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Question 1  (*%)

The gradient of a curve satisfies

dx  3y“(x-1)
Given the curve passes though the point P(2,—1) and the point Q(q,1), determine

the exact value of ¢.

q=1+e2
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Question 2 (**+4)

Water is draining out of a tank so that the height of the water, 2 m, in time # minutes,
satisfies the differential equation

where k is a positive constant.
The initial height of the water is 2.25 m and 20 minutes later it drops to 1 m.

a) Show that the solution of the differential equation can be written as

(60—1)°
1600

b) Find after how long the height of the water drops to 0.25 m.
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Question 3 (**+)

The radius, r mm, of a circular ink stain, ¢ seconds after it was formed, satisfies the
differential equation

where k is a positive constant.

The initial radius of the stain is 4 mm and 8 seconds later it has increased to 20 mm .
a) Solve the differential equation to show that

r=4-+3t+1.

b) Find the time when the stain will have a circumference of 567 .

¢) Explain why this model is only likely to hold for small values of .
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Question 4  (**+)

An _entomologist believes that the population P insects in a colony, t weeks after it
was first observed, obeys the differential equation

4P P2,
dt

where k is a positive constant.

Initially 1000 insects were observed, and this population doubled after 4 weeks.

a) Find a solution of the differential equation, in the form P = f(z).

b) Give two different reasons why the model can only work for small values of ¢ .

P=SOOO
88—t

@ &
&
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Question 5 (**+4)

The area, A km?, of an oil spillage on the surface of the sea, at time ¢ hours after it
was formed, satisfies the differential equation

3
dAda’,

= , 1>0.
dt 2

When =1, A=0.25.

a) Find a solution of the differential equation, in the form A= f (7).

b) Determine the largest area that the oil spillage will ever attain.
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Question 6  (**%)

The mass, m grams, of a burning candle, ¢ hours after it was lit up, satisfies the
differential equation

where k is a positive constant.
a) Solve the differential equation to show that
m=10+Ae™™,
where A is a non-zero constant.
The initial mass of the candle was 120 grams, and 3 hours later its mass has halved.

b) Find the value of A and show further that

k=Lm(1).

W=

¢) Calculate, correct to three significant figures, the mass of the candle after a
further period of 3 hours has elapsed.

m=32.7|

A=110

b 9
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Question 7  (¥*%)

A radioactive isotope decays in such a way so that the number N of the radioactive
nuclei present at time ¢ days, satisfies the differential equation

Ny,
where k is a positive constant.
a) Show clearly that
N=Ae™,

where A is a non zero constant.

Initially there were 6.00x10** radioactive nuclei and 10 days later this number

reduced to 6.25x10%%.
b) Show further that k£ =0.45643, correct to five decimal places.

¢) Calculate the number of the radioactive nuclei after a further period of 10
days has elapsed.

6.51x10%°

@ * ) (}a)a»m I ¥
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Question 8  (**%)

The number of fish x in a small lake at time r months after a certain instant, is
modelled by the differential equation

dx
—=x(1=kt),
o x(1=kt)

where k is a positive constant.
We may assume that x can be treated as a continuous variable.

It is estimated that there are 10000 fish in the lake when # =0 and 12 months later
the number of fish returns back to 10000 .

a) Find a solution of the differential equation, in the form x = f (7).

b) Find the long term prospects for this population of fish.

2

_1
x=10000¢ 2" |, [x >0

@ &lacew
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Question 9 (¥*%)

The area, A km?, of an oil spillage is growing in time ¢ hours according the
differential equation

dA_de!

dt A

, A>0.

The initial area of the oil spillage was 4 km? .

a) Solve the differential equation to show that
2
A=4(3¢'+1)".

b) Find, to three significant figures, the value of ¢ when the area of the spillage
reaches 1000 km? .
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Question 10  (**%4)

A cylindrical tank of height 150 cm is full of oil which started leaking out from a
small hole at the side of the tank.

Let 4 cm be the height of the oil still left in the tank, after leaking for # minutes, and
assume the leaking can be modelled by the differential equation

dh 1
= - —(h=6)2.
di 4 (h=6)

[S{o%

a) Solve the differential equation to show that ...

8
i . t= ——
h—-6 3
ii. ... vh—-6= 24 )
3t+2

b) State how high is the hole from the bottom of the tank and hence show further
that it takes 200 seconds for the oil level to reach 4 cm above the level of the
hole.

6cm
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Question 11  (**%4)

Water is leaking out of a hole at the side of a tank.

Let the height of the water in the tank is y cm at time ¢ minutes.

The rate at which the height of the water in the tank is decreasing is modelled by the
differential equation

When r=0, y=132.
a) Find how long it takes for the water level to drop from 132 cm to 34 cm.

The tank is filled up with water again to a height of 132 cm and allowed to leak out in
exactly the same fashion as the one described in part (a).

b) Determine how long it takes for the water to stop leaking.

=1, [t=2.5]|
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Question 12 (**%4)

The speed, v ms™!, of a skydiver falling through still air # seconds after jumping off
a plane, can be modelled by the differential equation

SQ:SO—V.
dt

The skydiver jumps off the plane with a downward speed of 5 ms ™.

a) Solve the differential equation to show that

p—

t

v=80—75¢ 8 .

b) Find the maximum possible speed that the skydiver can achieve and show that
this speed is independent of the speed he jumps off the plane

You may assume that the skydiver cannot possible jump at a speed greater
than his subsequent maximum speed.

80ms~!
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Question 13 (**%4)

A population P, in millions, at a given time ¢ years, satisfies the differential equation

9P _ pa-p).
dt
Initially the population is one quarter of a million.

a) Solve the differential equation to show that

b) Show further that

1

P= -
1+3e

¢) Show mathematically that the limiting value for this population is one million.

d) Find, to two decimal places, the time it takes for the population to reach three
quarters of its limiting value.

, ,2=1n9=2.20

t—>oo, P—1
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Question 14  (**%4)

The number of foxes N, in thousands, living within an urban area t years after a
given instant, can be modelled by the differential equation

d—N:ZN—Nz, t>0.
dt

Initially it is thought 1000 foxes lived within this urban area.

a) Find a solution of the differential equation, in the form N = f (7).

b) Find the long term prospects of this population of foxes, as predicted by this
model, clearly showing your reasoning.

2t
I:l, N = ¢ or N= 2e , |population — 2000
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Question 15 (**%4)

A machine is used to produce waves in the swimming pool of a water theme park.

Let x cm be the height of the wave produced above a certain level in the pool, and
suppose it can be modelled by the differential equation

@=2xsin2t, t=20,

where ¢ is the time in seconds.
When t=0, x=6.
a) Solve the differential equation to show
x = 66759528,

b) Find the maximum height of the wave.

s | Xmax = 44.3 cm

G B
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Question 16  (**%4)

Food is placed in a preheated oven maintained at a constant temperature of 200 °C.
Let 8 °C be temperature of the food ¢ minutes after it was placed in the oven.
It is assumed that @ satisfies the differential equation

d—ezk(zoo—e),
dt

where k is a positive constant.

a) Solve the differential equation to show that

0=200+Ae ™,
where A is a non zero constant.

