.

| =2ma?
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Question 6  (***+)

Show by integration that the moment of inertia afiraform solid circular cone of
massM , heighth and base radiua, about its axis of symmetry, is given by

31142
10Ma .

[In this proof, you may assume standard resultgtfermoment of inertia of uniform circular digcs.

proof

AV PN

Question 7 (***+)
A uniform lamina of mas® kg occupies the finite region bounded by the cootgina

1
axes, the straight line with equatior=In4 and the curve with equation= e2"

Given that distances are measured in metres, aesdctlhe moment of inertia of the
lamina about thex axis.

| =7 kgn?
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Question 8  (***+)

A uniform rod AB, of massm and length8a, is free to rotate about an axis
which passes through the poi@t, where|AC| = 2a.

a) Given that the moment of inertia of the rod abdutis / ma’, use integration
to find the value of/ .

A different rod AB, also of massn and length8a is free to rotate about a smooth
fixed axis L¢, which passes through the pof@t where|AC| =2a. The mass density

of the sectionAC is twice as large as the mass density of theweQB.

b) Given that the moment of inertia of this rod abdutis mma’, determine the
value of m.
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Question 9  (****)

A triangular laminaOAB has|OA =|OH and|AB|=2a. The height of the lamina
drawn fromO to AB has lengthh.

Show by integration that the moment of inertiahed tamina about an axis through its
vertex throughO and perpendicular to the plane of the laminajvisrgby

%m(a2+3hz),

wherem is the mass of the lamina.

[In this proof, you may assume standard resultsfermoment of inertia of uniform rogis.

proof
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Question 10 (****)

A uniform equilateral triangular laminABC has massn and side length of/3a.

Show, by integration, that the moment of inertiahsd lamina about an axis through

one of its vertices and perpendicular to the plafrtbe lamina is?1 ma’.

[In this proof, you may assume standard resultsHfermoment of inertia of uniform rogis.

proof
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Question 11  (****)

A framework, in the shape of an equilateral trigngiBC, is formed by Trigidly
joining three uniform rods, each of massand length2a.

Find the moment of inertia of the framework abountaxis passing through, and
parallel toBC

5ma’
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Question 12 (****)

Show by integration that the moment of inertia afiraform solid circular cone of
massm, heighth and base radiua, about an axis through its vertex and parallel to
its base, is given by

2—30m(a2+4hz).

[In this proof, you may assume standard resultsfermoment of inertia of uniform circular digcs.

proof
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Question 13 (****)

Show by integration that the moment of inertia @ingform solid hemisphere of mass
m and radiusa about a diameter of its plane face, is

2
2me?.

[In this proof, you may assume standard resultsHfermoment of inertia of a uniform
circular disc about one of its diametgrs.

proof
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Question 14 (****)

Show by integration that the moment of inertia ofir@form solid right circular
cylinder of masam and radiusa about a diameter of its plane face, is

1—”;(3612 4 4h2).

[In this proof, you may assume standard resultsfermoment of inertia of a uniform
circular disc about one of its diametgrs.

proof
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Question 15 (****)
A thin uniform shell in the shape of a right ciraukylinder of radiusaand heighth
has both its circular ends removed.

The resulting open cylindrical shell has m#4s

Show by integration that the moment of inertiato$ tshell about a diameter coplanar
with one of its removed circular ends, is given by

im (3a2+ 2h2).

[Inthis proof, you may assume standard resultstfermoment of inertia of uniform circular hodps.
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Question 16  (*****)

Show that the moment of inertia of a thin uniforpherical shell of mass and
radius a, about one of its diameters is

2
2me?.

proof

[In this proof, you may use valid symmetry argumirstead of calculuk.
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Question 1 (**)
A uniform square lamina has massand side lengtl2a.

The lamina is free to rotate in about an axiswhich is perpendicular to the lamina
and passes through one of the vertices of the Emin

Calculate the moment of inertia of the lamina abbutn terms ofm anda.

Question 2 (**)
A square frameABCD consists of four uniform rodéB, BC, CD and DA.

Each of the rods has mass and length2a.

