Created by T. Madas

INTEGRATION
STRUCTURED
EXAM
QUESTIONS
PART |

Created by T. Madas



Created by T. Madas

Question1  (*¥)
Evaluate each of the following integrals, giving #mswers in exact form.

2

a dx.
) o Vax+1
3
b) cos X dx.
3

=Y
1
Wi~

Question 2 (*¥)

By using the substitution =4+ 3x2, or otherwise, find
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Question 3 (*¥)
Show clearly that

x> dx=£.
O 9
[ "1, [proof
Question 4 (*¥)
3X- 5, A+ B _
x-1 x 1

a) Determine the value of each of the constaiitand B .

b) Hence find

|A=3, [B=-2],|3x- 2In|x ¥ C
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Question5  (*¥)
Evaluate each of the following integrals, giving #mswers in exact form.

4
1y
a) e2” dx.
0

INJAS]

b) cos X +% dx.
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Question 6 (**)

5x+13 A B
+

(0]

(2x+D(x+4) 2x+1 x+4

a) Determine the value of each of the constaitand B .

b) Evaluate

4 5x+13

o (2x+1)(x+4)

giving the answer as a single simplified naturghlgthm.

| 1. [A=3],[B=1], [In54

Question 7 (**)

By using the substitution? =1- X2, or otherwise, show that

1 X2 %
05x(1- ) e 1.

]:l , |proof
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Question 8  (**)
Use integration by parts to find the value of

(S}

4 4xcos4x dx.
0

:

Question 9  (*¥)

By using the substitution =1- 2, or otherwise, find
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Question 10  (**)
Evaluate each of the following integrals, giving #mswers in exact form.

3 4

a)
o 2X+3

o

b) sin 4x+% dx.

Question 11 (**)
Use a trigonometric identity to integrate

1

—— dx.
1+ cos X

|:|, %tanx+C
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Question 12 (**)

30 A B

(o]

(x+3)(9- 2x) x+ 3 0 x

a) Determine the value of each of the constafitand B .

b) Evaluate

4 30

(9o 2

giving the answer as a single simplified naturgblgthm.

L [,[A=2],[B=4], 4|n(%):|n(&l)
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Question 13 (**)
Evaluate each of the following integrals, giving #mswers in exact form.

=

3 - 3x
a) e " dx.
0

INRS

b) sin 2x+% dx.

wl—
—
.
@,
[N
N —
NI

Question 14  (**+)

By using the substitution® =16- 7x?, or otherwise, show that

I:I , |proof

Created by T. Madas



Created by T. Madas

Question 15 (**+)
Determine the value of the positive constdngiven further that

8 4

k 2X' 1

dx = 1.9003¢.

Give the value ofk to an appropriate degree of accuracy.

| |, [k»3.4

[MleGeATE fFest
8
(7 ds [ 18 . 8
= di = Umz,‘\xﬁ_\\’ = [am@0l?

= Qi - (1)

NOW Sonk Trte EpuATiond

Question 16 (**+)
By using the substitution =1+ 4Inx, or otherwise, find

4

— 2 dx.
X(1+4Inx)

l:l : 1

-+
1+4Inx
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Question 17 (**+)

4x- 3 4% 3
a) Determine the value of each of the constafitand B .

b) Hence, or otherwise, evaluate

38x

1 4X' 3

dx,

giving the answer in terms of natural logarithms.

|A=2|, |B=6|, [4+3In3

Question 18  (**+)
Use an appropriate integration method to find

(x+1) et dx.

Ixe¥t+ C
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Question 19  (**+)
f(x) = 4xe?.
a) Use integration by parts to find f (x) dx.

In2
b) Find an exactvale for ~ f(x) dx.
0

[ ] [2xe- &% ], [-3+ 8In2

Question 20  (**+)

Evaluate each of the following integrals, giving #reswers in exact form.

1
9

Ve

dx.

p
3

b) sin 4x+= dx.

o
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Question 21 (**+)
By using the substitution = In x, or otherwise, find an exact value for

In(In3)
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Question 22 (**+)

X-5
f(x)° ——m.
() X% +5x+ 4

a) Expressf(x) in partial fractions.

b) Find the value of

T o

Question 23 . (**+)
By using the substitution? = 4cosx- 1, or otherwise, find

sinx

— dX.
Jacosx- 1

- %\/4cosx- t C
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Question 24  (**+)
Use the substitution =v/2x- 7 to find

86x

dx.
4 N2X-7

[ le8

Question 25  (**+)

y = 2xsin 2x+ cos X, x1

a) Find an expression foZILy.
X
b) Hence show that
¢

* Xcos 2 dle(p- 9.
O 8

d—y:4x0052<
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Question 26 (**+)
Determine the value of the positive constdngiven further that
> 6
—— dx = 0.199¢.

eZ- 3X

Give the value ofk to an appropriate degree of accuracy.

Created by T. Madas



Created by T. Madas

Question 27  (***)

y= 3X
24 x- X2

a) Calculate the three missing values gfin the following table.

X 0 0.25 0.5 0.75 1

b) Use the trapezium rule with all the values fromdbepleted table of pafa)
to find an estimate for

Yoo
—X dx_
0 24 X- X2

c) Use a suitable method to find the exact value of

| |, [0.3429, |0.6667, |1.0284, |In 2|
‘ T DETURNING BO THE 1hHGOAL
o) =~ o | oas ’ os | 0% ‘ | e e
[ [ (32 >
0 n‘¢‘r,g:,|,h, rs/;/ — Hoam &
A ~
b= ooyt [ 3 L= al]
J‘c T dxa = Lmnuw+zxmfl ) }
N 1 Sy, iy e 2 W)
25 o e a2 (osimy vistrr g B S\ R A T S sl A
~ 08T 06R /////, 2 !
1 // \
9 B ( n 2
Jo 2 - \‘ Y-x * o 3
(i E
J G
Rusesd By menal fiAaions
By
Gaam - 33 taa
= AGw) +8G-9)
e = -3=-38
¥ = 6=2A
A=2
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Question 28 (***)
Use a suitable substitution to find

30x dx.
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Question 29  (***)

2
X430 pxt B+
X-1 1

a) Determine the value of each of the constahisB andC.

b) Hence, or otherwise, evaluate

giving the answer in terms of natural logarithms.

| l,1A=1], [B=1|, [C=4], |8+ 4In]

0) B G o) of mipuATIon
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Question 30  (***)
Use the substitution =1+ 2cosx to find

NS

(1+ 2009()3 sink dx.
0

Question 31  (***)
By using the substitution =3x+1, or otherwise, find

5
X/ 3x+1dx.

0

5
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Question 32 (***)
Use an appropriate integration method to find aacexalue for

p

®6xsinax dx.
0

Question 33 (***)
By using the substitution = secx, or otherwise, find

tanx seé x dx.

%seé‘x+c
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Question 34 (***)

34 9v2.
3X” +2X 3X+8°AX2+BX+C+ D.

X+2 X+2

a) Find the value of each of the constakisB, C andD.

b) Hence find

33+ 2x%- 3+ 8
X+2

dx.

[A=3],[B=-4],[C=5],[D=-2], |x*®- 2x*+ 5% 2In*x 2 Q
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Question 35  (***)

a) Expressf(x) in partial fractions.

b) Find the value of

f(x) dx,

giving the answer as a single simplified logarithm.

L 1{f()e
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Question 36 (***)

By using the substitution =€*, or otherwise, show clearly that

1 X
& dx=1.
-1 e+1
proof
Question 37  (***)
Find an expression for the integral
23x- 10 dx.
X“+5Xx- 6

4In|x+§- Injx & C
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Question 38  (***)

By using the substitution =1+ 2, or otherwise, find

X3

V1+x2

dax.

wl—

(1+ x2)

Nlww

Nl

- (1+ x2) + C

Question 39  (***)
Use integration by parts to find the value of

e

Inx dx.
1

1.0
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Question 40  (***)
Find the value of the constaktgiven that

1
2 = <
0k(e X+ 4x) dx= &€+ =.

Question 41 (***)
Evaluate each of the following integrals, giving #mswers in exact form.

In2 . -x2
a) . (e+2e) dx.

p

b) * 1- sin4x dx.
0

3+4ind, |1(p- 2)
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Question 42 (***)

By using the substitution = tanx and the trigonometric identiti/+ tar? x = seé x,
show clearly that

S

3 2
sedx dx= 2/ =
0

|:|, proof

Question 43 (***)

8x-1 A B

(o]

(2x- 192 21 (2 92

a) Determine the value of each of the constaitand B.

b) Hence find the exact value of

1S
X" 2 dx.

2

A=4],[B=3, |3+2In2
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Question 44 (***)

1
By using the substitution = x2, or otherwise, find
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Question 44 (***)

a) Use integration by parts to find

xcos(% x) dx.

b) Hence determine

X2 sin( x) dx.