When a food item was placed in this oven it had a temperature of 20 °C and 10
minutes later its temperature had risen to 120 °C.

b) Show further that k£ = 0.0811.

¢) Find the value of ¢+ when the food item reaches a temperature of 160 °C.

t=~18.55|

9

B et =2 Lo
2 = 200 4 Ae® ) 8= 20— R0 "
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Question 17  (¥*%%)

Consider the following identity for ¢.

1 At+B+£
t(t2+1) 2+1 ot

a) Find the value of each of the constants A, B and C.

In a chemical reaction the mass, m grams, of the chemical produced at time ¢ , in
minutes, satisfies the differential equation

e m
di (s +1)
b) Find a general solution of the differential equation, in the form m = f(z).

Two minutes after the reaction started the mass produced is 10 grams.
¢) Calculate the mass which will be produced after a further period of 2 minutes.

d) Determine, in exact surd form, the maximum mass that will ever be produced
by this chemical reaction.

[A=—1, B=0, C=1], |m=—tt_| 20 /85 = 10.85 . | mypay =55

o) ADD Be PH S g Gompale RRSNPREw Y=
=M= =
U o AR ¢ St
T T
E SmSr s i e
| = AR Q) a2
= gy = e
4 5 i e e
c=( R=o Aic=o = sk
K /// > - 22
= k=S5
) Sowng & sseaoation of vaningLe E= e
=
o Sm_w -
dE ) i) t= 4
- L I Gl 7
> iy du ) & - wme Mt mv//
Lda = (28 vl g
= bk )= d) oo At e Soon
BRI IR SN
- J - W =
W J e = - ﬂ?_t Y % A
S hw o= ohE 2 () & hA N o
i AR W —> SNS
0] oot /
= bt = 8 < W) A
= Wt o= ‘m’(é—ﬁl‘\)

Created by T. Madas



Created by T. Madas

Question 18 (***%)

The population of a herd of zebra, P thousands, in time ¢ years is thought to be
governed by the differential equation

d—P:LP(2P—1)cost.
dr 20

It is assumed that since P is large it can be modelled as a continuous variable, and its
initial value is 8.

a) Solve the differential equation to show that

8
P < .
Lsint

16=15¢20

b) Find the maximum and minimum population of the herd.

P =34642] . [P, =4620
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Question 19 (x**%)

A population p , in millions, is thought to obey the differential equation

dp
— =kpcoskt
dr

where k is a positive constant, and ¢ is measured in days from a certain instant.
When =0, p=p,.
a) Solve the differential equation to find p in terms of p,, k and ¢.

The value of k£ is now assumed to be 3.

b) Calculate, correct to the nearest minute, the time for the population to reach
Do again, for the first time since 1 =0.

[ 1. |p=p,e™|, [1508 min
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Question 20  (¥¥%%¥)

Cars are attached to a giant wheel on a fairground ride, and they can be made to lower
or rise in height as the wheel is turning around.

Let the height above ground of one such car be 4 metres, and let ¢ be the time in
seconds, since the ride starts.

It may be assumed that % satisfies the differential equation

ﬁ =§\/Zsin(%j.

d 2

a) Solve the differential equation subject to the condition t =0, h =1 , to show
\/Z =2—cos (%j .

b) Find the greatest height of the car above ground.

¢) Find the value of r when the car reaches a height of 8 metres above the
ground for the third time, since the ride started.

h =9, [t=11.77
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Question 21  (¥¥%%¥)

During a chemical reaction a compound is formed, whose mass m grams in time ¢
minutes satisfies the differential equation

dm
—=k(m-6)(m-3),
2~ k(m—6) (m-3)
where k is a positive constant.

a) Solve the differential equation to show that

where A ‘is a non zero constant.

When the chemical reaction started there was no compound present, and when
t =In16 the mass of the compound has risen to 2 grams.

b) ‘Show further that

¢) Show that in practice, 3 grams of the compound can never be produced.

l:l , |proof
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Question 22  (¥¥%¥)

During a chemical reaction a compound is formed, whose mass y grams in time ¢

minutes satisfies the differential equation

3? k(1-2y)(1-3y), t20,

where k is a positive constant.

a) Solve the differential equation to show that

lnﬂ =kt+C,
1-3y

where C is a constant.

When the chemical reaction started there was no compound present, and when
t =1In4 the mass of the compound has risen to 0.25 grams.

b) Show further that

¢) State, with justification, the limiting value of y as ¢ gets large.
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Question 23 (***%4)

During a chemical reaction a compound is formed, whose mass x grams, in time ¢
minutes, satisfies the differential equation

dx -
—=k(4+x)(4=x)e”", 120,
dt
where k is a positive constant.
When the chemical reaction started there was no compound present.

The limiting mass of the compound is 2 grams.

Find the value of 7, when half the limiting mass of the compound has been produced.

| , 1= 0.625|
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Question 24 (***%4)

The equation of motion of a small raindrop falling freely in still air, released from rest,
is given by

v
m—=mg —kv,
r &Y

where m kg is the mass of the raindrop, v ms ! is the speed of the raindrop ¢ seconds
after release, and g and k are positive constants.

a) Solve the differential equation to show that

The raindrop has a limiting speed V . (It is known as terminal velocity).

b) Show that the raindrop reaches a speed of %V 1n time %ln 2 seconds.

proof
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Question 25  (Gk¥¥EF)

The population P of a colony of birds, in thousands, is assumed to vary according to
the differential equation

£=Pe‘0~5f, P>0,1>0,

dt

where ¢ is the time in years.
It is further assumed that P is large enough to be treated as a continuous variable.

Solve the differential equation to show that P will reach half its limiting value when

t=2In ij
In2

, |proof
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Question 26 (¥¥¥EF)

Water is leaking from a hole at the side of a water tank.

The tank has a height of 3 m and is initially full. It is thought that while the tank is
leaking, the height, H m, of the water in the tank at time ¢ hours, is governed by the
differential equation

dH _ o ,

dt
where k is a positive constant.
The height of the water drops to 2 metres after 10 hours.
Find in exact simplified form ...
a) ... an expression for H in terms of 7.

b) ... the height of the hole from the ground.

1-0.1¢
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Question 27  (Gk¥¥EF)

The equation of motion of a small raindrop falling freely in still air, released from rest,
is given by

dv
mv—=mg —kv,
dx

where m kg is the mass of the raindrop, v ms ! is the speed of the raindrop x metres
below the point of release, and g and k are positive constants.

a) Solve the differential equation to show that

L L
m k mg —kv

The raindrop has a limiting speed V .
(It is known as terminal velocity).

