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Question 1   (**) 

A rocket is moving vertically upwards relative to the surface of the earth. The motion 

takes place close to the surface of the earth and it is assumed that g  is the constant 

gravitational acceleration. 

At time t  the mass of the rocket is ( )1M kt− , where M  and k  are positive constants, 

and the rocket is moving upwards with speed v . 

The rocket expels fuel vertically downwards with speed u  relative to the rocket. 

Given further that when 0t = , 0v =  determine an expression for v  in time t , in 

terms of u , g  and  k . 

M456-B , ( )ln 1v gt u kt= − − −  
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Question 2   (***) 

A spacecraft is moving in deep space in a straight line with speed 2u . 

At time 0t = , the mass of the spacecraft is M  and at that instant the engines of the 

spacecraft are fired in a direction opposite to that of the motion of the spacecraft. 

Fuel is ejected at a constant mass rate k  with speed u  relative to the spacecraft. 

At time t , the mass of the spacecraft is m  and its speed is v . 

a) Use the impulse momentum principle to show that 

dv uk

dt M kt
=

−
. 

b) Hence determine, in terms of u , the speed of the spacecraft when the mass of 

the spacecraft is 1
3

 of its initial mass. 

M456-D , ( )2 ln 3v u= +  
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Question 3   (***) 

The mass m  of raindrop, falling through a stationary cloud, increases as it picks up 

moisture. The raindrop is modelled as a particle falling freely without any resistance. 

Let m  be the mass of the raindrop at time t , and v  the speed of the raindrop at time t . 

When 0t = , v U=  and 0m m= . 

The rate of increase of the mass of the raindrop is km , where k  is a positive constant. 

a) Show clearly that … 

i. … 
dv

g kv
dt

= − . 

ii. … e ktg g
v U

k k

− 
= + − 

 
 

It is further given that the raindrop leaves the cloud when 03m m= . 

b) Show that  

( )
1

2
3

v Uk g
k

= + . 

proof  
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Question 4   (***) 

A rocket is moving in a straight line in deep space. At time 0t =  the mass of the 

rocket is M  and is moving in a straight line with speed 1500 1ms− .  

At that instant the engines of the rocket are fired in a direction opposite to that of the 

motion of the rocket. Fuel is ejected at a constant mass rate λ  1kgs−  with speed 

6000 1ms−  relative to the rocket. 

At time t , the mass of the rocket is m  and its speed is v . 

a) Show clearly that 

6000
dv

m
dt

λ= . 

When 100t =  the rocket is still ejecting fuel and its speed is 3000 1ms− . 

b) Express M  in terms of  λ . 

1
4

100

1 e

M
λ

−
=

−
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Question 5   (***) 

The mass m  of raindrop, falling through a stationary cloud, increases as it picks up 

moisture. Let m  be the mass of the raindrop at time t , and v  the speed of the 

raindrop at time t . The mass of the raindrop increases at a constant rate λ , where λ  

is a positive constant. The raindrop is modelled as a particle falling subject to air 

resistance of magnitude mkv , where k  is a positive constant.  

When 0t = , 0m m= . 

Show clearly that 

0

dv
k v g

dt m t

λ

λ

 
+ + = 

+ 
. 

proof  
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Question 6   (***) 

A rocket has initial mass M , which includes the fuel for its flight.  

The rocket is initially at rest on the surface of the earth pointing vertically upwards. 

At time 0t =  the rocket begins to propel itself by ejecting mass backwards at constant 

rate λ , and with speed u  relative to the rocket. 

At time t  the speed of the rocket is v . 

The rocket is modelled as a particle moving vertically upwards without air resistance. 

The motion takes place close to the surface of the earth and it is assumed that g  is the 

constant gravitational acceleration throughout the motion. 

a) Determine an expression, in terms of u , g , λ , M and t , for the acceleration 

of the rocket and hence deduce that if the rocket lifts off immediately 
Mg

u
λ > . 

It is now given that 
3Mg

u
λ = . 

b) Find, in terms of u ,  the speed of the rocket when its mass is 3
4

M . 

M456-C , 
dv u

g
dt M t

λ

λ
= −

−
, 1 4ln

12 3
v u  = − +

 
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Question 7   (***+) 

A rocket, of initial mass M ,  propels itself forward by ejecting burned fuel. 

