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Question1  (*¥)
The gradient of a curve satisfies

ﬂ:;, X>1.

dx  3y?(x- 1)

Given the curve passes though the p&{2,- 1) and the poinQ(q,1), determine
the exact value of.

q:1+e2

Whin
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Question 2 (**+)

Water is draining out of a tank so that the heaftthe water,h m, in timet minutes,
satisfies the differential equation

e,
dt

wherek is a positive constant.
The initial height of the water i2.25m and 20 minutes later it drops tbm.

a) Show that the solution of the differential equateam be written as

1600

b) Find after how long the height of the water drop®125m.

. ow (B by
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Question 3 (**+)

The radiusy mm, of a circular ink staint seconds after it was formed, satisfies the
differential equation

wherek is a positive constant.

The initial radius of the stain ¥ mm and8 seconds later it has increased2® mm.
a) Solve the differential equation to show that
[ = 4\/3—+1.
b) Find the time when the stain will haveiacumference of 56p .

c). Explain why this model is only likely to hold fomsll values oft .
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Question 4 (**+)
An _entomologist believes that the populatiBninsects in a colonyt, weeks after it
was first observed, obeys the differential equation

P,
dt

wherek is a positive constant.

Initially 1000 insects were observed, and this population douddited4 weeks.

a) Find a solution of the differential equation, iretlorm P.= f (t).

b) Give two different reasons why the model can ontykafor small values of .

@ &
&
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Question 5 (**+)

The area,A km?, of an oil spillage on the surface of the sedina¢ t hours after it
was formed, satisfies the differential equation

3
dA A2

dt t—z, t>0.

Whent =1, A=0.25.

a) Find a solution of the differential equation, i thorm A= f (t).

b) Determine the largest area that the oil spillageeveer attain.

4t2
N Pnax® §
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Question 6 (***)

The massm grams, of a burning candle,hours after it was lit up, satisfies the
differential equation

dm
—=-k(m 1
dt (- 10).

wherek is a positive constant.
a) Solve the differential equation to show that
m=10+ Ae 1,
where A is a non-zero constant.
The initial mass of the candle wa20 grams, and hours later its mass has halved.

b) Find the value ofA and show further that
k=3 ().

c) Calculate, correct to three significant figures thass of the candle after a
further period of3 hours has elapsed.

| [,[A=110, [m»32.7
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Question 7 (***)

A radioactive isotope decays in such a way so ttathumberN of the radioactive
nuclei present at time days, satisfies the differential equation

=,
wherek is a positive constant.
a) Show clearly that
N=Ae ™,

where A is a non zero constant.

Initially there were6.00 16* radioactive nuclei and0 days later this number
reduced t06.25 1G2.

b) Show further thak =0.4564%, correct to five decimal places.

c) Calculate the number of the radioactive nucleiraftefurther period ofl0
days has elapsed.

6.51 16°

0 [u-
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Question 8  (***)

The number of fishx in a small lake at timé months after a certain instant, is
modelled by the differential equation

dx
— =Xx(1- kt

wherek is a positive constant.
We may assume that can be treated as a continuous variable.

It is estimated that there at@00C fish in the lake when =0 and12 months later
the number of fish returns back1600C.

a) Find a solution of the differential equation, i ttorm x = f(t).

b) Find the long term prospects for this populatiorisi.

2

21
x=10000&12" | [x® 0

® -a

Created by T. Madas



Created by T. Madas

Question 9  (***)

The area,A km?, of an oil spillage is growing in timé hours according the
differential equation

da_ad
dt VA

, A>0.

The initial area of the olil spillage waskm? .

a) Solve the differential equation to show that
A 2
AP=4(3d+1".

b) Find, to three significant figures, the valuetofvhen the area of the spillage
reachesl000 knf.
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Question 10 (***+)

A cylindrical tank of height50 cmis full of oil which started leaking out from a
small hole at the side of the tank.

Let h cm be the height of the oil still left in the tanktea leaking fort minutes, and
assume the leaking can be modelled by the diffedesguation

i . Jn-e=-24

3A+2

b) State how high is the hole from the bottom of @iektand hence show further
that it takes200 seconds for the oil level to readhcm above the level of the
hole.

6cm
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Question 11 (***+)
Water is leaking out of a hole at the side of &tan

Let the height of the water in the tankyscm at timet minutes.

The rate at which the height of the water in thektes decreasing is modelled by the
differential equation

winy

dy
=2 =_6(y- 7)3.
5 = 8- 7)

Whent =0, y=132.
a) Find how long it takes for the water level to dfopm 132cm to 34 cm.

The tank is filled up with water again to a heightt32cm and allowed to leak out in
exactly the same fashion as the one describedir{g)a

b) Determine how long it takes for the water to stegking.

| lylt=1,]t=25
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Question 12 (***+)

The speedy ms?, of a skydiver falling through still air seconds after jumping off
a plane, can be modelled by the differential equmati

SQ/ =80- v.
dt

The skydiver jumps off the plane with a downwardespof5 ms 1

a) Solve the differential equation to show that

L
v=80- 75e8".

b) Find the maximum possible speed that the skydiaarachieve and show that
this speed is independent of the speed he jumpbhefilane

You may assume that the skydiver cannot possibigjat a speed greater
than his subsequent maximum speed.

goms?!
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Question 13 (***+)
A population P, in millions, at a given time years, satisfies the differential equation

dP
—=P(1- P).
5 - P P)

Initially the population is one quarter of a mihio

a) Solve the differential equation to show that

b) Show further that

1
1+3et’

P=

c) Show mathematically that the limiting value forstipiopulation is one million.

d) Find, to two decimal places, the time it takestfa population to reach three
quarters of its limiting value.

,Jte¥, P 1, [t=In9»2.29
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Question 14 (***+)

The number of foxedN , in thousands, living within an urban ardayears after a
given instant, can be modelled by the differerglation

aN oy N?, t3 0.
dt

Initially it is thought1000 foxes lived within this urban area.

a) Find a solution of the differential equation, iretlorm N = f (t).

b) Find the long term prospects of this populatiorfcfes, as predicted by this
model, clearly showing your reasoning.

t
[ ] |N= 22t or N:eZZ[ezJ,|popuIation® 200f
+1
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Question 15  (***+)
A machine is used to produce waves in the swimrpow of a water theme park.

Let x cm be the height of the wave produced above a celgal in the pool, and
suppose it can be modelled by the differential @qona

2(=2xsin2t, t30,
dt

wheret is the time in seconds.
Whent=0, x=6.
a) Solve the differential equation to show
x= 62052,

b) Find the maximum height of the wave.

v [Xmax » 44.3 C

@ B Lo
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Question 16 (***+)
Food is placed in a preheated oven maintaineccahstant temperature @00 °C.