1

b) Show clearly that the raindrop reaches a speed of 5

V , after a falling through a

2
distance of ‘2/—g(—1+ln4) metres.

proof
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Question 28  (Fk¥¥EF)

The equation of motion of a small raindrop falling freely in still air, released from rest,
is given by

dv 2
m—=mg—kv~,
&

where m kg is the mass of the raindrop, v ms ! is the speed of the raindrop ¢ seconds
after release, and g and k are positive constants.

a) Solve the differential equation to show that

_ A 2cgt
v=l Nt , where czzi.
c 1+e—2cgt mg

The raindrop has a limiting speed V .

(It is known as terminal velocity).

b) Show that the raindrop reaches a speed of %V in time % In3 seconds.

proof
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Question 29  (Gk¥¥EF)

The equation of motion of a small raindrop falling freely in still air, released from rest,
is given by

mvﬂ =mg — kv? ,
dx

where m kg is the mass of the raindrop, v ms ! is the speed of the raindrop x metres
below the point of release, and g and k are positive constants.

a) Solve the differential equation to show that

22k
v2 =c2(l—e mx), where c> :%.

The raindrop has a limiting speed V .

(It is known as terminal velocity).

b) Show that the raindrop reaches a speed of %V , after covering a distance of
V2 (4
22 ln( 3) metres.

proof
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DIFFERENTIAL EQUATIONS

IN CONTEXT WITH MODELLING
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Question 1  (*%)

The number of bacterial cells N on a laboratory dish is increasing, so that the hourly
rate of increase is 5 times the number of the bacteria present at that time.
Initially 100 bacteria were placed on the dish.

a) Form a suitable differential equation to model this problem.

b) Find the solution of this differential equation.

¢) Find to the nearest minute, the time taken for the bacteria to reach 10000.

v _
dt

5N|, |N=100¢"|, |55 minutes

-

&
() o= sud
=Ll
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Question 2 (*%)

The gradient at any point (x,y) on a curve y= f(x) is proportional to the square

root of the y coordinate of that point.

a) Form a suitable differential equation to model this problem.

b) Find a general solution of this differential equation, in terms of suitable
constants.

The curve passes though the points P(4,4) and Q(6,16).

¢) Find a solution to the differential equation in the form y=f(x).

@=k\/; , \/;=Ax+B g y:(x—2)2

dx
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Question 3 (*%)

A certain brand of car is valued at £V at time ¢ years from new.

A model for the value of the car assumes that the rate of decrease of its value is
proportional to its value at that time.

a) By forming and solving a suitable differential equation, show that
V=AM,
where A and k are positive constants.
The value of one such car when new is £30000 and this value halves after 3 years.
b) Find, to the nearest £100, the value of one such car after 10 years.
One such car is to be scrapped when its value drops below £500 .

¢) Find after how many years this car is to be scrapped.

1=17.7=~18|

1£3000

b
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Question 4  (**+)

Water is leaking out of a tank from a tap which is located 5 cm from the bottom of
the tank.

The height of the water, 4 cm, is decreasing at a rate proportional to square root of
the difference of the height of the water and the height of the tap.

a) Model this problem with a differential equation involving /4, the time ¢ in
minutes and a suitable proportionality constant.

The initial height of the water in the tank is 230 cm and 5 minutes later it has
dropped to 105 cm.

b) Find a solution of the differential equation of part (a), in the form 7= f (k).

¢) Calculate the time taken for the height of the water to fall to 30 cm.

d) State how many minutes it takes for the tank to stop leaking.

a_
dt

10 minutes|, |15 minutes

~kNh-5|, |t=15-h-5|,

b

@ el e G €
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Question 5 (¥*%)

A laboratory dish with 100 bacterial cells is placed under observation and 65 minutes
later this number has increased to 900 cells.

Let y be the number of bacterial cells present in the dish after  minutes, and assume

that y can be treated as a continuous variable.

The rate at which the bacterial cells reproduce is inversely proportional to the square
root of the number of the bacterial cells present.

a)

b)

d)

Form a differential equation in terms of y,¢ and

Solve the differential equation to show

\S)[#8)

y-=Ar+B,

where A and B are constants to be found.

a proportionality constant & .

Show that the solution to this problem can be written as

2 =40000(2¢ +5)°.

Calculate, to the nearest hour, the time when the number of bacterial cells

reaches 7000.

dy _ k

A =400

B =1000], |z =~ 24|

9 b

d Jyl|

(@)«
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Question 6  (**%)

The number x of bacterial cells in time ¢ hours, after they were placed on a
laboratory dish, is increasing at the rate proportional to the number of the bacterial
cells present at that time.

a) If x; is the initial number of the bacterial cells and k is a positive constant,
show that

x:xoekt.

b) If the number of bacteria triples in 2 hours, show that k = In~/3 .

proof

@ CIENES
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Question 7  (¥*%)

During a car service, the motor oil is drained out of the engine.

The rate, in em’s~! , at which the oil is drained out, is proportional to the volume,

V ecm® , of the oil still left inside the engine.

a) Form a differential equation involving V , the time ¢ in seconds and a
proportionality constant k .

Initially there were 4000 cm’ of oil in the engine.
b) Find a solution of the differential equation, giving the answer in terms of & .
It takes 7" seconds to drain half the oil out of the engine.

¢) Show clearly that

kT =In2.

2 ——kV|, |V =4000e

@)

(ORI T

Created by T. Madas



Created by T. Madas

Question 8  (¥*%)

A species of tree is growing in height and the typical maximum height it can reach in
its lifetime is 12 m.

The rate of growth of its height, H m, is proportional to the difference between its
height and the maximum height it can reach.

When a tree of this species was planted, it was 1 m in height and at that instant the
tree was growing at the rate of 0.1 m per month.

a) Show clearly that

llOd—H=12—H,
dt

where ¢ is the time, measured in months, since the tree was planted.

b) Determine a simplified solution for the above differential equation, giving the
answer in the form H = f(t).

¢) Find, correct to 2 decimal places, the height of the tree after 5 years.

d) Calculate, correct to the nearest year, the number of years it will take for the
tree to reach a height of 11 m.

1
—t
, [H=12-=11e 10| 15,62 m|, |t=110In11 months = 22 years
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Question 9 (¥%%)

An area of neglected lawn i1s treated with weed killer. Before the treatment started, the
area covered by the weed was 75 m? and two days later it has reduced to 33.7 m?.

Let the area of the lawn covered with weed be A m? , t days after it was treated.

The rate at which the area covered by the weed is decreasing, is proportional to the
area still covered by the weed.

By forming and solving a suitable differential equation, express A in terms of 7.

I:I A= 756—0.4t
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Question 10  (**%4)
The number, x thousands, of reported cases of an infectious disease, + months after it

was first reported, is now dropping. The rate at which it is dropping is proportional to
the square of the number of the reported cases.
It is assumed that x can be treated as a continuous variable.

a) Form a differential equation in terms of x, ¢ and a proportionality constant & .

Initially there were 2500 reported cases and one month later they had dropped to
1600 cases.

b) Solve the differential equation to show that

40
xX= .
9tr+16

¢) Find after how many months there will be 250 reported cases.

~ ]
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Question 11  (**%4)

The value of a machine, in thousands of pounds, ¢ years after it was purchased is
denoted by £V .