The frame is free to rotate about an aiswhich is perpendicular to the plane of the
frame and passes through the midpointAiB .

Calculate the moment of inertia-of the lamina abouin terms ofm anda.
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Question 3 (*¥)

Four uniform rods, each of mass and Iength2x/§a, are rigidly joined together to
form a square frameworRBCD.

The framework is free to rotate about an axiswhich is perpendicular to plane of
the framework and passes through

Calculate the moment of inertia BCD aboutL , in terms ofm and a.

Question 4 (**)

A rectangular laminagABCD, has massn, lengtha and widthb are rigidly joined
together to form a square framework.

Calculate the moment of inertia &BCD about an axis througA perpendicular to
the plane of ABCD.

m(a2 +b2)
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Question 5 (**)
A uniform circular disc, with centr€ , has mas®m and radiusa.

The straight lineAB is a diameter of the disc.

A particle of massnis attached to the disc at the poMt, whereM is the midpoint
of AC. The disc is free to rotate about an axiswhich lies in the plane of the disc
and is a tangent to the discBt

Find the moment of inertia of the loaded disc abaut
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Question 6 (**+)

A compound pendulum consists of a thin uniform @@ of length8a and massn

is rigidly attached a€ to the centre of a thin uniform circular disc afliusa and
mass4m. The rod is in the same vertical plane as the. dise pendulum is free to
rotate in this vertical plane, through a smoothigal axis throughO, perpendicular
to the plane of the disc.

Show that the moment of inertia of the pendulumualtioe above described axis is

835ma2.

proof

Question 7 (**+)

Two uniform spheres, each of ma&s and radiug , are attached to each of the ends
of a thin uniform rodAB, of massm and length6r . The centres of the spheres are
collinear with AB, and are locate@r apart. The system is free to rotate about an

axis on a point on the ro@, where|AO| = r. This axis is perpendicular tAB.

Determine the moment of inertia of the system alfout

211mr?
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Question 8 (**+)

2l

Two identical uniform rodsAB and BC, each of massn and lengthl are rigidly
joined atB, so that ABC=90°. Three particles of masses, 2m and 3m are
fixed at A, B and C, respectively. The system of the two rods and ttiree
particles can rotate freely in a vertical plane wba horizontal axis througM ,
where M is the midpoint of AB.

Show clearly that the moment of inertia of the egstabout an axis througd and

perpendicular to the planaBC is %Zmlz.

proof
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Question 9  (**+)

Two uniform discs, each of ma2m and radiusa, are attached to each of the ends
of a thin uniform rodAB, of mass3m and length6a. The system lies in the same
plane the centres of the discs being collinear wiih, and locateda apart.

The system is free to rotate about an axis on at oi the rodC, Where|AC| =2a.
This axis is perpendicular tB but lies in the same plane as the system.

Determine the moment of inertia of the system aliout

81ma’
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Question 10 (**+)

A disc of radiusr and centreD is removed from a larger uniform disc of radiRs
and centreO, forming an annulus of madd .

Use standard results to show that the moment ofianef the annulus about an axis
through O and perpendicular to its plane, is

()

and use this result to deduce the moment of ineftia circular hoop of masil ,
about an axis through its centre and perpenditaltre plane of the hoop.

proof
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Question 11 (**+)

A thin uniform shell in the shape of a right cirautylinder of radiug and heighth,
with both its circular ends made of the same maltand having the same thickness.

The resulting closed cylindrical shell has mass

Find the moment of inertia of the shell about ks af symmetry.

mr?(r +2h)
2(r +h)
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Question 12 (***)

A thin uniform wire AB, of massm and length3a, is bent into the shape of an
equilateral triangle.

Find the moment of inertia of the triangle aboutais through one of its vertices and
perpendicular to the plane of the triangle.

| =16ma’

Question 13 (***)

A composite body consists of a thin uniform ré@, of massm and length3a, with
the endB rigidly attached to the centi® of a uniform circular lamina, of radiuza
and masan. The rod is perpendicular to the plane of theil@nThe body is free to
rotate in a vertical plane about a horizontal &xeugh A, and perpendicular taB.