Let g °C be temperature of the foddminutes after it was placed in the oven.

It is assumed thay satisfies the differential equation
dg
— =Kk(200- q),
dt ( q)

wherek is a positive constant.

a) Solve the differential equation to show that

g=200+AeX,
where A is a non zero constant.

When a food item was placed in this oven it hacraperature oR0 °C and10
minutes later its temperature had rised20°C.

b) Show further thak » 0.0811.

c) Find the value ot when the food item reaches a temperaturg60f°C .

| ], [t»18.55

B et e=2 o
- 20 4 he? {8zt
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Question 17 (****)
Consider the following identity for.

1 ,At+B C
+ =
t(t2+1) 241 t

a) Find the value of each of the constadts B andC.

In a chemical reaction the mass,grams, of the chemical produced at timgin
minutes, satisfies the differential equation

dm m

dt _t(t2+1)'
b) Find a general solution of the differential equatim the formm= f(t).
Two minutes after the reaction started the massyoemtlis10 grams.

c) Calculate the mass which will be produced aftaerrther period of2 minutes.

d) Determine, in exact surd form, the maximum masswhihever be produced
by this chemical reaction.

kt

la=-1,B=0Cc=1, |[m= , A)\/8_5»10.85, mmaX:5\/§
J /t2+1 17
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Question 18 (****)

The population of a herd of zebrR, thousands, in timeé years is thought to be
governed by the differential equation

E:iP(zp- 1) cost.
dt 20

It is assumed that sind@ is large it can be modelled as a continuous vejamnd its
initial value is8.

a) Solve the differential equation to show that

8

Lsint

P=~— "
16- 150

b) Find the maximum and minimum population of the herd

. [Pa = 3464

P, = 462
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Question 19 (****)
A populationp, in millions, is thought to obey the differenteduation

dp_ = kpcoskt
dt

wherek is a positive constant, aridis measured in days from a certain instant.
When t=0, p= .
a) Solve the differential equation to fing in terms of py, k andt.

The value ofk is now assumed to H&.

b) Calculate, correct to the nearest minute, the fioneghe population to reach
po again, for the first time since=0.

[~ 1, |p=pe™™|, [1508 mif
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Question 20  (***¥)

Cars are attached to a giant wheel on a fairgrowied and they can be made to lower
or rise in height as the wheel is turning around.

Let the height above ground of one such cahbmetres, and let be the time in
seconds, since the ride starts.

It may be assumed thdt satisfies the differential equation

a) Solve the differential equation subject to the ¢bod t =0, h=1 , to show
Jh=2- cos % :

b) Find the greatest height of the car above ground.

c) Find the value oft when the car reaches a height8mmetres above the
ground_for the third time, since the ride started.

h_. =9, |t»11.77
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Question 21 (***¥)

During a chemical reaction a compound is formedpseghmassn grams in timet
minutes satisfies the differential equation

(:j—rtnzk(m- 6)(m 3,

wherek is a positive constant.

a) Solve the differential equation to show that
m-6_ pekt
m- 3

where A is a non zero constant.

When the chemical reaction started there was nopoamd present, and when
t =In16 the mass of the compound has rise2 tgrams.

b) Show further that

-1
_6- 6e4
m=————.

-1t
2-e4

c) Show that in practice3 grams of the compound can never be produced.

|:| , |proof
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(****)

Question 22
During a chemical reaction a compound is formedpsehmassy grams in timet

minutes satisfies the differential equation

%:k(l- 2y)(& 3y),t30,

wherek is a positive constant.

a) Solve the differential equation to show that

In i 2y‘:kt+C,

1- 3y

where C is a constant.

When the chemical reaction started there was nopoanmd present, and when
t =In4 the mass of the compound has riseQ.26 grams.

b) Show further that

_1- e'%t
R
3-2e?2

y

c) State, with justification, the limiting value of ast gets large.
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Question 23 (****+)

During a chemical reaction a compound is formedpseghmass grams, in timet
minutes, satisfies the differential equation

%:k(4+x)(4- Jet, t30,

wherek is a positive constant.
When the chemical reaction started there was n@oand present.

The limiting mass of the compound2sgrams.

Find the value ot , when half the limiting mass of the compound hesrbproduced.

| | [t»0.625
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Question 24 (****+)
The equation of motion of a small raindrop falliingely in still air, released from rest,

is given by

mﬂ =mg- k\
dt '

where mkg is the mass of the raindropms Lis the speed of the raindrapseconds
after release, ang andk are positive constants.

a) Solve the differential equation to show that

m - Kkt
v:—g l-em

The raindrop has a limiting spe®&d. (It is known as terminal velocity).

b) Show that the raindrop reaches a spee%‘«bfin time %In 2 seconds.

proof
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Question 25  (****¥)

The populationP of a colony of birds, in thousands, is assumedaty according to
the differential equation

£=Pe'°-5‘, P>0,t30,

dt

wheret is the time in years.
Itis further assumed th& is large enough to be treated as a continuouahari

Solve the differential equation to show thtwill reach half its limiting value when

, |proof
= ey Do LD 2
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st
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Question 26 (****¥)
Water is leaking from a hole at te&le of a water tank.

The tank has a height 8m and is initially full. It is thought that while ¢htank is
leaking, the heightH m, of the water in the tank at timehours, is governed by the
differential equation

aH _
dt

ke Ot
wherek is a positive constant.
The height of the water drops Bometres afted 0 hours.
Find inexact simplified form ...

a) ... an expression foH in terms oft.

b) ... the height of the hole from the ground.

- s 0.1t r _
I:I, H :26 3+ e &%t or H = &%+ 2e ] 2e- 3
e-1 e 1 e 1 e-1
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Question 27  (¥***¥)

The equation of motion of a small raindrop falliingely in still air, released from rest,
is given by

dv
mv— = mg- Kk,
dx

wheremkg is the mass of the raindropms ! is the speed of the raindropmetres
below the point of release, amdandk are positive constants.

a) Solve the differential equation to show that

The raindrop has a limiting spe®.

(It is known as terminal velocity

b) Show clearly that the raindrop reaches a spee}l\bf after a falling through a

. 2
distance of\z/—g(- I+ In4) metres.

proof
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Question 28 (*****)

The equation of motion of a small raindrop falliingely in still air, released from rest,
is given by

mgl = mg- k7,
dt

where mkg is the mass of the raindropms ! is the speed of the raindrapseconds
after release, ang andk are positive constants.

a) Solve the differential equation to show that

1 1- 29 , _k
v== ———  wherec®*=—.

The raindrop has a limiting spe&.