The value of this machine at any given time is depreciating at rate proportional to its
value squared, at that time.

a) Given that the initial value of the machine was £12000 , show that

V= 12 ’
at+1

where a is a positive constant.

b) Given further that the machine depreciated by £4000 two years after it was
bought, find its value after a further period of ten years has elapsed.

| . £3000]
Q) COUETING AL Tike INORUATION b)  mwo e Gnne conormod
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Question 12 (**%4)

Water is leaking out of a hole at the bottom of a tank.

Let the height of the water in the tank be y cm at time ¢ minutes.

At any given time after the leaking started, the height of the water in the tank is
decreasing at a rate proportional to the cube root of the height of the water in the tank.

When =0, y=125 and when =3, y=64.

By forming and solving a differential equation, find the value of y when ¢ = 7% .

, |y =3.375
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Question 13 (**%4)

3

Water is pouring into a container at a constant rate of 600 cm s™!and is leaking from

: 3V _ ;
a hole at the base of the container at the rate of T cm’s l, where V cm’ is the

volume of the water in the container.
a) Show clearly that

44V _3y o400,
dt

where ¢ is the time measured in seconds.

Initially there were 200 cm?® of water in the container.

b) Show further that

_3,
V. =800—-600e 4 .

¢) State the maximum volume that the water in the container will ever attain.

L | Vinax =800
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Question 14  (**%4)

A body is moving and its distance, x metres, is measured from a fixed point O at
different times, ¢ seconds.

The body is moving in such a way, so that the rate of change of its distance x is
inversely proportional to its distance x at that time.

When ¢t =0, x=50 and when r=4, x=30.

Determine the time it takes for the body to reach O.
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Question 15 (**%4)

The value of a computer system V , in hundred of £, ¢ years from when it was new,
is depreciating at a rate proportional to its value cubed, at that time ¢.

The value of the computer system when it was new, was £1000.

a) By forming and solving a differential equation, show that

Vv 100

where A is a positive constant.

b) Given that the value of the computer system halves after one year, find the

value of ¢ when the system is worth £250 .

t=5|

b
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Question 16  (**%4)
Water is pouring into a container at a constant rate of 0.05 m? per hour and is

leaking from a hole at the base of the container at the rate of ? m’ per hour, where

V m° is the volume of the water in the container.

a) Show clearly that

—2Od—V =16V -1,

dt
where ¢ is the time measured in hours.
Initially there were 4 m?> of water in the container.
b) Show further that

4
-1 5!
V—16(1+63e j :

¢) State, with justification, the minimum volume that the water in the container

will ever attain.
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Question 17  (¥*%%)

A population P, in millions, at a given time ¢ years, is growing at a rate equal to the
product of the population squared and the difference of the population from one
million.

Initially the population is one quarter of a million.
a) Form and solve a differential equation to show that

=22 |- Ly
1-P| P

b) State the limiting value for this population.

dP
[,
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Question 18  (¥*%%)

In a laboratory a dangerous chemical is stored in a cylindrical drum of height 160 cm
which is initially full.

One day the drum was found leaking and when this was first discovered, the level of
the chemical had dropped to 100 cm, and at that instant the level of the chemical was
found to be dropping at the rate of 0.25 cm per minute.

In order to assess the contamination level in the laboratory, it is required to find the
length of time that the leaking has been taking place.

It is assumed that the rate at which the height of the chemical was dropping is
proportional to the square root of its height.

a) Form a suitable differential equation to model the above problem, where the
time, in minutes, is measured from the instant that the leaking was discovered.

b) Find a solution of the differential equation and use it to calculate, in hours and
minutes, for how long the leaking has been taking place.

3 hours 32 minutes
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Question 19 (¥¥%%)

A grass lawn has an area of 225 m? and has become host to a parasitic weed.

Let A m? be the area covered by the parasitic weed, ¢ days after it was first noticed.

The rate at which A is growing is proportional to the square root of the area of the
lawn already covered by the weed.

Initially the parasitic weed has spread to an area of 1 m?, and at that instant the

parasitic weed is growing at the rate of 0.25 m? per day.

By forming and solving a suitable differential equation, calculate after how many
days, the weed will have spread to the entire lawn.

dA
[ [ 5==1Ja|, [1=8JA-8]. [I12 days
dt
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Question 20  (¥¥%%¥)

A snowball is melting and its shape remains spherical at all times.

The volume of the snowball, V cm’ , 1s decreasing at constant rate.
Let ¢ be the time in hours since the snowball’s radius was 18 cm.
Ten hours later its radius has reduced to 9 cm.

Show that the volume V' of the melting snowball satisfies
V= 97.27[(80—7t) ,
and hence find the value of + when the radius of the snowball has reduced to 4.5 cm.

[Volume of a sphere of radius r is given by %ﬂrﬂ
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Question 21  (¥¥%%¥)

The temperature in a bathroom is maintained at the constant value of 20°C and the
water in a hot bath is left to cool down.

The rate, in °C per second, at which the temperature of the water in the bath, T °C,
is cooling down, is proportional to the difference in the temperature between the
bathwater and the room.

Initially the bathwater had a temperature of 40°C, and at that instant was cooling
down at the rate of 0.005°C per second.

Let ¢ be the time in seconds, since the bathwater was left to cool down.

a) Show that

ar_ 1

= (T =20).
dt 4000

b) Solve the differential equation of part (a), to find, correct to the nearest minute,
after how long the temperature of the bathwater will drop to 36°C.

, |15 minutes
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Question 22  (¥¥%¥)

The gradient at a point on the curve C with equation y = f (x) is proportional to the

product of its x and y coordinates. The gradient at the point (2,6). is %

a) Show that

dy _xy

dx 8
b) Solve the differential equation to show that

N 66%()(2_4) .

proof
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Question 23 (¥¥%¥)

Hot tea in a cup has a temperature 7 °C at time ¢ minutes and it is left to cool in a
room of constant temperature 7;,.

Newton’s Law of cooling asserts that the rate at which a body cools is directly
proportional to the excess temperature of the body and the temperature of its
immediate surroundings.

a) Assuming the tea cooling in the cup obeys this law, form a differential
equation in terms of 7', T, t and a proportionality constant k .

b) Show clearly that
T=Ty+Ae™,
where A is a constant.
Initially the temperature of the tea is 80 °C and 10 minutes later is 60 °C.
The room temperature remains constant at 20 °C.

¢) Find the value of ¢+ when the tea reaches a temperature of 40 °C.

dr
—=—k(T-T,)|, |t=27.1
L k(1)

G a1 s
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Question 24 (¥¥%%¥)
At time ¢ hours, the rate of decay of the mass, x kg, of a radioactive substance is
directly proportional to the mass present at that time. Initially the mass is x.
a) By forming and solving a suitable differential equation, show that
X=Xy e,

where k is a positive constant.

When t=5 , x=1x;.

b) Find the value of r when x = %xo.

|
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Question 25  (¥¥%¥)

At a given instant a lake is thought to contain 20000 fish and the following model is
assumed for times ¢ weeks after that instant.

