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Question1  (*¥)

The figure above shows the cur@s given parametrically by
x=t2- 2, y=6t, t30.

The finite regionR is bounded byC, the x axis and the straight lines with equations
x=2 and x=14.

a) Show that the area d® is given by

;
12t2 dt,
2

stating the value of .

b) Hence find the area oR.

| |, [T=4], [area= 224
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Question 2 (**+)

YA C
\
o) 7 X

The figure above shows the cur@s given parametrically by

X=4t-1, y::tL—S , t>0.

The finite regionR is bounded byC, the X axis and the straight lines with equations
x=7 and x =15.

a) Show that the area d® is given by

ty
N
t

b
stating the values df andt,.
b) Hence find the area oR.

c) Find a Cartesian equation @f, in the formy = f(x).

d) Use the Cartesian equation@fto verify the result of part (b).

t, =2, |t, =4|, |area= 16, |y = 256

(x+1)

N
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Question 3 (**+)

The figure above shows the cur@e given parametrically by
x=4-1%, y=t(t+3), t3 0.
The curve meets the coordinate axes at the péingsd Q.
a) Find the coordinates d? andQ.

The finite regionR is bounded byC and the coordinate axes.

b) Show that the area &® is given by
tp

263+ 62 dt,
L]

stating the values df andt,.

c) Hence find the area oR.

P(4,0) & Q(0,10|, [t; =0, |t,

I
)
0
0
I
)
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Question 4 (**+)

O

The figure above shows the cur@e given parametrically by
x=t3+3 yzg, t>0.
3t

The finite regionR is bounded byC, the x axis and the straight lines with equations
x=4 andx=11.

a) Show that the area d® is 3 square units.
The regionR is revolved in thex axis by 2p radians to form a solid of revolutio®.

b) Find the volume ofS.
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Question 5 (***)

/ C
o

The figure above shows the cur@e given parametrically by
X=6t>, y=t-t*>, t30.
The curve meets thg axis at the origirO and at the poinP .

a)  Show that thex coordinate ofP is 6.

The finite regionR, bounded byC and thex axis, is revolved in the axis by 2p
radians to form a solid of revolution, whose voluimeenoted by .

b) Show clearly that

T 22
V=p 0 12t(t-t ) dt,

stating the value of .

c) Hence find the value oV .

_|
I
H
<
I
SRS

@ ou-o o
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Question 6 (***)

2

The figure above shows the cur@e given parametrically by
x=Int, y=t+J/t, 1£t£10.

The finite regionR is bounded byC , the straight lines with equations=1 and
x=2, and thex axis.

a) Show that the area &R is given by

T 1
1+t 2 dt,
T

stating the values of, andT,.

b) Hence find an exact value for the area®f

1
[ | m=e T,=€| |+e 24|,
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Created by T. Madas



Created by T. Madas

Question 7 (***)

C
LN

Ke) P

The figure above shows the cur@s given parametrically by
x=3t+sint, y=2sint, O£LtE£p.

The curve meets the coordinate axes at the giahd at the origirO.

The finite regionR is bounded byC and thex axis.

Determine the area dR.

| |, larea= 12
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Question 1 (***+)

The figure above shows the cur@e with parametric equations

ind p_. _.p
x=36t2- p2, y=0d PP
P ¥=7g 5% 3

The curve meets the coordinate axes at the pdingsd B .

By setting up and evaluating a suitable integrapbarametric, show that the area
bounded byC and the coordinate axes(i,s - 1) square units.
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Question 2 (***+)

The figure above shows the cur@e with parametric equations
X =4sint , y =2cost, 0£t£%.

The curve meets the coordinate axes at the pdingsd B .

The pointP(3,1) lies onC.

The pointQ lies on thex axis so thatPQ is parallel to they axis.

a) Show that the area of the shaded region bounded liihe line PQ and thex
axis is given by the integral

BS]

16 pz codt sin dt.

3
b) Evaluate the above integral to find the area oftieded region.

I:I area-= %
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Question 3 (***+)

y

The figure above shows the cur@ewith parametric equations

X =8tant, y:cogt, O£t<%.

The finite regionR is bounded byC, the coordinate axes and the straight line with
equationx =8.