N

I:I, 2xsin(% x) + 4co£—% x) +C

- 2x2 cos(% x)+ & sir(—% x)+ 160({5% %+ d
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Question 45  (***)

By using the substitution = X% +6X, or otherwise find

X+3

— dx.
(x2+6x)3
1( 216 )% +C
5| X X
Question 46 (***)
Use the substitutiom =10cosx- Jto find
P
3 1l
15(10cox- )2 six dx.
0
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Question 47 (***)

2x2-x+ 6, A, B, C
=~ "0 _+ —_+ )
x*(3-2x) x X 3-2x

a) Determine the value of each of the constahisB andC.

b) Evaluate

3 2%%- ¥+ 6

dx,
o X*(3- 2%

giving the answer in the fornp- In q, where p and q are constants.

[a=1],[B=2],[c=4], |- In6
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Question 48  (***+)

« | o |22 ETe %
12 6 4 3 12
y 0 0.1309| 0.4534 | 0.7854 0.654c%

The table above shows tabulated values for thetequa

y=xsin2x, O£ x£5—’0.
12

a) Complete the missing value in the table.

b) Use the trapezium rule with all the values fromtddae to find an approximate
value for

50
12

Xsin 2x dx.
0

50
12

c) Use integration by parts to find an exact value for xsin2x dx.
0

| ],[0.9069, [0.682,
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Question 49  (***+)

By using the substitution = €*+ 1, or otherwise, find

2% _
ﬂ dX.
e*+1

[ ], |e- 3In( g4 ])+ C

Question 50  (***+)
By using the substitution =1- cosx, or otherwise, find

Sinx cosx
1- cosx

ax.

cosx+ In(1- co)+ C
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Question 51 (***+)

By using the substitution? = e*- 1, or otherwise, find

In5
3e

X
In2 e-1

dx.

[ | [2d

Question 52 (***+)
Use trigonometric identities to find

sed x( # cof x) dx.

[tanx- cotx+ C|
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Question 53 (***+)

By using the substitution = €+ 1, or otherwise, find the exact value of

1
er

X
+
&+l

dax.

Question 54 (***+)
By using the substitution = sin x, or otherwise, find

cos x dx.

]:|, sinx- %sir? x+ C
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Question 55  (***+)

Nl

= (x-2)(4 x)2dx, xI , xE4.

1
a) Use the substitution = (4- x)2 to find an expression folr .
b) Show that the answer of p&&) can be written as
3
| =-§(x+ 1)(4 x)2+ C.

c) Use integration by parts to verify the answer at (ia).

Nlu
polwo

1 jr=2(a-x)

- 2(4 x)
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Question 56 (***+)
Find the value of the constaktgiven that

In4
(4k- 1) €% k&% dxe 19
0

k=4
Question 57  (***+)
By using the substitution =2x- 1, or otherwise, show that
2X 2
dx=—=( x+1)v/2x- 1+ C.
N2x-1 3( )
proof
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Question 58  (***+)

.70
A0 A o por g

a) Expressf(x) in partial fractions.

4

b) Show that f (x) dx can be written in the fornpln3+ qln2, where p and
3

g are integers to be found.

4
f(x)° 2,5 7 , f (x) dx=11In3- 15In2
X+5 X-2 X | 3
Question 59  (***+)
Use trigonometric identities to find
1
————dx.
cos’ x tarf x
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Question 60  (***+)

2X+ 2

f o
X)° T E 29
a) Expressf(x) in partial fractions.

2

b) Show that f (x) dx can be written in the fornpIn2+ qln 3, where p and
15

g are integers to be found.

2

f(x)° 6 4 f(x) dx=7In2- 3In3
1-2x * X[ | 15

Question 61 (***+)

Use a suitable method to find

) ax.

5
—_—
Nl

xln(%)- x+ C
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Question 62 (***+)

32- 17 .
(x+1)(3x- 4)2

XO

a) Expressf(x) in partial fractions.
b) Show that

f(x) dx,

can be evaluated in the forp++1In g, where p and q are integers to be found.

f(x)° o 4)2 e 4)+ ek Of(x) dx=1+In8
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Question 63 (***+)
Use a trigonometric identity to find the exact \eabf

AN

4 .
sin? 2x dx.
0

Question 64  (***+)
Use integration by partsvice to find an exact value for

P

2
4x° cosx dx.
0
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Question 65  (***+)

2 A B

(0]

U-2)(w2 w2 w2

a) Find the value ofA and B in the above identity.
b) By using the substitution =/x, or otherwise, find

1

—&(x 4) dx.

>
1
N~
o
1
Nl
|

Question 66 (***+)
By using the substitution = cosx, or otherwise, find

1+ cosx
sinx

dx.

In|cosx- }+ C
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Question 67  (***+)
Use integration by parts to show that

4Inx 1+ 2Inx
g Ox=-——73—+
X X

C.

sinx- %sin3 x+ C

Question 68  (***+)
By considering the differentiation of a productteb appropriate functions, find

ex(tanx+ set x) dx.

e tanx+C
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Question 69  (***+)

a) Determine the value of each of the constahisB andC.

b) Evaluate

giving the answer in the fornp+In q, where p and q are constants.

[ 1.[a=2].[B=4].[c=-1,|3+m16

Created by T. Madas



Created by T. Madas

Question 70 (***+)
By using the substitution =2x- 1, or otherwise, find

16x2
2x-1

dx.

(2x- D%+ 4(2¢ ¥ 2% 4 Cc= 4% & 2hx41 ¢

Question 71 (***+)

Use integration by parts to show that

AS]

* axseé x dx=p- 2In..
0

proof
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Question 72 (***+)

18 A B

(0]

@u-1@r) ar 1 ar I

a) Find the value ofA and B in the above identity.

b) By using the substitutiox = u?, or otherwise, find

9

—\/;(9)(_ 1) dx.

|[A=9], |[B=-9,

3In

3x+

j+c
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Question 73 (***+)

Use an appropriate integration method to find aacexalue for each of the following
integrals

p

a) * codx- sirfx dx.
0

e

b) 4xInx dx.
1

Question 74 (***+)

Use the substitution = x?, followed by integration by parts to find

2
x3eX dx.

Created by T. Madas



Created by T. Madas

Question 75 (***+)
Use integration by parts to find the exact value of

e
16x° Inx dx.
Je

3¢ (- 1

Question 76 (***+)

By using the substitution =+/2x- 3, or otherwise, find an expression for

(2x- )v/2x 3dx.

5
2

1(2x- 32+ £(2x 3)%+ C
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Question 77 (***+)

-2 1, A B C
7 o * 2"
2x(x-19)° x X1 (% 1

a) Determine the value of each of the constahisB andC.

b) Evaluate

% 3. 2%k 1

3 dx,
4 2x(x-1)

giving the answer in the fornp+ qin4, where p and q are constants.

IB=1,[c=1, |2 +In4

A= 54

N
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Question 78  (***+)
It is given that

sin3x° 3sinx  4sif x.
a) Prove the above trigonometric identity, by writiagn 3x as sin( X+ x) .

b) Hence, or otherwise, find the exact value of

p
2 .

sin®x dx.
0
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Question 79 (***+)
Use integration by parts to find an exact value for

p

3 2sinx In( sex) dx.
1
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Question 80  (***+)

y o | £ [~ o
18 9 6
y 0 0.1632 0.2500
The table above shows tabulated values for thetequa
y=sinxcosZ, O£ XE%.
a) Complete the missing value in the table. (1)

b) Use the trapezium rule with all the values fromttddae to find an approximate
value for

L

6
sinxcos X dx. (3)
0

c) By using the substitution = cosx, or otherwise, find an exact value for
(6)
L

6
sinxcos X dx.
0

[ 1, [0.2624, [0.094, 1_12(3\/?3 4)

Created by T. Madas



Created by T. Madas
Question 81  (***+)

12x% + X+ 3 A Bx+C

(o]

+ .
(Bx+1)(2¢+] 6x+1 2 +1

a) Determine the value of each of the constaitsB andC.

b) Evaluate

12x° + X+ 3

(6x+1)(2x2 +])

dx,

giving the answer in the fornpln g, where p and q are constants.

|A=3],[B=1],|C =0,

1
2In39
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Question 82  (***+)
By using the trigonometric identity

cosy° 2 co%q—

and the fact thadtd—(tanx) = seé x, show clearly that
X

W

proof
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Question 83  (***+)

y=(x-a)(x B’

The figure above shows the graph of the curve eaphation

y=(x-a)(x B*,
wherea andb are positive constants.

The shaded regiorR is bounded by the curve and tkeaxis.

By using integration by parts, or otherwise, shbat the area of the shaded region is

1 6
%(a- b)°.

proof
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Question 84  (***+)

By using the substitution = Jx, or otherwise, show that

36
1 dx=1In16.

0 \/;(\/;HZ)

proof

Question 85  (***+)
By using the substitution = 3x- 1, or otherwise, find

9x?
3x-1

ax.

(3x- 0% Z(3« & M3 4 C

ol
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Question 86  (***+)
By using the substitution = 2x+ 3, or otherwise, show clearly that

0

6In(2x+3) dx=9In3- €
-1

proof

Question 87  (***+)
By using the substitution = tanx, or otherwise, find

sed x dx.

tanx+%tar7’x+C
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Question 88  (***+)

2 A B

ey 1 ® 3

a) Find the value of each of the constatsand B in the above identity.

b) Use the substitutiox = t2-2,t>0 to show that

° 1
dx=1In3.