The number of fish N, in tens of thousands is increasing at a rate 0.2N , fish are
dying at a rate 0.1N 2 and fish are harvested at the constant rate of 1000 per week.

a) Show clearly that

d_N:_i(N_l)Z'
dt 10

b) Solve the above differential equation giving the answer in the form N = f (z).
¢) Find after how many weeks the number of fish will drop to 16250.

d) State the long term prospects for the fish population.
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Question 26  (**%%¥)
An object is moving in such a way so that its coordinates relative to a fixed origin O
are given by

x=4cost—3sint+1, y=3cost+4sint—1,
where ¢ is the time in seconds.
Initially the object was at the point with coordinates (5,2).

a) Show that the motion of the particle is governed by the differential equation

dy 1—x

dx:1+y'

b) Find, in exact form, the possible values of the y coordinate of the object when

its x coordinate is 2.
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Question 27

In a cold winter morning when the temperature of the air is 10°C, Ben the builder

(ekdey)

pours a cup of coffee out of his flask.

Let x be the temperature of the coffee, in °C, ¢t minutes after it was poured.

The rate at which the temperature of the coffee is decreasing is proportional to the
square of the difference between the temperature of the coffee and the air temperature.

The initial temperature of the coffee is 80°C and ten minutes later the temperature of
the coffee has dropped to 40°C.

By forming and solving a suitable differential equation show that

20641200

2t+15

and hence find after how many minutes the coffee will have a temperature of 20°C.
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Question 28  (*¥**4)

Mould is spreading on a wall of area 20 m? and when it was first noticed 2 m? of
the wall was already covered by this mould.

Let A, in m> , represent the area of the wall covered by the mould, after time ¢ weeks.

The rate at which A is changing is proportional to the product of the area covered by
the mould and the area of the wall not yet covered by the mould.

After a further period of 2 weeks the area of the wall covered by the mould is 4 m?.

By forming and solving a suitable differential equation, show that
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Question 29  (***%4)

The mass of a radioactive isotope decays at a rate proportional to the mass of the
isotope present.

The half life of the isotope is 80 years.

Determine the percentage of the original amount which remains after 50. years.
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Question 30  (***%4)

A small forest with an area of 25 km? has caught fire.

Let A, in km?> , be the area of the forest destroyed by the fire, ¢ hours after the fire
was first noticed.

The rate at which the forest is destroyed is proportional to the difference between the
total area of the forest squared, and the area of the forest destroyed squared.

When the fire was first noticed 7 km? of the forest had been destroyed and at that

instant the rate at which the area of the forest was destroyed was 7.2 km? per hour.

a) Show clearly that

50%=%(625—A2).

b) Solve the differential equation to obtain

25+A 16 3
=—e° .
25-A4 9

¢) Show further that 14 km? of the forest will be destroyed, approximately 66
minutes after the fire was first noticed.

, |proof
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Question 31  (***%4)

The initial population of a city is 1 million.

Let P be the number of inhabitants in millions, ¢ be the time in years, and treat P as
a continuous variable.

The rate at which the population of this city is growing per year, is proportional to the
product of its population and the difference of its population from 3 million.

a) By forming and solving a differential equation, show that

where a is a positive constant.
The city doubles its population to 2 million, after ten years.
b) Find the value of @ in terms of In2.

¢) Rearrange the answer in part (a) to show that

3

p= {3 o1-020"

|:|, azéan
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Question 32  (***%4)

A variable x decreases with time ¢, both in suitable units, at a rate directly
proportional to the value of x° at that time.

If the value of x is half of its initial value when ¢ =3, determine the value of # when
x has reduced to 20% of its initial value.
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Question 33  (***%4)

An object is released from rest from a great height and allowed to fall down through
still air, all the way to the ground.

Let v ms ' be the velocity of the object ¢ seconds after it was released.

The velocity of the object is increasing at the constant rate of 10 ms ™! every second.

At the same time due to the air resistance its velocity is decreasing at a rate
proportional its velocity at that time.

The maximum velocity that the particle can achieve is 100 ms .

Show clearly that ...

a) ... 10@:100—\/.
dt

b) ...v= 1()()(1_6—0.1t)

proof

B e gl
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Question 34  (***%4)

An object is placed on the still water of a lake and allowed to fall down through the
water to the bottom of the lake.

Let v ms ' be the velocity of the object ¢ seconds after it was released.

The velocity of the object is increasing at the constant rate of 9.8 ms ™! every second.

At the same time due to the resistance of the water its velocity is decreasing at a rate
proportional to the square of its velocity at that time.

The maximum velocity that the particle can achieve is 14 ms .

Show clearly that ...

a) ... 204 2196 -2
dt

proof
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Question 35  (***%4)

Water is pouring into a container at a constant rate of 200 em’s ™! and is leaking from
a hole at the base of the container at a rate proportional the volume V of the water
already in the container.

a) Form a differential equation connecting the volume V cm® , the time ¢ in
seconds and a proportionality constant & .

b) Show that a general solution of the differential equation is given by

\% =%+Ae_kt,

where A is a constant.

The container was initially empty and after 10 seconds the volume of the water V' is

increasing at the rate of 100 cm’s ™!

¢) Show further that

[ 1, Y _r00<kv

dt
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Question 36  (***%4)

There are 20,000 chickens in a farm and some of them have been infected by a virus.
Let x be the number of infected chickens in thousands, and ¢ the time in hours since
the infection was first discovered.

The rate at which chickens are infected 1s proportional to the product of the number of
chickens infected and the number of chickens not yet infected.

a) Form a differential equation in terms of x, ¢ and a proportionality constant & .

When the disease was first discovered 4000 chickens were infected, and chickens
were infected at the rate of 32 chickens per hour.

b) Solve the differential equation to show that

tleOln[ P }

20—x

¢) Rearrange the answer in part (b) to show further that

2 20
1+4e—0.01t ’

d) If a vet cannot attend the farm for 24 hours, since the infection was first
discovered, find how many extra chickens will be infected by the time the vet
arrives.
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Question 37  (***%4)

An unstable substance Z decomposes into two different substances X and Y, and at
the same time X and Y recombine to reform substance Z . Two parts of Z
decompose to one part of X and one part of Y, and at the same time one part of X
and one part of Y recombine to reform two parts of Z. As a result at any given time
the mass of X and Y are equal.

The rate at which the mass of Z reduces, due to decomposition, is k times the mass
of Z present. The rate at which the mass of Z increases, due to reforming, is 4k
times the product of the masses of X and Y.

Initially there are 6 grams of Z only.

a) Show that if x grams is the mass of X present, ¢ seconds after the reaction
started, then

%zk(fﬁ—x—sz).

b) Find a solution of the above differential equation, in the form x = f (7).

¢) Find the limiting values of the three substances.

d) Show that when the mass of Z is 5 grams, kt =%ln(%).
U a5kt
xzie_w x> Lyl 224
3+ 2e
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Question 38  (F¥¥¥EF)

Fungus is spreading on a wall and when it was first noticed L of the wall was already

3
covered by this fungus.