(It is known as terminal velocity

b) Show that the raindrop reaches a spee%\bfin time 4—1?9 In3 seconds.

proof
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Question 29 (*¥***¥)

The equation of motion of a small raindrop falliingely in still air, released from rest,
is given by

mvﬂl: mg- k¢,
dx

wheremkg is the mass of the raindropms ! is the speed of the raindropmetres
below the point of release, amdandk are positive constants.

a) Solve the differential equation to show that

2 2 2k

vi=c“ l-em mg

, wherec? =—=2.,
k

The raindrop has a limiting spe®.

(It is known as terminal velocity
b) Show that the raindrop reaches a spee%\bf, after covering a distance of
V21h(4
29 In(s) metres.

proof
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DIFFERENTIAL EQUATIONS

IN CONTEXT WITH MODELLING
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Question1  (**)

The number of bacterial cell on a laboratory dish is increasing, so that _therlgo
rate of increase iS times the number of the bacteria present at imat. t

Initially 100 bacteria were placed on the dish.
a) Form a suitable differential equation to model fhvigblem.
b) Find the solution of this differential equation.

c) Find to the nearest minute, the time taken fortheteria to reacthO00C.

d_N:5N
dt

N =100€'|, [55 minute
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Question 2 (*¥)

The gradient at any poirfix, y) on a curvey = f(X) is proportional to the square
root of they coordinate of that point.

a) Form a suitable differential equation to model fhvigblem.

b) Find a general solution of this differential eqoati in terms of suitable
constants.

The curve passes though the poiR{st, 4) and Q(6,16).

c) Find a solution to the differential equation in foem y = f(x).

d
d—i:k\/;, Jy=Ax+B, ly=(x-2)?
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Question 3 (*¥)
A certain brand of car is valued &Y at timet years from new.

A model for the value of the car assumes that #ie of decrease of its value is
proportional to its value at that time.

a) By forming and solving a suitable differential etjon, show that
V= Ae K,
where A andk are positive constants.
The value of one such car when nev£&)00C and this value halves aft8ryears.
b) Find, to the neare€t100, the value of one such car aftdy years.
One such car is to be scrapped when its value drelpsv £500.

c) Find after how many years this car is to be scrdppe

[£3004, [t »17.7» 18
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Question 4 (**+)

Water is leaking out of a tank from a tap whicHasated5 cm from the bottom of

the tank.

The height of the wateh cm, is decreasing at a rate proportional to squaoé @d
the difference of the height of the water and teight of the tap.

a) Model this problem with a differential equation aiving h, the timet in
minutes and a suitable proportionality constant.

The initial height of the water in the tank 280 cm and 5 minutes later it has

dropped tal05cm.

b) Find a solution of the differential equation of @), in the formt = f (h) .

c) Calculate the time taken for the height of the waddall to 30 cm.

d) State how many minutes it takes for the tank tp s#aking.

dh

dt

kvh 5

t=15-/h- 5

, [10 minutes, {15 minutes
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Question 5 (***)

A laboratory dish withL0O bacterial cells is placed under observation 85dninutes
later this number has increaseda0 cells.

Let y be the number of bacterial cells present in tisé dftert minutes, and assume
that y can be treated as a continuous variable.

The rate at which the bacterial cells reprodudevsrsely proportional to the square
root of the number of the bacterial cells present.

a) Form a differential equation in terms gf,t and a proportionality constakt.

b) Solve the differential equation to show

Nlw

y< = At+ B,
where A and B are constants to be found.

c) Show that the solution to this problem can be emiths
y® =4000q( 2+ §°.

d) Calculate, to the nearebbur, the time when the number of bacterial cells
reaches7000.

=2 =_~|[A=400, [B=1004, [t» 24
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Question 6 (***)
The numberx of bacterial cells in time hours, after they were placed on a

laboratory dish, is increasing at the rate propodl to the number of the bacterial
cells present at that time.

a) If Xy is the initial number of the bacterial cells akds a positive constant,
show that

X=x€".
b) If the number of bacteria triples @ hours, show thak = In/3.

proof
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Question 7 (***)

During a car service, the motor oil is drained afuthe engine.

The rate, incm®>s 1, at which the oil is drained out, is proportionalthe volume,
V cm®, of the oil still left inside the engine.

a) Form a differential equation involviny , the timet in seconds and a
proportionality constank .

Initially there were4000 cm® of oil in the engine.

b) Find a solution of the differential equation, gigithe answer in terms df.
It takesT seconds to drain half the oil out of the engine.

c) Show clearly that

kT =In2.

‘ij—\t/:kv, V = 40006 X
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Question 8  (***)

A species of tree is growing in height and thedgpmaximum height it can reach in
its lifetime is12m.

The rate of growth of its heighH m, is proportional to the difference between its
height and the maximum height it can reach.

When a tree of this species was planted, it Wasin height and at that instant the
tree was growing at the rate 6f1 m per month.

a) Show clearly that

110dd_|;|= 12- H,

wheret is the time, measured in months, since the treeplanted.

b) Determine a simplified solution for the above diffietial equation, giving the
answer in the formH = f (t).

c) Find, correct to2 decimal places, the height of the tree afgrears.

d) Calculate, correct to the nearest year, the nurabgears it will take for the
tree to reach a height afim.

| =12- 11670, 5.62n|, [t=110In11 months 22 yed
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Question 9  (***)

An area of neglected lawn is treated with weecdekilBefore the treatment started, the
area covered by the weed wasm? and two days later it has reduced3®.7 m?2.

Let the area of the lawn covered with weedde?, t days after it was treated.

The rate at which the area covered by the wee@dsedsing, is proportional to the
area still covered by the weed.

By forming and solving a suitable differential etjon, expressA in terms oft.

[ ] |A»756°4
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Question 10 (***+)

The numberx thousands, of reported cases of an infectioussése months after it
was first reported, is now dropping. The rate atcWlit is dropping is proportional to
the square of the number of the reported cases.

It is assumed that can be treated as a continuous variable.
a) Form a differential equation in terms gf t and a proportionality constakit.

Initially there were2500 reported cases and one month later they had ddofipe
1600 cases.

b) Solve the differential equation to show that

40
ot+16

¢) Find after how many months there will B0 reported cases.

~t
I

[ERN

(0)]

] %ok
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Question 11 (***+)

The value of a machine, in thousands of pouhdsars after it was purchased is
denoted byE V .

The value of this machine at any given time is dejatting at rate proportional to its
valuesquared at that time.

a) Given that the initial value of the machine w&k200C, show that

12

T at+1’

wherea is a positive constant.

b) Given further that the machine depreciated£d900 two years after it was
bought, find its value afterfarther period of ten years has elapsed.

| |, |£3000
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Question 12 (***+)
Water is leaking out of a hole at the bottom cdirakt

Let the height of the water in the tank pem at timet minutes.