A (x+2)Vx+2 2

|A=2|, [B=2|
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Question 89  (***+)

20 ap 60 8p

X 0 2 Bl P hadl
5 5 5 5 2p
y 0 0.2031] 0.8602 0

The table above shows some tabulated values faghation

b)

y:sin?’(%x), OEXEZ.

Complete the missing values in the table.

Use the trapezium rule with all the values fromtitlge to find an approximate
value for

2p
sin3(

) x) dx.

Nl

By using the substitutionu:cos(% x), or otherwise, find the value of the

integral of part (b).

[ ],[0.8602, 0.203;, [2.674, %
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Question 90  (***+)
Use trigonometric identities to integrate

COS X

———dx.
1- co€ X

|:| - %cosec x+ C

|

Question 91  (****)

5
By using the substitution =2x2 +1, or otherwise, find an exact simplified value for
1
10x*

B dx.
2x2 +1

0

| [,[2-1n3
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Question 92 (****)

2
U6 A BE_C
u-1 1

a) Find the value of each of the constadts B and C in the above identity.

b) Use the substitution = Jx to show

9

Jx
Jx-1

4

dx=7+2In2.

[A=2],[B=2],[C=2|
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Question 93 (****)

9
1

. 2x(1+&) ax.

a) Show that the substitutiom = Jx transforms the above integral to
Xo l

u+1) du,

n Ul

where ¥ and x, are constants to be found.

b) Hence find an exact value for the original integral
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Question 94 (****)

f(x)° 2X " X1+2,
X -

a) Use a suitable substitution to show that

NG
f(x) dx=1+In4.
NG

b) Expressf (x) in the form

Ax+ B+ c + D ,
X-2 X+ 2

where A, B, C and D are constants to be found.

c) Use the result part (b) to verify the result oftgay.

|A=1],[B=0|,|C=2|, |D=2|
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Question 95  (****)

By using the cosine double angle identities and“abEthatdi(tanx) = seé X, show
X

clearly that

WS

1- cosx dx:_gm-p),
p l+cosX

6

proof
Question 96 (****)
Use the substitutiox = sing to find the exact value of
1
2
= 5 dx.
2\2
0 (1- X )
J3
3
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Question 97 (****)

R P R

a) Use the substitutionx =tang to find
f (x) dx.

b) Find the value of each of the constats B andC, so that

A Bx+C
f [ )
(X) X+ X% +1

c) Use the result of part (b) to independently vettifg answer of part (a).

X

VX2 +1

In |A=1],[B=-1],|Cc=0|
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Question 98  (****)

3,2
- + a

Ax x2 20% 4, A C;K- D

X“+4 X“+4

a) Determine the value of each of the constaitsB, C andD.

b) Hence show that

453 - X%+ 20x 4

5 dx=6+2In2,
X“+4

|A=4|,|B=-1],|C=4|,[D=0

Question 99  (****)
Use a cosine double identity and integration bysptar find

4xco x dx.

X2 + xsin 2x+% cos X+ C
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Question 100  (****)

By using the substitution = 2x2 - 8x+ 3, or otherwise, find the exact value
® x-2

Z—dX.
4 2X°- 8x+ 3

$in3
Question 101 (****)
u , A B
(u-2)(wd) w2 w1
a) Find the value of each of the constaAtsand B in the above identity.
b) By using the substitution =/x, or otherwise, show that
' 3
0 (& 2)(\/;& 1) dx=-1n4.
[A=4], [B=2]

Created by T. Madas



Created by T. Madas

Question 102  (****)
2
Ao p B =
t- 1

a) Determine the value of each of the constahtsB andC

dx=14+4In2.

1
b) Use the substitutioh=x* to show
8L

=

N
N

- X

16 X

|, |A=4], [B=4], [C=4
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Question 103 (****)
It is given that

2k
X5 gk = In72,

« x(x-1)

determine the value &€, O0<k <1.

N
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Question 104 (****)

3
By using the substitution = 2x2 - 1, or otherwise, find an expression for the integral

e

3 dx.
2x2-1

1|22+

3
2X2 - # C
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Question 105  (****)

Use the substitutioh=+/1- x° to show that

xEy1- 3 dbe - 435(3»& 2)(1 x°’)?é+ C.
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Question 106  (****)
Use an appropriate substitution, followed by péftections, to show that

eS

> dx = In(%).

. 2X (Inx)2+ln x- 6
(S}

You may assume that the integral converges.
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Question 107  (****)

3
20 o A2+ B CF_P
u+l u+l

a) Find the value of each of the constaAts B and C in the above identity.

b) Use the substitution = Jx to show

X

1++/x

0

dx=§-2In2.
3

|A=2|,|B=-2|,[C=2],|D=-2
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Question 109  (****)

COSX
1- cosx

dax.

a) Show by multiplying the numerator and denominafahe integrand by
(1+cosx), that the above integral can eventually be written

cotx cosex+ cdtx dx.

b) Hence show further that

p

2 OO gx=2al2-p).
p 1- cosx 4

4
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Question 109  (****)

By using the substitutiox = 95in2q, or otherwise, find the exact value of

4
! dx.
o X(9- x)
p
3
Question 110  (****)
It is given that
4 03,1 1
cos —+ — C0SZ+ — cosd.
7° 35t 5 g 5 4
a) Prove the validity of the above trigonometric idgnt
b) Use the substitution =sing to show
! 3
(1- x2) dx= 3—’0
16
0
proof
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Question 111  (****)

y_x2+2x- 2
X2 - 2x+ 2

a) Find the value of each of the constadts B and C, so that

Bx+ C

y° At ————.
X2 - 2x+ 2

b) Hence, or otherwise, show that

oo

2
y dx=1.

Nl

A=1],[B=4],|[C=-4
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Created by T. Madas

Question 112 (****)

2

f (X)O X++/2%x-1

, X3

N~

a) Use the substitutioru =+/2x- 1 transforms to show

5 Uy
f(x) dx°
1 W

4u

du,
(u+12)®

whereuy; andu, are constants to be found.

b) By using another suitable substitution, or otheewshow that

5
f(x) dx=-1+ In16.
1
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Question 113 (****)
Use integration by parts find an exact value imtepf e, for the integral

e
(In x)2 dx.
1

Question 114 (****)

Use the fact tha{;—(sem) = sex tam, to find
X

sinx(1+ seé x) dx.

secx- cosc C
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Question 115 (****)

a) Find the value ofA and B in the above identity.

b) By using the substitution = €*, or otherwise, show that

In2

) & dx=|n(%).

lA=1,|B=-1

Question 116 (****)

By completing the square in the expressim?w 4x, or otherwise, show that

42 + 4x

V2x+1

5
2

dx= A(2x+1)2 + B(2x+])% +C,

where A and B are constants to be found a@dis the arbitrary constant of the
integration.

>
1
Ul
w
1
1
H
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Question 117  (****)
ud+10 (ut 1)(u2+ Aut 1)
a) Determine the value of in the above identity.

b) Use the substitution = €* to show

In2 3x
+
ex 1dx=—1+ln2.
0 e'+1
= -1 -_1
A=1, |[B= 7k C 5
Question 118  (****)
1
Use the substitution = x# to find
16 2711 .
+
S dx,
4x4 + 4x

1

giving the final answer as an exact simplified naltiogarithm.
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Question 119  (****)

3
X °Ax+B+CX+D

X% +1 X2 +1

a) Determine the value of each of the constaitsB, C andD.

b) Use integration by parts to show that

xln(x2+l) dx:%( x2+1)ln( x2+1) —% ¥+ C.

|A=1], [B=0|,|C=-1], [D=0|

Question 120  (****)

By writing secx as the fractionseTcX and multiplying the numerator and the

denominator by(secx+ tarx), find

secx dx.

In|secx+ tand +C
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Question 121 (****)

4 A B C

(o]

Loy (xdf T Fu

a) Find the value ofA, B and C in the above identity.

b) Hence by using a suitable substitution find thecexalue of

o

4

—F— dx.
o cosx(% sinx)

| |.[A=2],[B=1],|c=1], [2+In3
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Question 122 (****)
Use the substitution = In x, followed by integration by parts to find

1- Inx

X2

dx.

In x
+

Question 123 (****)
y =arctanx, x|
a) By writing the above equation as=tany, show clearly that

dy_ 1
dx 1+x2

b) Use integration by parts and the result of partqdind

2arctarx dx.

2xarctanx- Ir( 1 x2)+ C
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Question 124 (*¥***)

(x)° 4x2 - 23x+ 21

f(x > , x11, x13.
X“-4x+ 3

a) Expressf(x) in partial fractions.

b) Hence find an exact value for

2- In|
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Question 125  (****)

1
By using the substitution =(2x+1)2, or otherwise, show that

4
el gx= 26,
0

proof

Question 126 (****)

Use the substitution = X% + 2, followed by integration by parts to show that

2x° In(x2+ 2) dx=1+ 2In2.

proof

Created by T. Madas



Created by T. Madas

Question 127  (****)

By considering the trigonometric expansionssof( 5x+ 3x) andsin(5x- 3x), show
clearly that

INJAS]

cosX sinX dx:%.

proof
Question 128  (****)
By using the substitutiox =2 +(u- 1)2, or otherwise, find
1
— dXx.
1++/x- 2
2/x- 2+ 2In( Vx 2)+C
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Question 129  (****)

3
O o a2+ B+ c+ 2.
t+1 t+1

a) Determine the value of each of the constahisB, C andD.