The regionR is revolved in thex axis by2p radians to form a solid of revolutio®.
a) Show the volume of is given by the integral

t
80 coft dt,

L]
for some appropriate limitg andt, .

b) Hence find an exact value for the volumeXf

[ 1, [volume=p(p + 2
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Question 4 (***+)

The figure above shows a curve known as a re-eéntwcloid, with parametric
equations

X=qg-4sing, y=1% 2cog, O0EqgE£2p.
The curve crosses the axis at the point$ andQ.
a) Find the value ofy at the pointsP and Q.

b) Show that the area of the finite region boundethieycurve and the axis,
shown shaded in the figure above, is given by itegral

G2
1- 6cogp+ 8cosq dg,

%

whereg, and g, must be stated.

c) Find an exact value for the above integral.

L T|ee=3r %=3p |&
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Question 5 (***+)

The figure above shows the cur@e with parametric equations
x=t2, y=1+cost, 0£t£20.

The curve meets the coordinate axes at the pdingsd B .

a) Show that the area of the shaded region bounded bynd the coordinate axes
is given by the integral

ty
2t(1+ cog) dt,

b
wheret; andt, are constants to be stated.

b) Evaluate the above parametric integral to find xacevalue for the area of the
shaded region.

=0, t, =p|, area= p° -

[solution overleaf]

Created by T. Madas



Created by T. Madas

[solution of the previous question]
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Question 6 (***+)

The figure above shows part of the cu@e with parametric equations

X=C0S%), y= seq, O<q<%.

The finite regionR is bounded byC, the straight line with equatiom:% and the

coordinate axes.

a) Show that the area d® is given by the integral

A

4 4sing dg.
p
6
b) Evaluate the above integral to find an exact v&ueR .

The regionR is rotated by2p radians in thex axis to form a solid of revolutio.

c) Use parametric integration to find an exact vatuetlie volume ofS.

Y

[ ], larea= 2/ 3 2 2 |volume= 2 W%)
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Question 7 (***+)

YA

The figure above shows the cur@ewith parametric equations

x=6tang, y=sin2y, O£q<%.
The curve has a single stationary poinPat

a) Find the coordinates d? .
The pointQ lies on thex axis so thatPQ is parallel to they axis. The finite region
R is bounded byC, the x axis and the straight line segmd?®. The regionR is
revolved in thex axis by 2p radians to form a solid of revolutio®.

b) Show the volume of is given by the integral

14
p 424sir12c7 dg.

0

c) Hence find an exact value for the volumeSof

[T P(6,1)|, |[volume= P (p- 2
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Question 9  (****)

The figure above shows the cur@ with parametric equations

x=4coy , y=sinm, O£q£%.

The curve meets the coordinate axes at the pdinasid B. The straight line with
equationy:% meetsC at the pointP.

a) Show that the area under the arc of the curve letwa and P, and thex
axis, is given by the integral

AS]

2 4sin2q dg.

o

The shaded regioR is bounded byC, the straight line with equatiqnz% and the
y axis.

b) Find an exact value for the arealRf

area:%( P - 3/_:}
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Question 10 (****)

y A\

ve] DN
Vv
X

Nl
N

The figure above shows an ellip&e given parametrically by
Xx=2-cogy, y= % 2siy, O£g<2p.
The ellipse crosses the axis at the pointA and B ..
a) Find, as exact surds, the coordinatespoand the coordinates @& .

The finite regionR is bounded byE, for which y3 0, the x axis and the straight

lines with equationx =5 andx=2.

b) Show that the area &R is given by

r
pz sing + 2sirf g dg.
3

c) Hence find the area dR.

=
N

N
e
¥

Ny

areazl—lz( 6+ P+ 3/_?» 1.4

Created by T. Madas



Created by T. Madas

Question 11 (***¥)

//////

The figure above shows the cur@ given parametrically by

x=5c0q , y= 6sim, -%< q££2.

The curve is symmetrical in the axis.
The finite region bounded bg§ and they axis is denoted byR.
a) Show that the area &R is given by
P
? 120sirf g cog dg.

0

b) Hence find the area oR.