Find the moment of inertia of the body about thevebdescribed axis.

| =16ma’
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Question 14 (***)
A uniform rod AB, has massn and Iength\/ia.

a) Use integration to find the moment of inertia o tlod about an axis through
its midpointO.

Three rods, identical té\B, are joined together to form an equilateral trlangBC.
The triangle is free to rotate about a fixed smamils L, which is perpendicular to
the plane ofABC and passes through one of the verticeABLC.

b) Determine the radius of gyration &BC aboutL .
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Question 15  (***)

A shop sign is in the shape of a uniform circulscaf massAm and radiusa.

It is suspended vertically by two uniform rodd andCD, each of lengtlBa and
mass2m. Two more rodsEF and BD, each of lengtl2a and massn are placed

around the sign. All the rods are tangents to tise do thatBFED is a square as
shown in the figure.

Use standard results to determine the moment ofianef the shop sign and the
rods, about a horizontal axis throughandC.
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Question 16  (***)

A thin uniform rodAB, of length2a and massn, is free to rotate about an axis
which passes throughA and is perpendicular to the length of the rod.

a) Use integration to show that the moment of inettiaf this rod aboutl is
.
I—3ma.

b) Use this result and moment of inertia theoremsjdtermine the moment of
inertia of a uniform square lamina, of side lengthand massn, about one
of its diagonals.
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Question 17 (***)

«—2—

A uniform lamina, of massn, is formed from a square lamin@BCD of side 2a, by
removing a square of sid#h so both squares have parallel sides and shargathe
centre, as shown in the figure above.

Find the moment of inertia of this lamina aboutaais passing through the midpoint
of AB and the midpoint oDC .

gl
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Question 18 (***)

<—a——>

A uniform lamina, of massn, is formed from a square lamin@BCD of side 2a, by
removing a square of side so both squares have parallel sides and sharsathe
centre, as shown in the figure above.

Find the moment of inertia of this lamina aboutaais throughA and perpendicular
to the plane of the lamina.
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Question 19 (***)
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The point A lies on the circumference of a uniform circulsscdof diameteda.

A smaller circular disc with diamet&A is removed from the larger disc, whedeis

the centre of the larger disc, as shown in theréi@bove.

The remaining composite lamida has massn.

Determine its moment of inertia &f about an axis lying on the plane an the axis
passing throughA and being perpendicular tAO.

25
4ma2
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Question 20  (***+)

Four identical rods, each of mass and length2a are joined together to form a
square rigid frameworkABCD.

A fifth rod AC, of mass3m, is added to the framework for extra support.

The 5 rod framework is free to rotate about an axiswhich passes through, and
is perpendicular to the plane &iBCD.

Determine the moment of inertia of the frameworkuth_ .
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Question 21 (***+)

A uniform rod AB is bent at the poinD, so that in the resulting - shaped rigid
object AOBz%p, |AQ|=4aand|OB = a.

Find the moment of inertia of the resulting objediput an axis through its centre of
mass and perpendicular to the plah@©B.

529
—Mma
300
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Question 22 (***+)

A uniform circular lamina has radisg& and centreD. The pointsA, B, C and D
lie on the lamina and are vertices of a square wlkestre is aD so that|OD| =2a.

Four circular discs, each of radias with centresA, B, C and D are removed
from the lamina. The remaining lamina forms a nemgosite lamina of mass.

The new lamina is free to rotate in a vertical plabeut a fixed smooth horizontal
axis L, which is perpendicular to the lamina and paskesugh a pointP at the
circumference of the lamina.

Calculate the moment of inertia of the lamina abbutn terms ofm anda.

- 6312
I—241ma
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Question 23 (***+)

A uniform lamina has mas® and is in the shape of a semicircle of racaysentred
at the pointO. The centre of mass of the lamina is at the pGint

The lamina is free to rotate about a fixed smoothizbatal axisL , which is
perpendicular the plane of the lamina and passeadh G .

Calculate the moment of inertia of the lamina abbutn terms ofm anda.

| = 1”;2‘22 (9,02 i 32)
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