1
b) Use the substitutioh= x% to show

64 1

dx=11+ 6In(%) .

|A=6|, |B=-6|,|C=6|, |D=-6|
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Question 130  (****)

f (x) =8xIn(2x+1), x>-%.
a) Use the substitution = 2x+1 to show that
f(x) dx="(2u- 2)Inudu

b) Use integration by parts to show that

f(x) dx=(42-1)In(2¢ )- 2% 2x C

proof
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Question 131 (****)

(1+ sinx)2

cos x

a) Calculate the two missing values of the followiagle.

X P P i/ P
6 4 24 3
y 3 5.8284| 8.6784 13.92

b) Use the trapezium rule with all the values from¢bepleted table of pata)
to find an estimate for

1

Ed (1+ sinx)2

co< x

c) Use trigonometric identities to find the exact \eabf

1

& (1+ sinx)2
co< x
6

[ 1. |x=2| [a11d. [+- Lp
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Question 132  (****)

y=In(secx+ tan).
dy . . : :
a) Expressd— as a single trigonometric function.
X

b) Hence find

Xsecx tanx dx.

xsecx- I seat tanf+ G

Question 133 (****)
Use the substitutiox = 2sing to find the exact value of

1

12
3 dx.
2

Om

NG
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Question 134  (****)

o A+ B+ C
u-3 w3

u’-9

a) Find the value ofA, B andC in the above identity.

b) By using the substitution =+ X% +9 , or otherwise, find

Wx%+9 2

>
1
|_\
v]
1
Nlw
@)
1
Nlw

x> +9- e
VX2 +9+3
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Question 135  (****)

By using the substitution = 2%, or otherwise, find an exact value for

2X
dx.
o V2¥+1
2(3-/2)
In2
Question 136  (****)
Use the substitutiox = tang to show that
7 2
dx=In — ,
1 x(x2 +1) n
wherem andn are integers.
proof
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Question 137  (****)
Use trigonometric identities to find

32sir? x coé x dx.

l4x- sin4x+ C|

Question 138  (****)

By using the substitution? =1+ tanx, or otherwise, find

seé x tan/ * tamx dx.

3
2

1—25(3tanx- 2(* tarx)

Created by T. Madas



Created by T. Madas
Question 139  (****)
2u° B

C
R — I
(u-1)(u+ 2 Mel vt

a) Find the value ofA, B andC in the above identity.

b) By using the substitution? = x+1, or otherwise, find an exact value for

yx+1 dx.
X
3
The table below shows some tabulated values foedationy =—“X+1, 3EXES
X
3 4 5 6 7 8
y 0.6667| 0.559(Q 0.489p 0.4041 0.3750

c) Complete the missing value in the table.

[continues overleaf]

Created by T. Madas



Created by T. Madas

[continued from overleaf]

d) Use the trapezium rule with all the values fromttige to find an approximate
value for

e) Calculate the difference between the exact valoend in part (b), and the
trapezium rule estimate, found in part (d), and ceerstate whether the
trapezium rule produces an overestimate or an estierate.

[ 1.[a=2, [B=-1, [c=-1, [2+In(3)|, [0.4410, [2.4148, [0.0093
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Question 140  (****)
Use the substitutiox = seqy to show that

2

2 dx=+/m- «/_n

J2 XN x2-1

wherem andn are integers.

J3-2
Question 141 (****)
Use the substitutiox = tanzq to find an exact value for
1
ﬁ dx.
o X+1
2. P
2

Created by T. Madas



Question 142 (****)

Created by T. Madas

y:

~

X

a) Calculate the missing values gfand y in the following table.

X In2

X9

X3

X4

In8

y 1.333

Y2

Y3

Ya

7.111

b) Use the trapezium rule with all the values fromd¢bepleted table of pata)
to find an estimate for

2X

X
In2 e+1

c) Use the substitutiom = e*+1 to find an exact simplified value for

2X

X
In2 e+1

%lnz, 2In 2,—2 In2, 2.090, 3.2, 4.80, [» 4.94[6- In3
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Question 143 (****)
It is given that the value of

1

i (kco§ X- seé x) sirk d,
0

is 2, wherek is a non zero constant.

Determine the value df .
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Question 144 (****)

Find the value of

given further that the integral exists.

[ 1[4
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Question 145  (****)

a) Find the value ofA, B and C in the above identity.

b) Use the substitution =+/1- e to show

1
In2

1- €% dx= §+ In(2— \/_3)

>
1
|_\
o
1
Nl

N
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Question 146 (****)

By using the substitution =+ x> +1, or otherwise, find an expression for

ox°

V3 +1

dx.

Nlw

2(x3+1) ; 6(x3+ ])%+ C
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Question 147  (****)
It is given that

sin(A+B) © sinAcosB+ COSA SilE.
a) Use the above trigonometric identity to show that
sin3x° 3sinx  4sif x.

b) Hence find

win

cosx( 6sink- 2sing)3 dx.

4gin3
|:| 3Sin x+C
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Question 148  (****)

Use the substitutioh=3++/x to find the value of the following integral

36
1

3
1 VX2+3x

dx.

1,
Question 149  (****)
By using the substitution :l, or otherwise, show that
4
i?_+—13 e dx:-—le%+ C.
o0 X X X
proof
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Question 150  (****)
By using the substitution = cosx, or otherwise, show clearly that

P
2 15coS x dx= &

proof
Question 151  (****)
Use the substitutiox = 2cosy to show that
V2 4
wherem andn are integers.
proof
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Question 152  (****)

=4x+3
3x+4'

Xl_

wih

a) Calculate the five missing values vfand y in the following table.

32

6

\l

3

Mw| o
a1

(o]
N

b) Use the trapezium rule with all the values from¢bepleted table of pata)
to find an estimate for

% 4x+3
X dx

3x+4

0

c) Use the substitutionm =3x+ 4 to find the exact value of

32
4x+ 3
3x+4

dx.

0

8,16, 24
[ 1| g 13113846, [128- 145 = 1[384 14n}
99 13

[(e}
[

o

1

o
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(****)

Question 153
Determine, in terms o&, the value of the following integral.

o

2ax dx, at 0.

2 “ax-1

a

You may find the substitution® = ax- 1 useful in this question.
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Question 154  (*¥***)
Use the substitutionx = tang to show that

v 1- X2
- =1(,.
P 2 dx= 3(,0 2\/5).
V3
proof
Question 155  (****)
By using the substitution =~/ x+2, or otherwise, find an expression for
; dx
(x+1)Vx+2
In —'X+2- +C
VX+2+
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Question 156  (****)
Use appropriate integration techniques to show that

;pz

4
sin& dx= N,
0

where N is a positive integer.

[ ] [N=2
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Question 157  (****)
By using the substitutiox = tang, or otherwise, find the value of
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Question 158  (****)

y=(1+cot2 x) seéx, 0<x<ip.

a) Calculate the three missing valuesxfn the following table.

X %,0 %P
y | ¥ |s2-168/3] 4 [32-16/3 L

b) Use the trapezium rule with all the values fromdbepleted table of paf&)
to find an estimate for

i
(1+ cot x) seé x dx.

1
4

c) Use an appropriate integration method to find acesimplified value for
ip

(1+ cot? x) seéx dx.
i

1.2 2,2 234, [4/s
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Question 159  (****+)
Use appropriate integration techniques to evaluate

Yoo 4
l+—2 dx.
X
J5

Give the answer in the form+bIn3, wherea andb are positive integers.

Question 160 (****+)
Use a suitable substitution to show that
P .
2 SiNX COSX 9
dx=In — .
o cos X+ 3cox+ 2 8
proof
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Question 161 (****)

Use partial fractions to determine, in exact sifigdi form, the value of the following
integral.

Nl

2x3- 5x°+ 5

(x2-3x+ 2)()(2 2% ]) .

|:|, 5+In(

oolw
S —
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Question 162 (****)
Use the substitution =sinx to find an expression for

Ccosx + tanx

dx.
1+ tarf x

sinx 3S|rr°’ X+ 2S|r?x+ C
Question 163 (****+)
Use the substitution =1+\/;< to evaluate
9
3X
dx.
o 1+x
45- 12In 2
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Question 164 (****+)

2

y: X Xl_
2x+1

Nl

a) Calculate the two missing values gfin the following table.

X 0 0.1 0.2 0.3 0.4 0.5
1 1 1
y 0 120 35 8

b) Use the trapezium rule with all the values fromdbepleted table of paf&)
to find an estimate, correct ® significant figures, for the following integral.

X2

dx
2x+1

Nl

0

d) Use the substitutionm =2x+1 to find an exact simplified value for

X2

dx
2x+1

Nl

0

e) Hence deduce, by referring to paftd and (c), the approximate value df 2
correct to2 significant figures.