[continues overleaf]
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[continued from overleaf]

The regionR is to be revolved by radians in thex axis to form a solid of
revolution S.

c) Show that the volume db is 90p cubic units.

area= 40
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Question 12 (****)

\ 4

The figure above shows the cur@ defined by the parametric equations

p

x=tang, y=codq, -%< g<7.

The finite regionR is bounded byC, the coordinate axes and the straight line with
equationx =1.

a) Determine the area dR.
The regionR is revolved by2p radians in thex axis, forming a solidS.

b) Show that the volume & is

ye,

g(,0+2).

c) Find a Cartesian equation Gf, giving the answer in the forng = f ().

1. area:%, g

@ 4oa-)
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Question 13 (****)

The figure above shows the cur@e with parametric equations

Xx=6tsint, y=3set, O£t<%.

The curve meets the coordinate axes at the pdint

The liney =6 meetsC at the pointP.

a) Show that the areander the arc of the curve betweeA and P, and thex
axis is given by the integral

p
18 3t+tant dt.

0

The shaded regioR is bounded byC, the liney =6 and they axis.

b) Show that the area @R is approximatelyl0.3 square units.

[solution overleaf]
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Question 14 (****)

The figure above shows the cur@ewith parametric equations
x=5cog, y=3sin?, OEtE%.

The curve meets thg axis at the origirO and at the poinP .
a) Find the value ot at O and atP.

The finite regionR bounded byC and thex axis is revolved byp radians in thex
axis forming a solid of revolutioss.

b) Show that the volume d is given by the integral
p
o ° 180sirft codt dt.

0

c) By using the substitution = cost, or otherwise, find the volume &.

[t :%, tp =0|, [volume= 24|
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Question 15 (****)

The figure above shows part of the cu@ewith parametric equations
x:?, y=6t- >, t1 0.
The curve crosses the axis at the poinR.

The pointP(6,5) lies onC and the straight liné is the normal taC at P.

This normal crosses the axis at the poinQ.

a) Determine ...
i. ...the value oft at the pointsR andP .
ii. ... an equation fof .

lli. ... the coordinates oR andQ.

[continues overleaf]
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[continued from overleaf]

The finite region bounded b§, | and thex axis is shown shaded in the figure above.

b) Use parametric integration to find, correct to tdecimal places, the area of
this region.

1. [tr=8, [te=1, [2y=3x 4, [R(1.0], |Q(§.0)|, [36n6- 115 26.17

Created by T. Madas



Created by T. Madas

Question 16 (****)

The figure above shows part of the cu@ewith parametric equations

X=cosg, y=tafq, 0£q<%.

The finite regionR, shown shaded in the figure above, is bounde@ byhe
coordinate axes and the line=1.

a) Show that the area d® is given by the integral

2
2tang seq dg,
%

for some appropriate limitg; and g .

b) Hence find an exact value for the arearaf
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[continued from overleaf]

The finite regionR is revolved by2p radians in they axis forming a solid of
revolution S.

c) Show that the volume d is exactlypin?2.

, |area= 4\/_2- )

B

0120, G, =
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Question 17 (****)

The figure above shows tine-entrant curve C with parametric equations
x=27- 32, y= 5t(4 tz), ¢l
The curve meets thg axis atP andQ, and thex axis atR andS.

a) Determine ...

I. ... the value oft at the pointsP, Q, R andS.
il. ... the Cartesian coordinates of the poiRtsQ, R and S.

b) Given thatC is symmetrical about thg axis, show that the area enclosed by
the loop ofC, shown shaded in the figure above2&6 square units.

c) Find a Cartesian equation 6, in the formy? = ().

[ 1.|P(0,79 t=-3,1Q(0,- 79 t= 3, |R(27,0) t= Q, |S(15,0) ,t=+12,

[solution overleaf]
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Question 18  (****)

The figure above shows the cur@ewith parametric equations
x=coSqg, y=12sip, 0£g<2p.

The finite region in the first quadrant, bounded®yand the coordinate axes is shown
shaded in the figure above. The curve is symmeindaoth thex and in they axis.

a) Show that the area of the shaded region is givathéyntegral

D

36 °sirfg codq dg.
0

b) Use trigonometric identities to show that
. 1
cos g sirf g ° §( 1 cosd).

c) Hence find, in terms gb, thetotal area enclosed b§ .