At any given time after the leaking started, thégheof the water in the tank is
decreasing at a rate proportional to the cubeabtite height of the water in the tank.

Whent =0, y=125 and whent =3, y =64.

By forming and solving a differential equation,dithe value ofy whent = 71—72 :

VY= 3.37§
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Question 13 (***+)
Water is pouring into a container at a constaret oat600 cm’s L and is leaking from

a hole at the base of the container at the rates—:f/efcm:gs' 1, whereV cm® is the

volume of the water in the container.
a) Show clearly that

a2 av 240,
dt

wheret is the time measured in seconds.
Initially there were200 cm’ of water in the container.

b) Show further that

.3
V =800- 60064 .

c) State the maximum volume that the water in theaagt will ever attain.

L 1.[Vinax =80
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Question 14 (***+)

A body is moving and its distancg, metres, is measured from a fixed pobntat
different times,t seconds.

The body is moving in such a way, so that the cdtehange of its distance is
inversely proportional to its distanceat that time.

Whent =0, x=50 and whent =4, x=30.

Determine the time it takes for the body to re&rh

| |, [t=6.29
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Question 15 (***+)

The value of a computer systém in hundred off, t years from when it was new,
is depreciating at a rate proportional to its valubed, at that time.

The value of the computer system when it was neag,£¢000.
a) By forming and solving a differential equation, shthat

i e At +_1 ,
V& 100

where A is a positive constant.

b) Given that the value of the computer system habfesr one year, find the
value oft when the system is wort£250.

| |, [t=5|
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Question 16 (***+)

Water is pouring into a container at a constang i@t0.05 m?3 per hour and is

: , N
leaking from a hole at the base of the contain¢netrate of — m3 per hour, where

V m® is the volume of the water in the container.
a) Show clearly that

20%V= qev- 9,
dt

wheret is the time measured in hours.

Initially there were4 m? of water in the container.

b) Show further that

4
-1 . 5t
V 16 1+63e

c) State, with justification, the minimum volume thhe water in the container
will ever attain.

I:I’ Vmin :%3
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Question 17 (***¥)

A populationP, in millions, at a given time years, is growing at a rate equal to the

product of the population squared and the diffeeent the population from one
million.

Initially the population is one quarter of a mitio
a) Form and solve a differential equation to show that

t:In3—P-—1+4.
1-P| P

b) State the limiting value for this population.

dP
. [® e p) fav.
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Question 18  (****)

In a laboratory a dangerous chemical is storedayliadrical drum of height60cm
which is initially full.

One day the drum was found leaking and when this fiwst discovered, the level of
the chemical had dropped 100cm, and at that instant the level of the chemical was
found to be dropping at the rate @25cm per minute.

In order to assess the contamination level in dedatory, it is required to find the
length of time that the leaking has been takinggla

It is assumed that the rate at which the heighthef chemical was dropping is
proportional to the square root of its height.

a) Form a suitable differential equation to model #imve problem, where the
time, in minutes, is measured from the instant thateaking was discovered.

b) Find a solution of the differential equation ane itsto calculate, in hours and
minutes, for how long the leaking has been takilag

[ 1. %= - 4—10x/ﬁ , [3 hours 32 minute;:
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Question 19  (***¥)

A grass lawn has an area 225 m? and has become host to a parasitic weed.

Let Am? be the area covered by the parasitic weedhys after it was first noticed.

The rate at whichA is growing is proportional to the square root lod area of the
lawn already covered by the weed.

Initially the parasitic weed has spread to an akAam?, andat that instant the
parasitic weed is growing at the rate@®5 m? per day.

By forming and solving a suitable differential etjan, calculate after how many
days, the weed will have spread to the entire lawn.

=4V =e/a- o, f12dag
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Question 20  (****)
A snowball is melting and its shape remains sphéatall times.

The volume of the snowbalN, cm®, is decreasing at constant rate.

Let t be the time in hours since the snowball’s radias 18 cm.

Ten hours later its radius has reduce® tom.

Show that the volum¥ of the melting snowball satisfies
V=97.20(80 1),

and hence find the value bfwhen the radius of the snowball has reduced.focm.

volume of a sphere of radius is givené);pr3

| |, [t=11.25
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Question 21 (****)

The temperature in a bathroom is maintained atctmstant value o20°C and the
water in a hot bath is left to cool down.

The rate, in°C per second, at which the temperature of the wattre bath, T °C,

is cooling down, is proportional to the difference the temperature between the
bathwater and the room.

Initially the bathwater had a temperature4df C, and at that instant was cooling
down at the rate 00.005 C per second.

Let t be the time in seconds, since the bathwater vie®leool down.
a) Show that

ﬂ=-L(T- 20).
dt 4000

b) Solve the differential equation of pd&), to find, correct to the nearest minute,
after how long the temperature of the bathwatelrdvdp to 36° C.

, |15 minute
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Question 22 (****)

The gradient at a point on the cur@ewith equationy = f(x) is proportional to the

product of itsx and y coordinates. The gradient at the pc(iﬁt6) is %

a) Show that

dy _ xy
dx 8

b) Solve the differential equation to show that

y= 6eT16(X2_ 4) :

proof
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Question 23 (****)

Hot tea in a cup has a temperatliréC at timet minutes and it is left to cool in a
room of constant temperatufg.

Newton’s Law of cooling asserts that the rate aictvha body cools is directly
proportional to the excess temperature of the badyg the temperature of its
immediate surroundings.

a) Assuming the tea cooling in the cup obeys this lfovm a differential
equation in terms ofT , Ty, t and a proportionality constaRt

b) Show clearly that
T=Ty+Ae X,
where A is a constant.
Initially the temperature of the tea8® °C and 10 minutes later 80 °C.
The room temperature remains constar2@t C.

¢) Find the value ot when the tea reaches a temperaturé@TC.

e k(T )|, 2274

dt
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Question 24 (****)

At time t hours, the rate of decay of the mas¥%g, of a radioactive substance is
directly proportional to the mass present at tima¢ 1 Initially the mass isq.

a) By forming and solving a suitable differential etjoa, show that

x=xye K,

wherek is a positive constant.

Whent =5, Xx==X,.

N

b) Find the value ot when x :%&,.

~—t
1]
Njon
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Question 25  (****)

At a given instant a lake is thought to cont2®00Q fish and the following model is
assumed for times weeks after that instant.