The initial speed of the rocket is U .  

The burned fuel is ejected with constant speed u , relative to the rocket, in an opposite 

direction to that of the rocket’s motion. 

When all the fuel has been consumed, the mass of the rocket is 1
4

M . 

By modelling the rocket as a particle and further assuming that there are no external 

forces acting on the rocket, determine, in terms of u  and U , the speed of the rocket 

when all its fuel has been consumed. 

M456-A , ln 4v U u= +  
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Question 8   (***+) 

A raindrop absorbs water as it falls vertically under gravity through a cloud. In this 

model the cloud is assumed to consist of stationary water particles.  

At time t , the mass of the raindrop is m  and its speed is v . You may assume that the 

only force acting on the raindrop is its weight. 

The raindrop starts from rest at 0t = . 

a) Given further that 
dm

kmv
dt

= , where k  is a positive constant, show by the 

momentum impulse principle that 

( )2 2dv
k a v

dt
= − , where 2 g

a
k

= . 

b) Find an expression for the time, in terms of g  and k , taken for the raindrop to 

reach a speed of 
4

g

k
. 

c) Determine the distance covered by the raindrop in accelerating from rest to a 

speed of 
4

g

k
. 

ln 3

2
t

gk
= , 

1 4
ln

2 3
d

k

 
=  

 
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Question 9   (***+) 

A vehicle with a driver is moving in a straight line by ejecting propellant backwards. 

At time t , the vehicle is moving with speed v  and has mass m . The propellant is 

ejected backwards at the constant rate k , with constant speed u  relative to the vehicle.  

The mass of the vehicle and the driver  is M , and are modelled as a particle moving 

with any resistance. 

The vehicle starts from rest loaded with propellant of mass 2M . 

a) Show that the acceleration of the vehicle at time t  is 

3

uk

M kt−
. 

b) Find the speed of the vehicle when the propellant runs out.  

ln 3v u=  
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Question 10   (***+) 

A rocket has initial mass M , which includes the fuel for its flight. It is initially at rest 

on the surface of the earth pointing vertically upwards. At time 0t =  the rocket begins 

to propel itself by ejecting mass backwards at constant rate and with speed u  relative 

to the rocket.  

At time t  the speed of the rocket is v . 

The initial mass of the fuel is 1
2

M   and this fuel mass is all used up after time T . 

The rocket is modelled as a particle moving without air resistance. The motion takes 

place close to the surface of the earth and it is assumed that g  is the constant 

gravitational acceleration throughout the motion. 

Determine, in terms of u , g  and T ,  the speed of the rocket at the instant when its 

fuel is all used up. 

ln 2v u gT= −  
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Question 11    (****) 

A hailstone whose shape remains spherical at all times is falling under gravity through 

a stationary cloud. It is further assumed that air resistance to the motion of the 

hailstone is negligible. 

The mass of the hailstone increases, as it picks moisture from the still cloud, so that 

the radius r  of the hailstone satisfies 

dr
kr

dt
= , 

where k  is a positive constant. 

At time t , the speed of the hailstone is v . 

a) Use the momentum impulse principle to show that the acceleration of the 

falling hailstone is 

3g kv− . 

b) Given further that when 0t =  the hailstone has speed u , find an expression 

for v  in terms of  g , k , u  and t . 

( ) 31
3 e

3

kt
v g g ku

k

−= − −    
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Question 12    (****) 

A particle P , whose initial mass is M , is projected vertically upwards from the 

ground at time 0t =  with speed  
g

k
, where k  is a positive constant.  

As P  moves upwards it gains mass by picking up small droplets of moisture from the 

atmosphere. The droplets are assumed to be at rest before they are picked up. It is 

further assumed that during the motion the acceleration due to gravity is constant. 

At time t  the speed of P  is v  and its mass is  ekt
M .  

Show that when the particle reaches its highest point its mass is 2M  

proof  
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Question 13    (****)   

A jet fuel propelled car is moving in a straight line on level horizontal ground. 

The car propels itself forward by ejecting burned fuel backwards at constant rate k , 

with speed u  relative to the car, where k  and u  are positive constants. 