A 745 -1+ 2In3|, In2» 0.7

160’
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Question 165  (****+)

f(x):-x2+ 4% 3,1E£XE 3.

a) Show clearly thatf (2+sing) = co$ q.

b) Hence find the exact value of

3
f(x) dx.
2

IR
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Question 166 (****+)

a) Show thatf (x) is an odd function.

b) Find an expression fofG(x) as a single simplified fraction, showing further
that f¢x) is an even function.

c) Determine an expression fdr *(x).

[continues overleaf]
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[continued from overleaf]

The figure below shows part of the graphfofx) .

N[

d) Use the substitution = €*+1 to find the exact value of

f'l(x) dx.
0

e) Hence find an exact value for the area of the sthaeigion, bounded bf/(x),

the coordinate axes and the Iine:%.

X
fgx) = 2 , f¢(x):ex_ 1, In(%), area:% In3 2In2 0.26
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Question 167  (****+)
By using the substitution = Jx find

4
; dX,

1 X(2+\/;()

giving the answer as an exact single natural |tigari

3
n(3)
Question 168  (****+)
Use the substitutiorx:\/isinq to show that

J2

V2- X2 dxe E.
2
0
proof
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Question 169  (****+)

1 o A Bx+C
—_ — 0 _ 4 .
X x2+1

x(x2 +1)
a) Find the value of each of the constats B andC.

b) Use the substitutiox = cosg to show

b :
3  2sing

% cosg + co§q dq:In(%).

|A=1],[B=-1], |C=0|
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Question 170  (****+)
By using the substitution =1- tar? x, or otherwise, find the exact value of

p

6 tanx secX dx.
0
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Question 171 (****+)

a) Show clearly thatdi(cotx) = - cosetx.
X

b) Use trigonometric identities to find

; dx
sinfxcog€x

Question 172 (****+)

Use the substitutiox = cose@ to find the exact value of

? \/xz-l

NG X

dx.

|

J3-t

Je,
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Question 173 (****+)

a) Write down an expression f%lcl(ecosx) :
X

b) By using integration by parts, or otherwise, shbat t

COSX

e cosx sikdx= &( 1 cog+ conste.

d :
_(ecosx) = - %% gix
dx
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Question 174 (****+)
By using trigonometric identities, show that

NGRS

3

sin® x+ coé x dx = )
16

proof
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Created by T. Madas

Question 175  (****+)

By using the substitution =sin 2x, or otherwise, find an exact simplified value for
the following trigonometric integral.

1
1p
4 1- tarf x

——  dx.
seé x+ 2tarx

0

1. b2

Question 176 (****+)
By using a suitable substitution, or otherwiseg fihe value of

1
xarcsinx

0 V1- X2

dx.
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Question 177  (****+)

a) Use the substitution = 2x- 1 to show that

5
X+1

3 dx=2.
(2x- 1)2

1

b) By using integration by parts and the result ot fa), find the value of

T (x)

dx.
(2x- 1)%

1

oS
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Question 178  (****+)
Use the substitution =In x to show that

x(3'”x)

1+In3

INX gx = + constan.

, , |proof
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Question 179  (****+)

1
J= 1 dx.
-1 1+e”*

a) Show that the substitution=1+€ * transformsJ into

b) By expressing; into partial fractions show clearly thdt=1.

u(1- u)

proof
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Question 180  (****+)
Use the substitutiox = tang to find the exact value of

8

5 dx.
2
o (1)
1
Question 181  (****+)
Use the substitution = 400- 20/x to show that
100
1 dx=-1+ 2In2
, 400- 20/x '
proof
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Question 182  (****+)
It is given that
(2x2- 10x+ 7)()(2 3x 3

o A+ Bx+ G+ 2 4+ E

(x-4)° -4 (x-4)°

a) Find the value ofA, B, C, D and E in the above identity.

b) Hence find the exact value of

f(x) dx.

|A=2|,[B=0|,|C=-1], D=1, [E=-1],

Y
4

In4

Created by T. Madas




Created by T. Madas
Question 183  (****+)

X=

N~

a) Use trigonometric identities to show that

4x% + 4x+17= 16setq.

b) Hence find the exact value of

Nlw

1

4x° +4x+17

f
Nl

(- 1+ 4targ), - %p< g< —%p :
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Question 184  (****+)
It is given that

sin(A+B) © sinAcosB+ COSA SilE.
Use the above trigonometric identity to show that
sin3x° 3sinx-  4sif x,

and hence find

¥3sin2x- 2sinX cox dx.

_3ain?
2:S|nf*3x+C
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Question 185  (****+)

Use the substitution = x+% to show that

P

12 .
S =32 (p +1ng).

p Sin X+=

proof
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Question 186  (****+)

By using the substitution =Jx, or otherwise, show that

V27

2
——= dx = 6In2.
X + 3

, |proof
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Question 187  (****+)

a) Use the substitutionx =itanq to show that

NG

%sin(arctan/_é).

b) Show, presenting detailed calculations, thatl.

proof
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Question 188  (****+)

’ 1
I = ——F dx.

1 X2 - - 1

a) Show that the substitutior =seqy transformsl to

1

3P
| =

0

tang
seq - tamy

b) Hence use trigonometric identities to show that

| =1+3-1p.

, |proof
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Question 189  (****+)
Use integration by parts to find the value of

P
2 .
€% sin & dx.

Created by T. Madas
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Question 190  (****+)

2tanx

Sin2x° ————.
1+ tarf x

a) Prove the validity of the above trigonometric identity.

b) Express

m into partial fractions.

c) Hence use the substitutidr= tanx to show that

NGRS

8

———— dx = In3.
o 3+5sinX

8 3 1
1.

(A+D(t+3 3+1 t+3

Created by T. Madas



Created by T. Madas

Question 191 (****+)
It is given that for some constangs and B

6sinx° A cosk+ sing+ B[ cos sin).
a) Find the value ofA and the value 0B.
b) Hence find

6sinx

— dx.
COSX+ sInxX

| |, [A=3], [B=-3, |3x- 3In|cosx+ sim{+ C

Question 192  (****+)
Use the substitutiox = 2sing to show that

2
Va- X2 dx p.
0

proof

Created by T. Madas
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Question 193 (****+)
Use the substitution =1+ x% € > to find an expression for

x(2- 3x)

eSx+ X2

dx.

Created by T. Madas

: In(

1+ x%g

J+c




Created by T. Madas

Question 194 (****+)

I 1 : .
Use the substitutiom ==+ xe* to find an expression for
X

X+ x2- g X

X3+ xe X

dax.

X

[ ] IIn=+xe+C

Created by T. Madas
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Question 195  (****+)

;dx, nt 2, x30.
X2 + X"

a) Show that the substitution® =1+ x™ 2 transforms above integral into

1 2
2 e )

b) Use partial fractions to find, in terms @fandn, an integrated expression for
the original integral.

+C

.2 m\m-:j

n-2 ‘\/1+x”'2 +]l

Created by T. Madas
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Question 196 (****+)
f(x)°2- Vx 1, x31.
a) Find a simplified expression fay(x) so thatf (x) g(x) =1.

b) Hence, or otherwise, find

[ g(x)° 2+—\/ﬁl , 2x+l(x- 1)%+C

5- X 2

Created by T. Madas
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Question 197  (****+)

By using the substitution =1+ sin? x, or otherwise, show clearly that

(hS]

4 4tanx

o 1+ sin? x

dx=In3.

proof

Created by T. Madas
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Question 198  (****+)

oo o 50X

1- si’x
a) Prove the validity of the above trigonometric identity.

b) Use the substitution =sinx to show that

7+ 4/3
5

3secx dle In
2

6

c) Show clearly that

1In 7+ 43 =In 1+—§\/:—3

proof

Created by T. Madas
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Question 199  (****+)
Use the substitutiox = 2seq, to find the exact value of

4
6
3 dx.
2

4 (x*-4)

3- /3

Created by T. Madas
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Question 200  (****+)

Use the substitution =1+ xe"™ to find an exact simplified value for the following
definite integral.

p
1+ xcosx

- SinXx
+
0 X+e

dx.

[, In(1+p)

Created by T. Madas
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Question 201 (****+)

a) Use the substitutiox = 2sing to show clearly that

2
|:-£+C_
4x

b) Verify the answer to paff) by using the substitution 23_
X

proof

Created by T. Madas



Created by T. Madas

Question 202  (****+)

By using the substitutiox = - %+ —%sinq, or otherwise, find the exact value of

0 3

— dx.
NG x(x+ 1)

[ 1l

Created by T. Madas
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Question 203 (****+)

By using multiplying the numerator and denominator of thegireind by(secx+ 3,
and manipulating it further by various trigonometric identitesw clearly that

W

6
p secx- 1
6

dx=12- p.

proof

Created by T. Madas
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Question 204 (****+)

By changing the base of the logarithmic integrand into asaxd further using
integration by parts, show that

e

log;px dx = ——.
| o In10

, |proof

Question 205  (****+)
Use trigonometric identities to find

1
cosecX- cotf

giving the answer in the forrim| f (x)|

In|sinx|+C

Created by T. Madas
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Question 206 (****+)
By using the substitution = tanx, or otherwise, find the exact value of

INgR S

1

(cosx+ Zsinx)2
0

dx.