The number of fishN, in tens of thousands is increasing at a fagN , fish are
dying at a rated.IN? and fish are harvested at the constant raf66 per week.

a) Show clearly that

b) Solve the above differential equation giving thewaer in the formN = f (t).

c) Find after how many weeks the number of fish witmlto 1625C.

d) State the long term prospects for the fish poparati

1, In=t229 g, [population® 1000f

T t+10
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Question 26 (****)

An object is moving in such a way so that its cawates relative to a fixed origi®
are given by

x=4cos- 3sin+ ;, y=3cost+ 4sin- |,
wheret is the time in seconds.

Initially the object was at the point with coordies(5, 2).

a) Show that the motion of the particle is governedHhwydifferential equation

dy _1- x

dx 1+vy

b) Find, in exact form, the possible values of theoordinate of the object when
its X coordinate i2.

[ [ ly=-=2/6
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Question 27  (****+)

In a cold winter morning when the temperature & #r is10°C, Ben the builder
pours a cup of coffee out of his flask.

Let x be the temperature of the coffee,’@, t minutes after it was poured.

The rate at which the temperature of the coffedesreasing is proportional to the
square of the difference between the temperatutieeatoffee and the air temperature.

The initial temperature of the coffee88° C and ten minutes later the temperature of
the coffee has dropped #D°C.

By forming and solving a suitable differential ejaa show that

= 20t+1200
2t +15

and hence find after how many minutes the coffdehave a temperature &f0° C.

| |, [t=45

Created by T. Madas



Created by T. Madas

Question 28 (****+)

Mould is spreading on a wall of ar@ m? and when it was first notice? m? of
the wall was already covered by this mould.

Let A, in m?, represent the area of the wall covered by thelanafter timet weeks.

The rate at whichA is changing is proportional to the product of #nea covered by
the mould and the area of the wall not yet covénethe mould.

After a further period oR weeks the area of the wall covered by the moukt ris®.

By forming and solving a suitable differential etjaa, show that

Created by T. Madas
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Question 29  (****+)

The mass of a radioactive isotope decays at aprajgortional to the mass of the
isotope present.

The half life of the isotope i80 years.

Determine the percentage of the original amountiwhémains afteb0 years.

| |, 164.8%
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Question 30 (****+)

A small forest with an area &5 km? has caught fire.

Let A, in km?, be the area of the forest destroyed by the fitegurs after the fire
was first noticed.

The rate at which the forest is destroyed is pripoal to the difference between the
total area of the forest squared, and the ardaedfiorest destroyed squared.

When the fire was first noticed km? of the forest had been destroyed atdhat
instant the rate at which the area of the forest was ogstr was7.2 km? per hour.

a) Show clearly that

5092 -

o (625— AZ).

oolun

b) Solve the differential equation to obtain

25+ A _ 16 &
=—€° .
25-A 9

c) Show further thal4 km? of the forest will be destroyed, approximaté§y
minutes after the fire was first noticed.
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Question 31 (****+)

The initial population of a city i million.

Let P be the number of inhabitants in milliorisbe the time in years, and tre@tas
a continuous variable.

The rate at which the population of this city is\ying per year, is proportional to the
product of its population and the difference ofpitgulation from3 million.

a) By forming and solving a differential equation, shthat

wherea is a positive constant.
The city doubles its population ® million, after ten years.
b) Find the value ofa in terms ofln2.
c) Rearrange the answer in p@aj to show that

3

P=— > .
1+21—0.2

[:],a:%mz
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Question 32 (****+)

A variable x decreases with timé, both in suitable units, at a rate directly
proportional to the value of® at that time.

If the value ofx is half of its initial value when =3, determine the value afwhen
X has reduced t€0% of its initial value.
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Question 33 (****+)

An object is released from rest from a great heagit allowed to fall down through
still air, all the way to the ground.

Let v ms ! be the velocity of the objet¢tseconds after it was released.

The velocity of the object is increasing at thestant rate ofl0ms ! every second.

At the same time due to the air resistance its ciglois decreasing at a rate
proportional its velocity at that time.

The maximum velocity that the particle can achisvE00ms .
Show clearly that ...

a) ... 10% =100 v.
dt

b) ... v:100(1- é‘“‘)

proof
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Question 34 (****+)

An object is placed on the still water of a lakel alowed to fall down through the
water to the bottom of the lake.

Let v ms ! be the velocity of the objet¢tseconds after it was released.

The velocity of the object is increasing at thestant rate 0.8 ms ! every second.

At the same time due to the resistance of the weterelocity is decreasing at a rate
proportional to the square of its velocity at thiate.

The maximum velocity that the particle can achisve4 ms 1
Show clearly that ...

a) ... 209V = 106 2.
dt

1- e—1.4t

b) ...v=14 ——
) 1+e L4

proof
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Question 35  (****+)

Water is pouring into a container at a constarg 04200 cm’s L and is leaking from
a hole at the base of the container at a rate piiopal the volumeV of the water
already in the container.

a) Form a differential equation connecting the volumhem®, the timet in
seconds and a proportionality constant

b) Show that a general solution of the differential@&gpn is given by

v:z—li’()+Ae'“,

where A is a constant.

The container was initially empty and aft€d seconds the volume of the wakéris
increasing at the rate 4b0cm®s 2.

c) Show further that

_1
V= 2000 1. 7ot
In2

[ 1 N 200- kv

dt
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Question 36 (****+)

There are20,00C chickens in a farm and some of them have beectededy a virus.
Let x be the number of infected chickansghousands andt the time in hours since
the infection was first discovered.

The rate at which chickens are infected is propodi to the product of the number of
chickens infected and the number of chickens nbinjected.

a) Form a differential equation in terms gf t and a proportionality constakt.

When the disease was first discovedD0 chickens were infected, and chickens
were infected at the rate 802 chickens per hour.

b) Solve the differential equation to show that

4x
20- x

t=1001In

c) Rearrange the answer in pé) to show further that

20

X=———Fa+ -
1+ 4 001

d) If a vet cannot attend the farm f@4 hours, since the infection was first
discovered, find how many extra chickens will beated by the time the vet
arrives.

[, %:kx(ZO- X)|,
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Question 37  (****+)

An unstable substancg decomposes into two different substanéesandY , and at
the same timeX andY recombine to reform substancé. Two parts ofZ
decompose to one part of and one part of , and at the same time one partXof
and one part ofY recombine to reform two parts & . As a result at any given time
the mass ofX andY are equal.

The rate at which the mass éf reduces, due to decompositionkigimes the mass
of Z present. The rate at which the massZoincreases, due to reforming, 4&
times the product of the massesXfandY .

Initially there are6 grams ofZ only.

a) Show that ifx grams is the mass of presentt seconds after the reaction
started, then

%= k(3- x- 2)(2).

b) Find a solution of the above differential equationthe formx = f (t) :
c) Find the limiting values of the three substances.

d) Show that when the mass @f is 5 grams,kt =%In (%)

3_ %-Skt
X=—3+ze-5kt ,|X Ly 1z 4|
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Question 38 (*****)

Fungus is spreading on a wall and when it was rﬁm;ilced% of the wall was already
covered by this fungus.