At time t , the car experiences resistance to its motion of magnitude 2kv , where v  is 

the speed of the car at that instant.  

At time 0t = , the car starts from rest with half its mass consisting of fuel. 

Show that at the instant when all the fuel has been used up, 3
8

v u= . 

proof  
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Question 14     (****) 

A raindrop falls from rest at time 0t = , through still air. At time t  the raindrop has 

speed v  and mass ekt
M , where M  and k  are positive constants. 

The only force acting on the raindrop is its weight, ekt
Mg , where g  is the constant 

gravitational acceleration. 

Determine the time it takes the raindrop, and the distance it covers, until the instant 

that its speed is half of its terminal speed. 

ln 2
T

k
= , 

( )
2

ln 4 1

2

g
d

k

−
=  
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Question 15      (****) 

A rocket has initial mass 2M , which includes the mass of the fuel for its flight, M .  

At time 0t =  the rocket is at rest above the surface of the earth pointing vertically 

downwards when it begins to propel itself by ejecting mass backwards at constant rate 

0.5M , with speed u  relative to the rocket.  

The rocket is modelled as a particle moving without air resistance. 

The motion takes place close to the surface of the earth and it is assumed that g  is the 

constant gravitational acceleration throughout the motion. 

Determine, in terms of u  and g  the distance covered by the rocket by the time all its 

fuel has been used up. 

You may assume that the rocket has not reached the Earth’s surface by that instant. 

ln 2v u gT= −  
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Question 16    (****+) 

A spacecraft is travelling in a straight line in deep space where all external forces can 

be assumed to be negligible.  

The spacecraft decelerates by ejecting fuel at a constant speed u relative to the 

spacecraft, and in the direction of motion of the spacecraft.  

At time t , the spacecraft has speed v  and mass m . 

At time 0t = , the spacecraft has speed U  and mass 0m . 

a) Show clearly, by the momentum impulse principle, that while the spacecraft is 

ejecting fuel, 

0
dv dm

m u
dt dt

− = . 

b) Find an expression for the mass of the spacecraft, in terms of 0m , u  and U ,  

when it comes to rest. 

The spacecraft comes to rest when t T= . 

c) Given further that 0 e kt
m m

−= , where k  is a positive constant, show that the 

distance covered by the spacecraft in decelerating from U  to rest is 1
3

UT . 

proof  
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Question 17   (****+) 

A spacecraft is moving in deep space. At time 0t =  the mass of the spacecraft is at 

rest and its mass is M . At that instant the engines of the spacecraft are fired in a 

direction opposite to that of the motion of the spacecraft. Fuel is ejected at a constant 

mass rate k  with speed U  relative to the spacecraft. 

At time t , the mass of the spacecraft is m , its speed is v  and its displacement is x . 

a) Show clearly that … 

i. … ln
M

v U
M kt

 
=  

− 
. 

ii. … ln 1
UM M kt M kt M kt

x
k M M M

 − − −  
= − +  

  
. 

The spacecraft needs to cover a total distance of 
2

UM

k
 and stops firing its engines 

when 1
2

m M= . 

b) Determine the total time taken by the spacecraft to cover the distance of  
2

UM

k
. 

M
t

k
=  
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Question 18    (****+) 

A small motorboat, of mass M , is travelling in a straight line across still water with 

constant speed U . The boat’s engine provides a constant driving force and the 

resistance to motion is 2v , where v  is the speed of the boat at any given time. 

At time 0t = , a leak develops and water starts flooding the interior of the boat whose 

mass increases at constant rate k . The boat’s engine provides the same constant 

driving force and the resistance to motion remains unchanged. 

The boat sinks when its mass of the water in boat equals the mass of the boat. 

Show that the speed of the boat the instant it sinks is 

2

2 2

2

k
kU kU

k

+−
+ ×

+
. 

You may assume this speed is greater than 
2

2

U

k +
. 

proof  
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Question 19    (****+) 

A spherical raindrop of radius a  falls from rest. The radius of the raindrop increases 

at constant rate k , 0k > , as it picks moisture from the stationary cloud. 