Created by T. Madas
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Question 207  (****+)
Use trigonometric identities and integration by parts to findxatt value for

p

2 . .
9xsinxsin2x dx.
0

| | [30- 4

Created by T. Madas
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Question 208  (****+)

S
1+sin 2

(0]

a) Integratel by multiplying the numerator and denominator of the integrand b
(1- sinx).

b) Hence evaluate

e RRs]

_ 1
1+sin

c) Use the substitutioh=tanx to integratel .

d) Hence evaluate

P
4
1
1+sin
1 1 1 1 1
—tan2<-—se02+C,—2-\/§ . |- + C|, |=
2 2 2( ) 1+ tanx 2

Created by T. Madas
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Question 209  (****+)
Show clearly that

o
Wik

Created by T. Madas

, |proof




Created by T. Madas

Question 210  (****+)

Use the substitution =1+ x* cosecx to find an expression for

2x- X% cotx

B dx.
X +sinx

[ ]

In ‘1+ X2 coseo{ +C

Created by T. Madas
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Question 211 (****+)
Use a suitable trigonometric substitution to find an exagplgied value for

a

x2ya- x dx,

0

wherea is a positive constant.

Created by T. Madas
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Question 212 (****+)

1
(o]
f(u) uZ+5u+6

a) Expressf (u) into partial fractions.

arccog 1
| = n n dx.
arcsird (sinx+ 2cosx)( simk+ 3cos)

b) Expressl in the form

o arcco% set,zx

arcsir% g (tan X)

where g is a function to be found.

c) Hence show that

olo

wherea andb are positive integers to be found.

[ f(u)OL- 1 ,|g(tanx)° ( 2+ tanx)( 3 tary)

u+2 u+3

Created by T. Madas
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Question 213 (****+)
Find in exact simplified form an expression for

3x

X- \/xz- 1

dax.

Nlw

+C

Created by T. Madas
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Question 214 (****+)
Use the substitution =sinx+ xtanx to find an expression for

2x+sin 2x+ 2co8 x
(x+cosx) sin

dx.

[ 1, |injsinx+xtany+ C

Created by T. Madas
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Question 215 (****+)
Find, in exact simplified form, the value of

In 2In(et+1)

X
e dx.

In(In2)

|2+ 2e 1

Created by T. Madas
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Question 216 (****¥)

By using the substitution =1+ cos' x, or otherwise, find the exact value of

P
2 4cot x
dx.
p 1+2cof x+ 2cof x
4

Created by T. Madas
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Question 217  (*¥***¥)

2 A

(0] i
u(u-2) u 2+ u

a) Find the value of each of the constatsand B .

b) By using the substitution =1+ co< x, or otherwise, show clearly that

4 cotx

dx = - In(cose8x+ cot x)+ C.
1+ co€ x

Created by T. Madas
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Question 218 (*****)

By using the substitutiosang = x°- 1, or otherwise, find an exact value for the
following integral.

vz 3
x-1 dx.
Ly

1 6

| |!|4_p|

Created by T. Madas
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Question 219  (****¥)
Use appropriate integration methods to find an exact simplifiee ¥aftu

Nl

cog( 5arcsinx) dx.
0

5| &

Created by T. Madas
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Question 220  (*¥***¥)

. e 1 .
By using the substitutioe™ ==, or otherwise, show clearly that
u

9 Ve

X_
eX X_ 9 e

proof

Question 221 (*¥***¥)
By using a reciprocal substitution, or otherwise, find the valubeofollowing integral.
2
x2-1

dx.
1 x3\/2x4- 2%+ 1

Created by T. Madas
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Question 222  (*****) non calculator
Show clearly that

D 2
2 arctan%

5cosx- 12sirk dx =
0

proof

Question 223 (*¥***¥)
Use trigonometric identities to find

; dx
cosx sifx

In|secx+ tar - coseg+ C

Created by T. Madas



Created by T. Madas

Question 224 (****¥)

Use appropriate integration techniques to show that
I :% a+by3 |

wherea andb are integers to be found.

ol

15- /3

Created by T. Madas
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Question 225  (****¥)

Given thatl =9, determine the valua.

| |, [a=8004
Question 226 (*¥***¥)
By using a suitable trigonometric substitution, show cleidudy
2 [16
=X dx= p-2.
0 1' X
proof

Created by T. Madas
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Question 227  (*¥***¥)
Find an exact simplified value for

W

1

P sinxsin
6

dax.

Created by T. Madas
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Question 228  (*¥***¥)
Evaluate the following definite integral.

1
earccos< dX .

0

Give the answer in exact simplified form.

Created by T. Madas

D , |proof




Created by T. Madas

Question 229  (****¥)
Use a suitable trigonometric substitution to find the exalttesof

_51 (1+x)(5- x) dx.

Created by T. Madas
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QUGStion 230 (*****)
By using trigonometric identities, show that

k]

4 sin®x+ cod x
o sin®x cof x

8

dx = %(16- 30)

I_l, proof

Created by T. Madas
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Question 231 (****¥)
Find, in exact simplified form, the value of the following integral

1
P

\/1+ 4co€ X- 4cos® dx.
0

135

Question 232 (*¥***¥)
By using a suitable cosine double angle trigonometric idefititly

6

—— dx.
(1+ cosx)’

X X
3tan§+ tard 2+C

Created by T. Madas
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Question 233 (****¥)

By expressing the integrand in the forsed x f(tanx), or otherwise, find a
simplified expression for the following integral.

3sin? x cog x

(co§x- sirt x)2 P

—1 _sc

1- tarf x

Created by T. Madas
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Question 234 (¥*x+¥)

1+ tanz( )
1- tan2(

1

secx ©

NI [Nl

a) Prove the validity of the above trigonometric identity.

b) Expressli2 into partial fractions.
-1

c) Hence use the substitutidr= tan( ) to show that

X
2

secx dx= | tan§+£ +C.
2 4

1

1- 12 1+t

1-t

Created by T. Madas
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Question 235 (*¥***¥)
By using the substitutioe™ =%, or otherwise, show clearly that

X
4 ax= - ez+4+C.

eV e+ 4 e

proof

Question 236 (*****)

Use the fact thasin A° cos % A and other trigonometric identities to show that

P
* __4 dx=2In3
5p V1- sin2 '
12

proof

Created by T. Madas
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Question 237  (*¥***¥)

Use the substitutiornx =1 to find the value of
u

In x
1+ X

N~

Question 238  (****¥)
Use the substitutiox = 5 to show that
u-+1
0.5
X- X2 256
2 dX: 1—5 .
0.2 X
proof

Created by T. Madas
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Question 239  (****¥)

The figure above shows the graph of the curve with equation
_ 2
y=(x-g)(* ",
where p and q are positive constants.

The curve meets thg axis at the pointA and B. The regionR, shown shaded in
the figure, is bounded by the curve and #haxis.

a) Show that the area of the shaded region is

P

The pointC is the local maximum of the curve. The rectangCNB is such so that
MCN is parallel to thex axis and botAM and BN are parallel to they axis.

b) Show that the area of the rectand{&ICNB is %’ times as large as the area of

R, regardless of the values of andq.

proof

Created by T. Madas
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Question 240  (****¥)

£(x) = sin 3X X

(cos 7+ cos()” +( sin%+ sim)’

1
4

Use trigonometric identities to find the exact value of f (x) dx.

1
1P

Created by T. Madas
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Question 241 (*¥***¥)
Use a suitable trigonometric manipulation to find an exact diegblanswer for the
following integral.
p
3 1
2
0 (cosx+\/—3$|nx)

dx.

%

Created by T. Madas
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Question 242  (*¥***¥)
f (x) =3sinx- cosx+ & xI
g(x) =sin x+cosx, xI
a) Expressf (x) inthe form
A g(x+ B o ¥ 3,
where A and B are constants.

b) Expressg(X) in the form

Rcog( x- / ),
whereR and;/ are positive constants.

c) Hence find a simplified expression for

f(x) dx.

g(x)

| |, [A=1], [B=-2], |[R=+/2],

=

/ =
X- 2In|sinx+ cos{+ %\/_2 I+ se(cx— %p)r tz{nx —%fp d

Created by T. Madas
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Question 243 (****¥)
Use the substitutiox = 2seq, to find a simplified expression for

6

—(X2 _ 4)3 dx.

Created by T. Madas
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Question 244 (Frn)
Find an exact simplified value for

x%- 3x+ 1

0o X

3lo-4

Question 245 (*****)
Given thata andb are integers, evaluate

? 2
(cosax- sinbx)” dx.
-p

Created by T. Madas
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Question 246 (*¥***¥)

(x-2)(2x2- 5x ])
(x-1)(* 3

dax.
15

Use appropriate integrations techniques to show that

I=§-Ink,
4

wherek is a positive integer.

Created by T. Madas
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Question 247 (*¥***¥)

Use appropriate integration techniques to show that

1=8Y5- 2.

', |proof

Created by T. Madas
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Question 248  (*¥***¥)

1
2P 1

| = dx.
o 9co€x- sirfx

By using a tangent substitution, or otherwise, show that

In2.

ol

Created by T. Madas

', |proof




Created by T. Madas

Question 249  (****¥)

Find an exact simplified value for the following definite integral.

¥
eSx_ er

[+ g(@+rd

0

You may assume without proof that the integral converges.