Let x represent the proportion of the wall not yet cedeby the fungus, weeks
after the fungus was first required. The rate aictvix is changing is proportional to
the square root of the proportion of the wall net govered by the fungus.

When the fungus was first noticed it was spreadingate that if it this rate was to
remain constant from that instant onwards the fsngauld have covered the entire
wall in 4 weeks.

Determine the proportion of the wall covered by filmegus,4 weeks after it was first
noticed.

.
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Question 39  (*¥***¥)

The mass of a radioactive isotope decays at aprajgortional to the mass of the
isotope present at that instant.

The half life of the isotope i$2 days.

Show that the proportion of the original amounthaf isotope left after a period 8D
days is %JE :

1. proof
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Created by T. Madas

Question 40  (*¥****)

A shop stays open fd@ hours every Sunday and its sals¢, t hours after the shop
opens are modelled as follows.

The rate at which the sales are maddijrisctly proportional to the time left until the
shop closes andversely proportional to the sales already made until that time.

Two hours after the shop opens it has made saleth &#836 and sales are made at
the rate of£72 per hour.

a) Show clearly that

dx
—=4 t).
th 032(& )

b) Solve the differential equation to show
x* =4032(16 t).
c) Find, to the nearedi, the Sunday sales of the shop according to thideino

The shop opens on Sunday€08t00. The owner knows that the shop is not profitable
once the rate at which it makes sales drops ufidérper hour.

d) By squaring the differential equation of pgaj, find to the nearest minute, the
time the shop should close on Sundays.

| ', |£504, [14.19
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Question 41 (*¥***¥)

At time t =0, one litre of a certain liquid chemical is addedattank containin@0
litres of water. The chemical reacts with the wdteming a gas, and as a result of
this reaction both the volumes of the water ancctiemical are reduced.

At time t minutes since the chemical reaction started, ¢éspactive volumes of the
chemical and the water used in the reaction(&rev) litres and4(1- v) litres.

The rate at which the volume of the chemical in tdrek reduces, is proportional to
the product of the volume of the chemical and thiewe of the water, still left in the
tank.

Given that2 minutes after the reaction started the voluméhefdhemical remaining

is i of a litre, show that
19

3. [proof
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Question 42 (*¥***¥)
At every pointP(x y) which lie on the curveC, with equationy = f(x), they
intercept of the tangent t© at P has coordinate(so,xyz).

Given further that the poir@(l,l) also lies onC determine an equation fdt,
giving the answer in the forny = f(X).

You might find the expression f%ldL useful in this question.
X

< | x

. |y=-2%

1+ X2

Created by T. Madas
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Question 43 (*¥***¥)

In a chemical reaction two substancE¥sandY bind together to form a third
substanceZ . In terms of their masses in grampart of substanc& binds with3
parts of substanc¥ to form 4 parts of substancg .

Let z grams be the mass of substa@cdormed,t minutes after the reaction started.

The rate at whiclZz forms is directly proportional to the product bétmasses oK
andY, present at that instant.

Initially there werelO grams of substancX , 10 grams of substancé and none of
substanceZ , and the initial rate of formation & was1.6 grams per minute.

a) Show clearly that

1oooj—f=(40 z)( 40 3.

b) Solve the differential equation to show that

40( 1- e'°-°8)

z=—— 1,
3. g008

c) State, with justification, the maximum mass of substanceZ that can ever
be produced.

L t@Y , ® 4—?9

Created by T. Madas



Created by T. Madas

Question 44 (¥***¥)

A shop opens on Saturdays @.00 and stays open fo® hours has its sales
modelled as follows.

The rate at which the sales are maddijrisctly proportional to the time left until the
shop closes andversely proportional to the sales already made until that time.

One hour after the shop opens it has made salah #5600 and at that instant sales
are made at the rate 62000 per hour.

The owner knows that the shop is not profitableeothe rate at which it makes sales
drops undel£200 per hour.

Use a detailed method to find the time the shomilshdose on Saturdays.

| |, [14.00
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Question 45  (*¥***¥)
Initially a tank contain225 litres of fresh water.

At time t =0 salt water of concentratio®.2 kg of salt per litre begins to pour into
the tank, at the rate dflitre per minute, and at the same time the salemwmix
begins to leave the tank at the ratel & litre per minute.

The concentration of the salt water mix in the t&khereafter maintained uniform,
by constant stirring.

Let x kg be the mass of salt dissolved in the watenéntank, at time minutes.
a) Show by detailed workings that

dx_1 3x

d 5 50-t

b) Verify by differentiation that the general solutiof the differential equation
of part(a), is

1 3
=—(50- t)+ A(50 t)°,
x=25(50- )+ A(50 1)

where A is an arbitrary constant.

c) Determine as an exact simplified surd the maximaines of x.

&

[ xnax =2
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Question 46 (*****)

The pointP lies on the curve€ with equationy = f (x).

It is further given thaC passes through the origd and lies in the first quadrant.
The normal toC at P meets thexaxis at the pointA.
The pointB is the foot of the perpendicular & onto thexaxis.

Given that for all positions ofP,

l0A” =9|0H,

determine in simplified form an equation Gf.
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Question 47  (¥***¥)

An unstable substancg decomposes into two different substanéesandY , and at
the same timeX andY recombine to reform substanég. Two parts ofZ
decompose to one part &f and one part of , and at the same time one partXf
and one part ofY recombine to reform two parts @ . As a result at any given time
the mass ofX andY are equal.

The rate at which the mass @f reduces, due to decompositionkigimes the mass
of Z present. The rate at which the massZoincreases, due to reforming, 4k
times the product of the massesXfandY .

Initially there are6 grams ofZ only.

Show that when the mass @fis 5 grams, kt =%In(%).

i, |proof
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Question 48 (*¥****)

The pointP and the pointR(0,1) lie on the curve with equation
f(y)=9(x, |yl£1.
The tangent to the curve Bt meets thex axis at the poinQ.

Given that|PQ|:1 for all possible positions oP on this curve, determine the
equation of this curve, in the forrh(y) = g(X).

The final answer may not contain natural logarithms
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DIFFERENTIAL EQUATIONS

WITH RELATED VARIABLES
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Question 1 (***)

A container is in the shape of a hollow right clezucylinder of base radiusOcm
and heighttO0Ocm.

The container is filled with water and is standupgight on horizontal ground. Water
is leaking out of a hole on the side of the corgaimhich is1cm above the ground.