Let x represent the proportion of the wall not yet covered by the fungus, ¢ weeks
after the fungus was first required. The rate at which x is changing is proportional to
the square root of the proportion of the wall not yet covered by the fungus.

When the fungus was first noticed it was spreading at rate that if it this rate was. to
remain constant from that instant onwards the fungus would have covered the entire
wall in 4 weeks.

Determine the proportion of the wall covered by the fungus, 4 weeks after it was first
noticed.

5
713
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Question 39  (Gk¥¥EF)

The mass of a radioactive isotope decays at a rate proportional to the mass of the
isotope present at that instant.

The half life of the isotope is 12 days.

Show that the proportion of the original amount of the isotope left after a period of 30
days is %\/5 .

, |proof
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Question 40  (Gk¥¥EF)

A shop stays open for 8 hours every Sunday and its sales, £ x, ¢ hours after the shop
opens are modelled as follows.

The rate at which the sales are made, is directly proportional to the time left until the
shop closes and inversely proportional to the sales already made until that time.

Two hours after the shop opens it has made sales worth £336 and sales are made at
the rate of £72 per hour.

a) Show clearly that

+ & 4032(8-1).
dt

b) Solve the differential equation to show
x> =4032t(16~1).
¢) Find, to the nearest £, the Sunday sales of the shop according to this model.

The shop opens on Sundays at 09.00 . The owner knows that the shop is not profitable
once the rate at which it makes sales drops under £24 per hour.

d) By squaring the differential equation of part (a), find to the nearest minute, the
time the shop should close on Sundays.

£508], [14.10]

9 2
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Question 41  (Gk¥¥%F)

At time =0, one litre of a certain liquid chemical is added to a tank containing 20
litres of water. The chemical reacts with the water forming a gas, and as a result of
this reaction both the volumes of the water and the chemical are reduced.

At time ¢ minutes since the chemical reaction started, the respective volumes of the
chemical and the water used in the reaction, are (1—v) litres and 4(1-v) litres.

The rate at which the volume of the chemical in the tank reduces, is proportional to
the product of the volume of the chemical and the volume of the water, still left in the

tank.

Given that 2 minutes after the reaction started the volume of the chemical remaining

1S ig of a litre, show that

_v+4
5vp

21‘
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Question 42 (Gk¥¥EF)
At every point P(x, y) which lie on the curve C, with equation y= f (x) , the y

intercept of the tangent to C at P has coordinates (0,xy2).

Given further that the point Q(l,l) also lies on C determine an equation for C,

giving the answer in the form y= f(x).

You might find the expression for di(ﬁj useful in this question.
X\ Y

[ =2

1+ x*
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Question 43 (Gk¥¥EF)

In a chemical reaction two substances X and Y bind together to form a third
substance Z . In terms of their masses in grams, 1 part of substance X binds with 3
parts of substance Y to form 4 parts of substance Z .

Let z grams be the mass of substance Z formed, ¢ minutes after the reaction started.

The rate at which Z forms is directly proportional to the product of the masses of X
and Y, present at that instant.

Initially there were 10 grams of substance X , 10 grams of substance Y and none of
substance Z, and the initial rate of formation of Z was 1.6 grams per minute.

a) Show clearly that

1000%=(40—z)(40—3z).

b) Solve the differential equation to show that

40(1 B e—0.0St)

¢) State, with justification, the maximum mass of the substance Z that can ever
be produced.

[ 1fomio®
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Question 44  (Gk¥¥EF)

A shop opens on Saturdays at 09.00 and stays open for 9 hours has its sales
modelled as follows.

The rate at which the sales are made, is directly proportional to the time left until the
shop closes and inversely proportional to the sales already made until that time.

One hour after the shop opens it has made sales worth £500 and at that instant sales
are made at the rate of £2000 per hour.

The owner knows that the shop is not profitable once the rate at which it makes sales
drops under £200 per hour.

Use a detailed method to find the time the shop should close on Saturdays.

14.00)

9
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Question 45  (k¥¥EF)

Initially a tank contains 25 litres of fresh water.

At time ¢ =0 salt water of concentration 0.2 kg of salt per litre begins to pour into
the tank, at the rate of 1 litre per minute, and at the same time the salt water mix
begins to leave the tank at the rate of 1.5 litre per minute.

The concentration of the salt water mix in the tank is thereafter maintained uniform,
by constant stirring.

Let x kg be the mass of salt dissolved in the water in the tank, at time ¢ minutes.
a) Show by detailed workings that

dx 1 3x

dr 5 50—t

b) Verify by differentiation that the general solution of the differential equation
of part (a), is

1 3
=—(50—-¢)+A(50-1¢),
¥ = (50-1)+ A(50-1)

where A 1is an arbitrary constant.

¢) Determine as an exact simplified surd the maximum value of x.
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Question 46 (¥¥¥EF)

The point P lies on the curve C with equation y = f(x).
It is further given that C passes through the origin O and lies in the first quadrant.
The normal to C at P meets the x axis at the point A.

The point B is the foot of the perpendicular of P onto the x axis.

Given that for all positions of P,

0A]” =9|0B

9

determine in simplified form an equation of C .
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Question 47  (Gk¥¥EF)

An unstable substance Z decomposes into two different substances X and Y, and at
the same time X and Y recombine to reform substance Z . Two parts of Z
decompose to one part of X and one part of Y, and at the same time one part of X
and one part of Y recombine to reform two parts of Z. As a result at any given time
the mass of X and Y are equal.

The rate at which the mass of Z reduces, due to decomposition, is k times the mass
of Z present. The rate at which the mass of Z increases, due to reforming, is 4k
times the product of the masses of X and Y.

Initially there are 6 grams of Z only.

w|co

).

Show that when the mass of Z is 5 grams, kt = %ln(
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Question 48  (¥¥¥EF)

The point P and the point R(0,1) lie on the curve with equation

The tangent to the curve at P meets the x axis at the point Q.

Given that |PQ|=1 for all possible positions of P on this curve, determine the

equation of this curve, in the form f(y)=g(x).

The final answer may not contain natural logarithms.
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DIFFERENTIAL EQUATIONS

WITH RELATED VARIABLES
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Question 1 (**%)

A container is in the shape of a hollow right circular cylinder of base radius 50 cm
and height 100 cm .

The container is filled with water and is standing upright on horizontal ground. Water
is leaking out of a hole on the side of the container which is 1 cm above the ground.

Let 4 cm be the height of the water in the container, where £ is measured from the
ground, and ¢ minutes be the time from the instant since £ =100.