The shape of the raindrop remains spherical at all times as is falling under gravity and 

it is assumed that air resistance to the motion of the raindrop is negligible. 

Determine a simplified expression for the distance fallen by the raindrop in time t , in 

terms of k , a , g  and t . 

( )

4 2
2

2

1

4 2 22

g a a
x kt at

k kk kt a

 
 = + + −
 + 
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Question 20   (****+) 

A raindrop, whose shape remains spherical at all times, absorbs water as it falls 

vertically under gravity through a stationary cloud.  

The raindrop is initially at rest and its radius is a . 

The radius of the raindrop increases at a constant rate k . 

At time t  the speed of the raindrop is v .  

Find, in terms of a , g  an k , the speed of the raindrop when its radius is 2a . 

You may assume that the only force acting on the raindrop is its weight. 

15

3

ag
v

k
=  
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Question 21   (****+) 

A raindrop absorbs water as it falls vertically under gravity through a cloud. In this 

model the cloud is assumed to consist of stationary water particles. You may assume 

that the only force acting on the raindrop is its weight. 

The mass of the raindrop increases at the constant rate of 0.01  1gs− . 

At time t , the mass of the raindrop is m  and its speed is v .  

The raindrop starts from rest at 0t = , and its mass at that instant is 0.05 g . 

Determine the speed of the raindrop when its mass reaches twice its initial mass. 

115
36.75 ms

4
v g −= =  
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Question 22    (****+)      

A scientist is about to conduct an experiment with a rocket. His rocket will have an 

initial mass 784 kg , of which 90%  is the fuel for its flight. It will be initially at rest 

on the surface of the earth pointing vertically upwards. 

The rocket will begin to propel itself upwards by ejecting mass backwards at constant 

rate 17.64 1kgs− , with speed 175 1ms−  relative to the rocket. 

The rocket will be modelled as a particle moving without air resistance. The motion is 

assumed to take place close to the surface of the earth so that g , the gravitational 

acceleration, will be constant throughout the motion. 

a) Calculate, correct to 2  decimal places, the speed of the rocket at the instant 

the fuel runs out. 

b)  Show that the displacement of the rocket at the instant the fuel runs out is 

negative. 

c) Explain the flaw in the scientist's experiment. 

M456-V , 110.95 msv −≈  
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Question 23   (*****)         

 

 

 

 

A light container C  is connected to small block B  of mass 5 kg  by a light 

inextensible string. The string passes over a light smooth pulley P , which is located 

at the end of a rough horizontal house roof.  

The container is initially empty hanging vertically at the end of the roof, as shown in 

the figure above. The string, B , P  and C  lie in a vertical plane at right angles to the 

end of the straight roof. With the block held at rest and the string taut, the container is 

then filled with 5 kg  of water and the system is released from rest. 

The system begins to move with water is leaking from several small holes just above 

the base of the container at the constant rate of 0.175 1kgs− . 

It is assumed that water is leaking in a horizontal direction only and the motion of 

the container is vertical at all times. 

Given further that B  is subject to a constant ground friction of 36.75 N , calculate the 

greatest speed achieved by the system. 

M456-S , 14.57 msv −≈  

 

C

PB
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Question 24    (*****) 

A raindrop absorbs water as it falls vertically under gravity, through a stationary cloud. 

The mass m  of the raindrop, increases at a rate which is directly proportional to its 

speed, v . The raindrop starts from rest and its mass at that instant is M . 

At time t  , the raindrop has fallen though a vertical distance x  and its speed at that 

instant is v .  

Show that 

( )

2

2

2

3

g M
v M kx

k M kx

 
 = + −
 + 

, 

where k  is a positive constant. 

You may assume that the only force acting on the raindrop is its weight. 

proof  
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Question 25     (*****) 

A particle of mass initial mass M is projected vertically upwards with speed gk , 

where k  is a positive constant and g  is the constant gravitational acceleration. 

During the upward motion the particle picks up mass from rest, so that its mass at a 

distance x   above the level of projection is given by 

( )1M xλ + , 

where λ  is a positive constant. 

Given that when x h= , the particle come at instantaneous rest, show that 

( )
3

2 1 3 2h kλ λ+ = + . 

proof  

 

 

 

 

 

 

 