Let h cm be the height of the water in the container, wheie measured from the
ground, and minutes be the time from the instant sidce100.

The rate at which the volume of the water is desingpis directly proportional to the
square root of the height of the water in the doeta

a) By relating the volume and the height of the wateihe container, show that

@:_Ah%,
dt

where A is a positive constant.

volume of a cylinder of radius  and heidht isegi\byprzh

When t =2, h=64.

b) Determine the value df, by which no more water leaks out of the containe

| | [t=9)
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Question 2 (***)

The shape of a weather balloon remains sphericdl ates. It is filled with a special
type of gas and is floating at very high altitude.

The rate at which the volume of the balloon is dasing is directly proportional to
the square of the surface area of the balloonaatitistant.

Let r m be the radius of the ballooh hours sincea =5.

a) By relating the volume, the surface area and tbdaisaof the weather balloon
show that

ar_. kr?,
dt
wherek is a positive constant.

volume of a sphere of radius  is given%xpr?’

surface area of a sphere of radius  is given,dr)?4

When t =10, r =4.8.

b) Determine the value df whenr =4.

| |, [t=60
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Question 3 (***+)

At time t seconds, a spherical balloon has radigsn and volumev cm’.

Air is pumped into the balloon so that its volunseincreasing at a rate inversely
proportional to its volume at that time.

a) Show clearly that

ar_
dt

qcr|| >

where A is a positive constant.

The initial radius of the balloon 8 cm and whent =1 it has increased t8 cm.
b) Show further that
r® =663 + 64.

c) Find the value ofr whent =6.

volume of a sphere of radius is givené);pr3

| ], [r»3.99
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Question 4 (***+)
A container is the shape of a hollamnverted right circular cone has base radius

20 cm and height80cm. The container is filled with water and is suppdrin an
upright position.
Water is leaking out of a hole at the vertex of¢bae.

Let h cm be the height of the water in the container, wheie measured from the
vertex of the cone, andminutes be the time from the instant sifce 80.

The rate at which the volume of the water is dessngpis directly proportional to the
height of the water in the container.

a) By relating the measurements of the container & ¢f the volume of the
water in the container, show that

where A is a positive constant.

volume of a cone of radius and height is givger%lmrzh

When t =1, h=78.

b) Determine the value df by which all the water would have leaked out @& th
container.

| |, [t » 20.25..)
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Question 5 (****)

Water is drained from a large hole at the bottora t#€nk of heightt m.

Let V m®and x m be the volume and the height of the water in dmé trespectively,
at timet minutes since the water started draining out.

Suppose further that the shape of the tank is sa¢hatV and x are related by
V=2,
3

The rate at which the volume of the water is dradiiseproportional to the square root
of its height, so that it can be modelled by tHéedential equation

wherek is a positive constant.
a) Given that it take$82 minutes to empty the full tank, show that ...

3
i ...5x22(=- )

[continues overleaf]
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[continued from overleaf]

When the tank is completely empty, water beginpdar in at the constant rate of
0.5m° per minute and continues to drain out at the sateeas before.

b) Show further that ...

dx _1- 4/x
TV

ii. ... the height of the water cannot excelééj of a metre.
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Question 6 (****)

Gas is kept in a sealed container whose volurmem®, can be varied as needed.

The pressure of the gd3, in suitable units, is such so that at any givemetthe
product of P andV remains constant.

The container is heated up so that the volume @fgis begins to expand at a rate
inversely proportional to the volume of the gathat instant.

Let t, in seconds, be the time since the volume begarpand.

a) Show clearly that

P aP3,
dt

where A is a positive constant.

Whent =0, P=1 and whent=2, P=

Wl

b) Solve the differential equation to show that

4t +1

]:l , |proof
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Question 7 (****)

A cylindrical tank has constant radius@® m.

The volumeV m®, of the water in the tank has heightn.

Water can be poured into the tank from a tap atdpeof the tank and can be drained
out of a tap at the base of the tank, which atelhyi both turned off.

Water then starts pouring in at the constant rat®©. @6 m> per minute and at the
same time water begins to drain out at the rate.4foh m?3 per minute.

a) Given further that is measured from the instant when both taps werest
on, show that

Initially the water in the tank has a heightdm.
b) Solve the above differential equation to show that

_5
h=2 14468
5

c) Find the value ot whenh=1.6.

l:l, t=%3|n2» 2.50
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Question 8  (****+)

The shape of a weather balloon remains sphericdl atnes. It is filled with a special
type of gas and is floating at very high altitu@as started escaping from its valve so
that the rate at which its surface area is deangas directly proportional to the
square of its surface area at that time.

Let V m® be the volume of the ballooh,hours since/ =1000.

a) By relating the volume, the surface area and tbdaisaof the weather balloon
show that

5
d_Vz_kV§'
dt

wherek is a positive constant.

volume of a sphere of radius  is given%;;vr3

surface area of a sphere of radius  is given,cbf4

When t =20,V =729.

b) Determine the value df whenV =512.

|, [t» 48]
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Question 9  (****+)

A water tank has the shape of a hollow invertedibghere with a radius dfm.

It can be shown by calculus that when the deptthefwater in the tank iB m, its
volume,V m®, is given by the formula

V=%ph2(3- h).

Water is leaking from a hole at the bottom of thakt in m3 per hour, at a rate
proportional to the volume of the water left in thek at that time.

a) Show clearly that

dh_ kh(3- h)
dt~ 3(2-h)

wherek is a positive constant.

The water tank is initially full.

b) Solve the differential equation to show furtherttha

3h?2- W= 2¢ 1,
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Question 10 (****+)

A large water tank is in the shape of a cuboid witiectangular base measurt@m
by 5m, and a height ob m.

Let h m be the height of the water in the tank dntthe time in hours.

At a certain instant, water begins to pour into thek at the constant rate of
50m° per hour and at the same time water begins to diram a tap at the bottom of
the tank at the rate dfoh m® per hour.

a) Show clearly that

5@:5-h.
dt

b) Show further that it takeSIn 3 hours for the height of the water to rise from
2mto4m.
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Question 11 (****+)
Water is leaking out of a hole at the base of @ndyical barrel with constant cross
sectional area and a heightlain.

It is given thatt minutes after the leaking started, the volumehefwater left in the
barrel isV m?, and its height i1 m.

It is assumed that the water is leaking outrin per minute, at a rate proportional to
the square root of the volume of the water lethia barrel.

a) Show clearly that

dt
where B is a positive constant.
The barrel was initially full an®d minutes later half its contents have leaked out.

b) Solve the differential equation to show that
_ 1
Jh=1- E(Z' Ja)t.
c) Show further that

t=5(2+72)(1- Vh).

d) If T isthe time taken for the barrel to empty, findvhent :%T.