MO

1

In2

Created by T. Madas
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Question 250  (****¥)

NN

+
| = ax+l dx.

J35+ ax - 4@

'
Nlo

By writing 35+ 4x - 4¢ in completed the square form, followed by a suitable
trigonometric substitution, show that

I
Nlw
°

', |proof

Created by T. Madas
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QUGStion 251 (*****)

1
| = (x+3)V7- 6x- X dx
1

a) Use a suitable trigopnometric substitution to show thaB./3.

b) Verify the answer of pafga) by an alternative method.

|, |proof

Created by T. Madas
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Question 252  (****¥)
Use trigonometric identities to find the value of

W

32sinx sin X sin¥ dx.

Created by T. Madas
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Question 253  (*¥***¥)
Use suitable integration techniques to show that

. oo

Created by T. Madas
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Question 254 (****¥)
Use suitable integration techniques to show that

1in3
6e > arctaré @() dx =

_1
6In3

|n3p—@,

. oot

Created by T. Madas
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Question 255  (****¥)
Use suitable integration techniques to show that
bl _
1+ cosx+ sinx- tarx
1+ tanx

dx = 1.

You may assume that the above integral converges.

Created by T. Madas



Created by T. Madas

Question 256 (*****)
Use a suitable trigonometric substitution to finsiraplified expression for

(1+x)(5- x) dx.

garcsin X—32 +—;(x- (2 x)(5 xp C

Created by T. Madas
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Question 257  (*¥***¥)

The figure above shows a cubic curve that crogses taxis atA(a,O) and touches

the x axis atB(b, O) , Wherea andb are positive constants. The pofdtis a local
maximum of the curve.

a) Find the x coordinate ofC, in terms ofa andb.

The pointD lies on thex axis so thaCCD is parallel to they axis.
b) Show thatAB|=3| AD.
The regionR is bounded by the curve, the line segm@bt and thex axis.

c) Use integration by parts to show that the areR a$ 8A1(b a)4.

x=x(2a+h)

Wl

Created by T. Madas
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Question 258  (****¥)

By considering the derivatives ef sinx ande* cosx, find

e*(2cox- 3sinx) dx.

e*(5co- sik)+ C

Nl

Question 259  (*****)
Use integration by parts and suitable trigonomedientities to find

sel x dx.

[ 1, %secx tarx+—% Ih seg+ taf+C

Created by T. Madas
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Question 260  (*****)

By using the substitutior/x = tang, or otherwise, find a simplified expression foe th
following integral.

1- x

—\/;(x+1)2 dx.

L

X+1

Created by T. Madas
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Question 261  (*¥***¥)
Find the value of the following definite integral.

2
ax .

1
1 x+x
2

Give the answer in the forimk , wherek is a positive integer.

| [ k=2

Created by T. Madas
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Question 262  (*¥****)

= — dx, a>0, atl 0.
5 V1-ax &

Find the two possible values of, giving the answer in terms @ where appropriate.

| =4 O<ac<]
[::’|:ﬂ a>1
a

Created by T. Madas
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Question 263 (****¥)

cos X
(1+ sin? x) sinx

dx.

By using the substitution = sin x+ cose, or otherwise, show that

sinx

1+ sir? x

| =In +constan

, |proof

Created by T. Madas
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Question 264 (****¥)

1p
| = xcotx dx.
0

Use appropriate integration techniques to show that

IZ%me.

|_| , |proof

Created by T. Madas
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Question 265 (*¥****)

Use the substitutiox = 1 to find the value of
u

2
x*-1

1 X2\/ x*+1

dx.

[0]
Question 266 (*****)
Use a suitable substitution to find the value of
4 In(9- x)
dx.
) \/In(9- X)+ \/In(3+ X)
I

Created by T. Madas
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Question 267  (*¥***¥)

Use an appropriate substitution followed by intéigraby parts to find a simplified
expression for

In(x2+1)- 2Inx v X%+ 1

X4

dx.

3 2
[ 1 %( 2+1)2 1- 3In 2 ;1 +C

9x X

Created by T. Madas
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QUGStion 268 (*****)
Use appropriate integration techniques to show that
P

-2
_SIdez _1|n(1+\/§)
0 SINX + COSX \/E

|_| , |proof

Created by T. Madas
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Question 269  (****¥)
Use appropriate integration techniques to show that

3 1
= ax= 2
1p 1++/ cotx 12

proof

Created by T. Madas
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Question 270  (****¥)

Use appropriate integration techniques to find aace answer for the following
definite integral.

2p- arccog
¥3sin2x- 2sinX cox dx

1
P

Created by T. Madas
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Question 271 (*¥***¥)

a) Use the compound angle identitps( A+ B) to show that

J6- /2

cos S
12 4

b) Use a suitable trigonometric substitution to fihd exact value of

Created by T. Madas
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Question 272 (*¥***¥)

It is given that the functions of, u(x) andv(x) satisfy

u(x)v(¥) d= | ¥ dx’ ¢ X dx forxT , x*0, x?1,

a) Show clearly that

b) Given further that

show that

1,2

u(x)= Axe?" , where A is an arbitrary constant.

c) Determine a similar expression fuf x).

v(X) = Bxe*

Created by T. Madas
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Question 273 (*¥***¥)

Use the substitutiotanx :%( g \/_3tar17) to find the exact value of

INJAS]

V3

o 2+sinZ

=1

Created by T. Madas
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Question 274 (****¥)

arcco%

1

| = dx.

arcsig (SINX+ 2c0s)( sin+ 3cos)
Use appropriate integration techniques to show that
I =In a ,
b

wherea andb are positive integers to be found.

150
| =lIn —
143

Created by T. Madas
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Question 275 (*¥***¥)
Use appropriate integration techniques to show that

dx:B.
4

o X+v1- X

Created by T. Madas
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QUGStion 276 (*****)
Use polynomial division to find the exact value of

a9t

dax.
X2 +1

You may assume that

dx=arctanx+ constar.
1+ X2

Created by T. Madas
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Question 277  (*¥***¥)
Use integration by parts to find a simplified exaalue for

Ip
(cosx+ sinX)( Incox+ Insix) dx.
o

You may assume that

cosex dx= Irf tar(u% x)‘ + consta.

1. [3ne

Created by T. Madas
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Question 278  (*¥***¥)
It is given that

a) Show clearly that ...

u?-2
2u+1

dx 2(u2+u+2)
Tdu o (2u+2)?

b) Find a simplified expression for

1

X\/X2+X+2

It

X“+x+2=(u- x)2.

dax .

1 ‘x+ x2+x+2-\/_2‘

\/§In‘x+\/x2 +X+2 +\/§‘

+C

Created by T. Madas
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Question 279  (****¥)
It is given thata andb are distinct real constants ardis a real parameter.

a) Starting by the relationship between two functiohs, f(x) and g(x)
11(x)+g(x) 220,

show clearly that

2 f(x) % dx+2 bf(x)g()§ b ¢ x> dro.

a a a

b) Deduce the Cauchy Schwarz inequality for integrals

[continues overleaf]

Created by T. Madas



Created by T. Madas

[continued from overleaf]

c) By letting f (x)=+/sinx and g(x) =1, show that
p
2»\/sinx dx£\/g.
0

d) By letting f (x)=+/v/sinx and g(x) =cosx, show that

P
2\/sinx dx3 64 )
0

250

proof

Created by T. Madas
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QUGStion 280 (*****)
By using the substitutior/x = tang, or otherwise, find

(x+3)V/x

———dx.
(x+1)2

3
2x2
X+1

Created by T. Madas
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QUGStion 281 (*****)

By using the substitution = secx++/ tanx, or otherwise, find

1+ 2sinx/ tanx

dx.
2 1+ cosx/ tanx  cos/ tam

L

In‘SE‘CX*'\/ta—nx‘ +C

Created by T. Madas
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Question 282  (*¥***¥)
It is given that

cotx cosex+ 2coX
1+ cosex

dx © In‘ 1+ f(x) f(x)‘+ constan.

Using integration techniques, determine an expoessir f (x)

[ 1. [f(x)=sinx

Created by T. Madas
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Question 283  (****¥)

1
P
1= ° % 4

1,, Sinx+ sin
4

Use appropriate integration techniques to show that
| =AINnN+BInM ,

where A, B, N and M are integers to be found.

|, [l =8In2- 3In3

Created by T. Madas
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Question 284 (****¥)

Use the substitutionx = tan( q) , to find a simplified expression for

N

2

Xarccos dx.

1+ X2

[ ] |- (1+ xz)arctanx+ consta

Created by T. Madas
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Question 285  (****¥)
By using a suitable trigonometric substitutionptiterwise, find

(3X2 + 5x)\/7<

dx.
(x+2)°

X+1

Created by T. Madas
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Question 286 (*****)
The function f is defined as

f(x)o 2, xi[¥).