The rate at which the volume of the water is decreasing is directly proportional to the
square root of the height of the water in the container.

a) By relating the volume and the height of the water in the container, show that

1
dh
dt

where A is a positive constant.
[Volume of a cylinder of radius r and height & 1is given by %rzh}

When =2, h=64.

b) Determine the value of ¢, by which no more water leaks out of the container.

t =09

9

q PRy om0, b-bo
= ZKVU\\tT o +C

—= C=20

o |t - 20 AL

R cnomon t=2 S s

= 2x64* = 20 — Ax2
= & =20-24A

= 2A= 4

—= A=z

= ohf-2o_2%
= E< o &

Foay wiw L=t

b)
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Question 2 (**%)
The shape of a weather balloon remains spherical at all times. It is filled with a special
type of gas and is floating at very high altitude.

The rate at which the volume of the balloon is decreasing is directly proportional to
the square of the surface area of the balloon at that instant.

Let » m be the radius of the balloon, ¢ hours since r=>5.

a) By relating the volume, the surface area and the radius of the weather balloon
show that

i _
dt

—kr?,

where £ s a positive constant.

[Volume of a sphere of radius r 1is given by %mﬁ}

[surface area of a sphere of radius r is given by 47rr2]

When =10, r=4.8.

b) Determine the value of ¢+ when r=4.
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Question 3 (¥*%4)

At time ¢ seconds, a spherical balloon has radius r cm and volume V cm’.

Air 1s pumped into the balloon so that its volume is increasing at a rate inversely
proportional to its volume at that time.

a) Show clearly that

dar_A
dt r5 ’

where A is a positive constant.
The initial radius of the balloon is 2 ¢cm and when 7 =1 it has increased to 3 cm .
b) Show further that
r® =665t +64.

¢) Find the value of r when r=6.

[Volume of a sphere of radius r is given by %%rﬂ
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Water is leaking out of a hole at the vertex of the cone.

A container is the shape of a hollow inverted right circular cone has base radius
20 cm and height 80 cm. The container is filled with water and is supported in an
upright position.

Let & cm be the height of the water in the container, where 4 is measured from the
vertex of the cone, and ¢ minutes be the time from the instant since /& = 80.

The rate at which the volume of the water is decreasing is directly proportional to the
height of the water in the container.

a) By relating the measurements of the container to that of the volume of the

water in the container, show that

dh A

dr

where A is a positive constant.

[Volume of a cone of radius r and height 4 is given by

When =1, h="78.

b

h

1
37Z'l”

2h}

b) Determine the value of ¢ by which all the water would have leaked out of the

container.
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Question 5 (¥*%¥)

Water is drained from a large hole at the bottom of a tank of height 4 m.

Let V m’and x m be the volume and the height of the water in the tank, respectively,
at time ¢ minutes since the water started draining out.

Suppose further that the shape of the tank is such so that V and x are related by
V= §x3 .
3

The rate at which the volume of the water is drained is proportional to the square root
of its height, so that it can be modelled by the differential equation

v

A4
dt

where k is a positive constant.

a) Given that it takes 32 minutes to empty the full tank, show that ...

3
i. g 5x2@=—k.
dt
5
i, ...1t=32-x2.

[continues overleaf]
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[continued from overleaf]

When the tank is completely empty, water begins to pour in at the constant rate of

0.5m’ per minute and continues to drain out at the same rate as before.

b) Show further that ...

dt 10x>

dx  1=4/x

¥, . 1
ii. ... the height of the water cannot exceed 16 of a metre.

, |proof
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Question 6  (¥*%%)

3

Gas is kept in a sealed container whose volume, V ¢cm”, can be varied as needed.

The pressure of the gas P, in suitable units, is such so that at any given time the
product of P and V' remains constant.

The container is heated up so that the volume of the gas begins to expand at a rate
inversely proportional to the volume of the gas at that instant.

Let ¢, in seconds, be the time since the volume began to expand.
a) Show clearly that

"f LIyl
dt

where A is a positive constant.

When t=0, P=1 and when =2, P=

W=

b) Solve the differential equation to show that

l:l , |proof
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Question 7  (¥**¥)

A cylindrical tank has constant radius of 0.9 m.

The volume, V m’ , of the water in the tank has height 7 m.

Water can be poured into the tank from a tap at the top of the tank and can be drained
out of a tap at the base of the tank, which are initially both turned off.

Water then starts pouring in at the constant rate of 0.367 m? per minute and at the

same time water begins to drain out at the rate of 0.457h m’ per minute.

a) Given further that 7 is measured from the instant when both taps were turned
on, show that

0dh_y 5.
dt

Initially the water in the tank has a height of 4 m.

b) Solve the above differential equation to show that

_3
h:f(1+4e 9’).
5

¢) Find the value of £ when h=1.6.

[ []r=18m2~250
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Question 8  (¥***4)

The shape of a weather balloon remains spherical at all times. It is filled with a special
type of gas and is floating at very high altitude. Gas started escaping from its valve so
that the rate at which its surface area is decreasing is directly proportional to the

square of its surface area at that time.

Let V m? be the volume of the balloon, ¢ hours since V =1000.

a) By relating the volume, the surface area and the radius of the weather balloon
show that

5
WV _

dt

where k is a positive constant.

[Volume of a sphere of radius r is given by %ﬂrﬂ

[surface area of a sphere of radius r is given by 47[er

When =20, V =729.

b) Determine the value of ¢+ when V.=512.
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Question 9 (¥**%4)

A water tank has the shape of a hollow inverted hemisphere with a radius of 1 m.

It can be shown by calculus that when the depth of the water in the tank is 4 m, its

volume, V m> , 1s given by the formula

V:%ﬂ'hz(3—h).

Water is leaking from a hole at the bottom of the tank, in m’ per hour, at a rate
proportional to the volume of the water left in the tank at that time.

a) Show clearly that

dh  kh(3=h)
dt - 3(2-h)

b
where k is a positive constant.

The water tank is initially full.

b) Solve the differential equation to show further that

2 h3 2 —kt
3h-—h"=2e .
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Question 10 (***%4)

Created by T. Madas

A large water tank is in the shape of a cuboid with a rectangular base measuring 10 m

by 5 m, and a height of 5 m.

Let 2 m be the height of the water in the tank and ¢ the time in hours.

At a certain instant, water begins to pour into the tank at the constant rate of

50 m® per hour and at the same time water begins to drain from a tap at the bottom of

the tank at the rate of 10~ m’ per hour.

a) Show clearly that

Sd—h=5—h.
dt

b) Show further that it takes 5In3 hours for the height of the water to rise from

2mto4m.
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Question 11 (***%4)

Water is leaking out of a hole at the base of a cylindrical barrel with constant cross
sectional area and a height of 1 m.

It is given that ¢ minutes after the leaking started, the volume of the water left in the
barrel is V. .m®, and its height is 4 m

It is assumed that the water is leaking out, in m? per minute, at a rate proportional to
the square root of the volume of the water left in the barrel.

a) Show clearly that

d_h:_B\/z’
dt

where B is a positive constant.
The barrel was initially full and 5 minutes later half its contents have leaked out.

b) Solve the differential equation to show that
Jh =1—i(2—\/§)t.
10

¢) Show further that

t=5(2+~2)(1-h).

d) If T is the time taken for the barrel to empty, find 4 when ¢ = jT .
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Question 12 (*¥*%4)

A snowball is melting and its shape remains spherical at all times. The volume of the

snowball, V cm?, is decreasing at a rate proportional to its surface area.