1

-
"
N
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Question 12 (****+)

A snowball is melting and its shape remains sphéatall times. The volume of the
snowball,V cm®, is decreasing at a rate proportional to its serfarea.

Let t be the time in hours since the snowball’s surtaea wast m?.

Sixteen hours later its surface area has reducé®®m?.

By forming and solving a suitable differential etjona, determine the value ofby
which the snowball would have completely melted.

volume of a sphere of radius is given%xar3

surface area of a sphere of radius is given,duf4

| [ lt=e4
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Question 13 (****+)

Water is pouring into a long vertical cylinder atenstant rate 02400cm’s ! and
leaking out of a hole at the base of the cylindex mate proportional to the square root
of the height of the water already in the cylinder.

The cylinder has constant cross sectional are#860 cm?.

a) Show that, ifH is the height of the water in the cylinder,am, at timet
seconds, then

where B is positive constant.

The cylinder was initially empty and when the heigh the water in the cylinder
reached16 cm water wadeaking out of the hole at the rate 0120 cm’s L.

b) Show clearly that

dH _80- vH
dt 160

c) Use the substitution =80- JVH , to find

1

— = dH.
80- VH

[continues overleaf]
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[continued from overleaf]

d) Solve the differential equation in pdtt) to find, to the nearest minute, the
time it takes to fill the cylinder from empty tdhaight of 4 metres.

I

-2JH- 160@80 Jﬂ C

,
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Question 14 (****+)

At time t seconds, a spherical balloon has radigsn and surface are& cm?.

The surface area of the balloon is increasingcatrstant rate o24p cm?’s .
a) Show that

dr 3

dt r’

At time t seconds the balloon has voluMecm?®.

b) By considering(jj—v’ % show further that
r

‘3—\: =J12960% .
c) Solve the differential equation of pdki) to show

2 1
V3= (129602)3t+ constar.

winN

d) Given that the initial volume of the balloon wédgp cnt, find an exact
simplified value of V whent =336.

volume of a sphere of radius is givené);or3

surface area of a sphere of radius is given,duf4

V =80p/10» 795

]

[solution overleaf]
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Question 15 (****+)
A large cylindrical water tank has a heightl&m and a horizontal cross section of
constant are20 m?.

Water is pouring into the tank at a constant réteom? per hour and leaking out of
a tap at the base of the tank at a ratem® per hour, wherex is the height of the
water in the tank, irm, at timet hours.

a) Show that
dx
20 = 10- Jx.

The water in the cylinder had an initial heightSim.

b) Solve the differential equation of pdg) to find, correct to the nearest hour,
the time it takes to fill up the tank.

| |, [t» 22
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Question 16 (*****)
A water tank has the shape of a hollow invertedibghere of radius cm.

The tank has a hole at the bottom which allowsathtr to drain out.

Let V,in cm®, and y, in cm, be the volume and the height of the water intaimé,
respectively, at timé seconds.

At time t =0 the empty tank is placed under a running water T&e rate at which
the volume of the water in the tank is changingisportional to the difference
between the tank’s constant diameter and the heighe water at that instant.

It can be shown by calculus thatand y are related by
_1 2 3
\Y —ép(Bry y ) :

a) Show clearly that ...

dy Kk

oy
wherek is a positive constant.

2
ii. ... the time it takes to fill the tank @2% seconds.

[continues overleaf]
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[continued from overleaf]

When the tank is full the running tap is instaritiyned off but the water in the tank
continues to leak out from the hole at the bottom.

b) Show it takes three times as long to empty the thak it took to fill it up.
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Question 17 (¥****)

A large water tank is in the shape of a cuboid witiectangular base measurt@m
by 5m, and a height ob m.

Let h m be the height of the water in the tank dntthe time in hours.

At a certain instant, water begins to pour into thek at the constant rate of
50m° per hour and at the same time water begins to dir@m a tap at the bottom of
the tank at the rate dfoh m® per hour.

Show that it take®In 3 hours for the height of the water to rise fr@&m to 4 m.
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Question 18  (****¥)

Water is leaking out of a hole at the base of @ndyical barrel with constant cross
sectional area and a heightlain.

It is given thatt minutes after the leaking started, the volumehefwater left in the
barrel isV m?, and its height i1 m.

It is assumed that the water is leaking outrin per minute, at a rate proportional to
the square root of the volume of the water lefthea barrel. The barrel was initially
full and 5 minutes later half its contents have leaked out.

If T is the time taken for the barrel to empty, findvhent :%T.

>
I
N
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Question 19  (*¥***¥)

Water is leaking out of a hole at the base of @ndyical barrel with constant cross
sectional area and a heightldfm.

It is given thatt minutes after the leaking started, the volumehefwater left in the
barrel isV m?, and the height of the waterlsm.

It is assumed that the water is leaking outrin per minute, at a rate proportional to
the square root of the height of the water stitlile the barrel.

The barrel was initially full and minutes later all the water has leaked out.

Show by a complete calculus method that

t 2
h=H 1-— , O£t£T.
T
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Question 20 (*¥****)

2

A water tank has the shape of a hollow invertedibghere of radiug cm.

The tank has a hole at the bottom which allowsathter to drain out.

Let V,in cm®, and y, in cm, be the volume and the height of the water intaimé,
respectively, at tim& seconds.

At time t =0 the empty tank is placed under a running water Té&e rate at which

the volume of the water in the tank is changingisportional to the difference
between the tank’s constant diameter and the heigie water at that instant. When
the tank is full the running tap is instantly tudneff but the water in the tank
continues to leak out from the hole at the bottom.

Show it takes three times as long to empty the thak it took to fill it up.

You may use without proof that and y are related by V :%p(?;ryz - y3) .

. [oro]
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Question 21 (*¥****)
A water tank has the shape of a hollow inverted isphere with a radius dfm,

which is initially full.

Water is leaking from a hole at the bottom of thakt in m?> per hour, at a rate
proportional to the volume of the water left in thek at that time.

Show that if the height of the water in the tankim, then
3h?- h3= 2K,
wherek is a positive constant.

volume of a sphere of radius is given%xar3

). o]

Created by T. Madas



Created by T. Madas

Question 22 (*¥***¥)

At time t seconds, a spherical balloon has radiusn, surface ared&b cm? and
volumeV cm®. The surface area of the balloon is increasing abnstant rate of
24p cm?s L.

Show that

dv _3 2
— =y129“V ,
dt @

and given further that the initial volume of thdlban was64p cnt, find an exact
simplified value forV whent = J36.

volume of a sphere of radius is given%xor3

surface area of a sphere of radius is given,duf4

, IV =800y/10» 79%
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