Show, with details workings, that

', |proof

Created by T. Madas
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Question 287  (*¥***¥)
A function F is defined by the integral

Find a simplified expression, in terms &, for

X t

€ dt,
. t+a
wherea is a positive constant.
X et
, —— dt = €® F(x+a)- F(ar )
, t+a
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Question 288  (*****)
It is given that

2
u? = 1 X > x1+1
(1- x)
a) Show clearly that ...
i = u-1
' u+1
2
ii 1- X°= Au 3
(u?+1)
dx 4u
i, ... —E——.
du (u2+1)

b) Hence show further that

3 dx = N1 x + constan.
(ax+5)1- - 1 %) VI- % 3% X
, |proof
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Question 289  (****¥)

By using the substitutiox = 2tar12q, or otherwise, find

2- X

—&(x+2)2 dx.

2%

X+2

+C
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QUGStion 290 (*****)
It is given that

V5- 4x- X= (1 xu, xt1, x- 5.

a) Show clearly that ...

b) Hence show further that

X u’-5

(5- 2% %)

Nl

¢) Find a simplified expression for

X ax .

3
2

(5- 2 %)
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Question 291 (****¥)

By using an appropriate trigonometric substitution,otherwise, find an exact value
for the following integral.

L[ lp-2]
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QUGStion 292 (*****)

1= — 1

(x+ x2+1)2

0

a) Use the substitution = x++/ % +1 to find the value ofl .

b) Verify the answer to pafh) by a trigonometric substitution.
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Created by T. Madas

Question 293  (****¥)
Find an exact value for the following integral.

D
xsin® x dx.
0
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Question 294 (****¥)
Determine, as an exact simplified fraction, theueadf the following integral

5
2

(4x2- 16x+ 1g4 dx.

Nlw

] [128
'|315
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QUGStion 295 (*****)
Find an exact value for

XSin x

o Va- cogx

You my assume without proof that

dx.

az- x2

X
dx = arcsin — + constar.
a

IS
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Question 296 (*¥***¥)

A family of functions, known as the Chebyshev palymals of the first kindTn(x), IS
defined as

T,(X) =cog( n arccos), - 1€ x£ 1, ni

Evaluate the following integral

[ 1.0
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Question 297  (*¥***¥)

The functiony = f(X) is defined in the largest possible real domain by
f(x)°In »%- 2% 2 .

Sketch the graph off (x) and determine an exact simplified value for theaaof the

finite region bounded by the graph df(x) and the coordinate axes.

[ 1 [3p-2+ 2
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QUGStion 298 (*****)

Show that

I_l, proof
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Question 299  (****¥)
Use integration by parts to find a simplified exgsien for

1 x+1
1+x- = e X dx.
X

x+1
i, | xe X+C

Question 300  (****¥)
Use trigonometric identities to find a simplifiedpeession for

sin x- cod x

dx.
1- %sin2 X

|:|, -%sin2x+ C
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Question 301  (****¥)
By using an appropriate substitution followed bhgdanometric identities, show that

P xtanx

- -1 -2
o tanx+ sex dx =3p(P-2);

' |proof
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QUGStion 302 (*****)
Show that ifn is an integer, then

lp e
2 cos( g) cog dg = 2(-9)

'%,0 1- (2n)2 .

|_| , |proof
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Question 303  (*¥***¥)

1
4
1 dx , nl

0 1+ tariq X

Find the value of the above integral, for all valwé n

Created by T. Madas

NG
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Question 304  (***+¥)

By suitably rewriting the numerator of the integitafind a simplified expression for
the following integral.

12sinx- 5cox
2sinx- 3cox

dx.

L

3x+ 2In|2sinx- 3cos{+ C
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Question 305  (****¥)
Find an exact value for the following integral

1
7p
2
1

0 1+(tanx)JEe

dx.
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Question 306  (*¥****)

It is given thatl » 2.

Use this fact to estimate the valuelo® correct tol significant figure.

| ., [In2»0.7
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Question 307  (****¥)
The definite integral is defined in terms of the constant wherek® 0, k1 +1.

PR
= ——F5— dx.
0 1+ k2 taan

Use appropriate integration techniques to show that

, |proof
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Question 308  (****¥)

By suitably rewriting the numerator of the integitafind a simplified expression for
the following integral.

3cosx+ 2SinK
2cosx+ 3sinx

dx.

, %—2x+%ln|2005x+ 3si{ + C
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Question 309  (****¥)
Find the value of the following definite integral.
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QUGStion 310 (*****)
Find in exact simplified form the value of

1 1 x

01-\/;

dax.

You may assume that the integral converges.

Created by T. Madas
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QUGStion 311 (*****)
Find an exact simplified value for

. In (In x) + )

dx.

2

I:, e%(2+ In2)- g
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QUGStion 312 (*****)
By using appropriate substitutions, or otherwid@vs that

1
2
In+2x) o _pin2.

, 1+ 16

|_|, proof
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Question 313 (****¥)
Use appropriate integration techniques to show that

1

4xarctanx dx = p- =
0

Created by T. Madas

[, |proof
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Question 314  (****¥)

1
| - 2 In(1+2x)

dx.
1+ 4x°

0

a) Use an appropriate trigonometric substitution tovsithat

p

4 coq g - lp
| = 1Inﬁ+élnM dg .
2 2 cogy
0

b) Show further that

(oIS

| = en2, Ly TR 8 g

o, o)

e RRe]

c) Deduce that

, , |proof
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QUGStion 315 (*****)

2x+1

x-1

a) Show that

' = (X_l)% + 6(X' ]ﬁ+ constan.

Wi

You may not use any substitution or integration byparts.
b) Determine the value o4, given that

a

2x+1

dx = 102.
Jx-1

2

| |, [a=17]
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Question 316 (*¥****)

Show thatd =1

, |proof
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Question 317  (*¥***¥)
By using an appropriate substitution or substingicshow that

Ving 4xsin(x2)

sin(xz) + sin( In6- x2)

dx :In(

Nolw

)

Jin2

|, |proof

Created by T. Madas
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QUGStion 318 (*****)

x-[q A, 2k 1, Kk
f(X)=_X+[X5+]1 ; [[i ok L

Where[x] Is defined as the greatest integer less or equal t

Find the value of

[ 1[4

Created by T. Madas



QUGStion 319 (*****)

Created by T. Madas

By using symmetry arguments, find the exact value following integral

D
! sin( cos<)+ cob cag  sin dx.

0

1.

e(cost sin}- |
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QUGStion 320 (*****)

1 0 10
| = O(x+r) !
X+r
0 r=1 r=1

Show by a detailed method that
| =a’ b,

wherea andb are positive integers to be found.

dx.

I, la=b=10
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Question 321  (*¥***¥)

| = Jtanx dx.

a) Use a suitable substitution to show that

b) By using a further substitution in each of the gnéds of part(a) find a
simplified expression fot , in terms ofx.

You may assume without proof that

1 1 X
> dx=—arctan — + constar.
X<+ a a a

1 tanc + 2tanr 1+

iarctam tanx- 1, In C
J2 J2tanx 2/ 2 tax++/ 2tam+ 1
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QUGStion 322 (*****)
By using an appropriate substitution or substingjcshow that

p
In(sinx) dx =-pin2.
0
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Question 323  (****¥)
It is given that

| = P 3+ COSX dx and J= P 2+ Sinx dx
1 13+ 3cox + 2sirx 1 13+ 3cox + 2six

By considering two linear combinations inand J , show that

1

I T 3p - In(

and find a similar expression far.

Created by T. Madas
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QUGStion 324 (*****)
By using an appropriate substitution or substingjcshow that

1

In(x+21) dx :,Olnz.
o 1+x 8

[ proof
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QUGStion 325 (*****)
It is given that

Wi

| = 32x2
(xz- 1)(x+ 1)3

0

Show thatl :%- 2In2.
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QUGStion 326 (*****)

1
4
| = 4sinx/cosX dx.

0

By using an appropriate substitution or substingicshow that

| :2-\/§In(llr \/_2)

1. oroo]
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Question 327  (****¥)
Find as an exact fraction the value bf

1 50

(1- x20) dx

_ 0
1(1- x20)51 dx

0

1021

11020
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Question 328  (****¥)
The integrall is defined as

| = P sin®x dx
o l+cofx
a) Show by a detailed method that
1
2P 4
| +p = —— dx.
P o 1+ co X

b) Hence, find the value of in exact simplified form.

c) Verify the answer obtained in pglt) by an alternative method by first writing

the integrand of as a function otot® x.

A :p(\/z-l)
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QUGStion 329 (*****)

By using an appropriate substitution or substingidollowed by partial fractions
show that

sinx + cosx K

P
4

SInX+ cosx o |
o 9+16sinX 20

1. oroo]
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Created by T. Madas
Question 330  (****¥)

| = seé x

—— dx.
Jsecx+ tarx

Without using a verification approach, show that

Nlw

1 -
| = (sex + tarx)2 - 3( seg+ tak) 2 +  conste

Wl

You may consider the substitutiam=secx+ tanx useful at some stages in the
manipulation of the integrand.

L. [proof
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Question 331  (****¥)

Use an appropriate integration method to deterrmmantiderivative for the following
indefinite integral.

xz(x4+1)

Ix*+1

ax .

B[4 +2x) +c
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QUGStion 332 (*****)
Use partial fractions followed by integration byrfsao show that

¥
X% +3x+3

—— e ¥sinx dx = 1
(X+1) 2

D , |proof

Created by T. Madas