Let ¢ be the time in hours since the snowball’s surface area was 4 m>.

Sixteen hours later its surface area has reduced to 2.25 m?.

By forming and solving a suitable differential equation, determine the value of 7 by
which the snowball would have completely melted.

[Volume of a sphere of radius r is given by %7”3}

[surface area of a sphere of radius r is given by 47[er
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Question 13 (***%4)

Water is pouring into a long vertical cylinder at a constant rate of 2400 cm’s ! and

leaking out of a hole at the base of the cylinder at a rate proportional to the square root
of the height of the water already in the cylinder.

The cylinder has constant cross sectional area of 4800 cm?.

a) Show that, if H is the height of the water in the cylinder, in cm, at time ¢
seconds, then

where B is positive constant.

The cylinder was initially empty and when the height of the water in the cylinder

reached 16 cm water was leaking out of the hole, at the rate of 120 cms7h

b) Show clearly that

dH 80—vH
dt 160

¢) Use the substitution u =80 —\/ﬁ , to find

1
— — __dH.
ISO—\/H

[continues overleaf]
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[continued from overleaf]

d) Solve the differential equation in part (b) to find, to the nearest minute, the
time it takes to fill the cylinder from empty to a height of 4 metres.

[ 1 |-2vH -160m80-VH|+C|, =16
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Question 14  (***%4)

At time ¢ seconds, a spherical balloon has radius » cm and surface area S cm”.

2.-1

The surface area of the balloon is increasing at a constant rate of 24z cm”s .

a) Show that

dr 3

7

At time ¢ seconds the balloon has volume V cm®.

b) By considering Cfl—vx%, show further that
r 1

V129672 .
dt

¢) Solve the differential equation of part (b) to show

W=

2 9) 5
V3 =§(12967[ ) { + constant .

d) Given that the initial volume of the balloon was 6471 cm3, find an exact
simplified value of V when ¢ = J36.

[Volume of a sphere of radius r is given by %zrﬂ

[surface area of a sphere of radius r is given by 47rr2]

[ ], |v=80zv10=795

[solution overleaf]
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Question 15 (***%4)

A large cylindrical water tank has a height of 16 m and a horizontal cross section of

constant area 20 m>.

Water is pouring into the tank at a constant rate of 10 m’ per hour and leaking out of

a tap at the base of the tank at a rate Jx m? per hour, where x 1is the height of the
water in the tank, in m, at time ¢ hours.

a) Show that

20% Z10-x.
dr

The water in the cylinder had an initial height of 9 m.

b) Solve the differential equation of part (a) to find, correct to the nearest hour,
the time it takes to fill up the tank.

t =22|

b
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Question 16 (F¥*%%%¥)

A water tank has the shape of a hollow inverted hemisphere of radius r cm.

The tank has a hole at the bottom which allows the water to drain out.

3

Let V,in cm”, and y, in cm, be the volume and the height of the water in the tank,

respectively, at time ¢ seconds.

At time =0 the empty tank is placed under a running water tap. The rate at which
the volume of the water in the tank is changing is proportional to the difference
between the tank’s constant diameter and the height of the water at that instant.

It can be shown by calculus that V and y are related by
V :17Z(3ry2 - y3) .
3
a) Show clearly that ...

dr my’

dy _ k

where k is a positive constant.

2
. .. . . Tr
ii. ... the time it takes to fill the tank is E seconds.

[continues overleaf]
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[continued from overleaf]

When the tank is full the running tap is instantly turned off but the water in the tank
continues to leak out from the hole at the bottom.

b) Show it takes three times as long to empty the tank than it took to fill it up.
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Question 17  (Gk¥¥%¥)

A large water tank is in the shape of a cuboid with a rectangular base measuring 10 m
by 5 m, and a height of 5 m.

Let 2 m be the height of the water in the tank and ¢ the time in hours.

At a certain instant, water begins to pour into the tank at the constant rate of
50 m® per hour and at the same time water begins to drain from a tap at the bottom of

the tank at the rate of 10~ m’ per hour.

Show that it takes 5In3 hours for the height of the water to rise from 2 m to 4 m.

, |proof
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Question 18  (F¥*¥%¥)

Water is leaking out of a hole at the base of a cylindrical barrel with constant cross
sectional area and a height of 1 m.

It is given that ¢ minutes after the leaking started, the volume of the water left in the

barrel is V. m>, and its heightis 7 m.

It is assumed that the water is leaking out, in m? per minute, at a rate proportional to
the square root of the volume of the water left in the barrel. The barrel was initially
full and 5 minutes later half its contents have leaked out.

If T is the time taken for the barrel to empty, find 2 when ¢ = %T .

=
I
)
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Question 19 (Fk#%%¥)

Water is leaking out of a hole at the base of a cylindrical barrel with constant cross
sectional area and a height of H m.

It is given that ¢ minutes after the leaking started, the volume of the water left in the
barrel is V m> , and the height of the water is 4 m.

It is assumed that the water is leaking out, in m? per minute, at a rate proportional to
the square root of the height of the water still left in the barrel.

The barrel was initially full and 7 minutes later all the water has leaked out.

Show by a complete calculus method that

2
th(l—ij, 0<t<T.
T

, |proof
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Question 20  (Gk¥¥EF)

'

A water tank has the shape of a hollow inverted hemisphere of radius » cm.

The tank has a hole at the bottom which allows the water to drain out.

Let V,in cm’ ,and y,in cm, be the volume and the height of the water in the tank,
respectively, at time ¢ seconds.

At time ¢ =0 the empty tank is placed under a running water tap. The rate at which
the volume of the water in the tank is changing is proportional to the difference
between the tank’s constant diameter and the height of the water at that instant. When
the tank is full the running tap is instantly turned off but the water in the tank
continues to leak out from the hole at the bottom.

Show it takes three times as long to empty the tank than it took to fill it up.

You may use without proof that V- and y are related by V = %75(31’)}2 — y3) .

, |proof
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Question 21 (Gk¥¥EF)
A water tank has the shape of a hollow inverted hemisphere with a radius of 1 m,

which is initially full.

Water is leaking from a hole at the bottom of the tank, in m? per hour, at a rate
proportional to the volume of the water left in the tank at that time.

Show that if the height of the water in the tank is 42 m, then
3h* —h=2e7M
where k is a positive constant.

[Volume of a sphere of radius r is given by %ﬂ'rﬂ
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Question 22 (Gk¥¥EF)

2

At time ¢ seconds, a spherical balloon has radius r cm, surface area S cm”~ and

volume V cm®. The surface area of the balloon is increasing at a constant rate of

247 em?s!.

Show that

av _ 129672V |

dt

and given further that the initial volume of the balloon was 647 cm3, find an exact
simplified value for V when 7= J36.

[Volume of a sphere of radius r is given by %mﬁ]

[surface area of a sphere of radius r is given by 47£er

[ ] [v=807y10=795
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