[ 1]

[solution overleaf]
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Question 19  (****)

Z

The figure above shows part of the curve with pataimequations
x=t2-9, y=t(4 1)°,t

The curve meets thg axis at the point® andQ, and they axis at the point®
andT . The pointT is not shown in the figure.

a) Find the coordinates of each of the poiRtsQ, R andT .

The pointS is a stationary point of the curve.

b) Show that the coordinates &f are(- %52—76) j

The region bounded by the curve and #haxis is shown shaded in the figure above.

c) Determine an exact value for the area of the sheetgdn.

1. [P(-2.0).Q(7.9 R(0.3 T( e, 14}, |area=1024
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Question 20  (****)

The figure above shows the cur@ewith parametric equations
X =sint, y=t2, OEtE 2p.
It is given thatC is symmetrical about thg axis.

Show that the area enclosed Gycan be found by the integral

P
4t sint dt,
0

and hence find an exact value for this area.

3

t=o
ASING. SYUMETRY ) & INIEGRATING WO ESPET
® 4 BITW_Paommereic

4 b
Rk = 2x 3«3\. @9 dy = Z'Ktlm dedt

T T
= 2& (sm6) Gt) de = L desmk }
%\MM\
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Question 21 (****)

The figure above shows the design of a pend€D in the shape of a rhombus,
made up of two different types of metal.

The innermost part of the design is enclosed byraecand is made of silver. The rest
of the design is made of gold.

The design is symmetrical about both thend they axis.
The innermost part of the design is modelled bglapse, given parametrically by
x=12coyy, y=6sing, 0Eg<2p.

a) Use integration to show that the area enclosethéelipse is exactly2p.

[continues overleaf]

Created by T. Madas



Created by T. Madas

[continued from overleaf]

The pointP lies on the ellipse whergz:%.

The straight [ineAB is the tangent to the ellipse Bt
b) Show that the equation of the tangekx® can be written as

2y ++/3x = 24.

c) Hence find an exact value for the area of the petnidhat is made up of gold.

, larea= 192/ 3 72
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Question 22 (****)

AY C

ﬂo

The figure 1 above, shows the cur@ewith parametric equations
Xx=6cost,y=12sin2, @t£ 2.
The curve is symmetrical in the axis and in they axis.

The regionR, shown shaded on the figure 1, is bounded by #neqgs C in the first
guadrant and the coordinate axes.

a) Show that the area &R is given by

AN

2144003 siAt dt.
0

b) Hence find the area enclosed Byin all four quadrants.

[continues overleaf]
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[continued from overleaf]

The area enclosed by the entire curve is to bewuof a piece of rectangular card, as
shown in the figure 2. This is modelled by a regtarwhose sides are tangents to the
curve, parallel to the coordinate axes.

The area of the card left over after the curve gudut is shown shaded in figure 2.

c) Show that the area of the card left over is exa@@ysquare units.

| |, |area= 192
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Question 23 (****)

D

The diagram above shows the curve defined by thepetric equations
X=4qg-sing, y= 2cog , for 0O£Eg<2p.

The curve crosses the axis at pointsA and B. The pointC is the minimum point
on the curve an@D is perpendicular to th& axis and a line of symmetry for the
curve.

a) Find the exact coordinates &f, B andC..

b) Show that an equation of the tangent to the currtieeapoint A is given by

X+2y=2p- 1.

[continues overleaf]
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[continued from overleaf]

c) Show further that the area of the regiBnbounded by the curve and the
coordinate axes is given by

P
? 8cogg- 2c0dqg dg.

0

d) Determine an exact value for this integral.

A(2p- 1,0, |B(6p+1,0), |[C(4p.- 2)|, |8-

NS
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Question 24 (***¥)

YA

o
T

O In3 In9

The figure above shows the cur@ewith parametric equations

x=In(t+1), =%, ti ¢ 0.

The finite regionR, shown shaded in the figure above, is bounde@ byhe straight
lines with equationx=In3 and x=In9 and thex axis.

a) Show that the areR is given by the integral

8

|l = ——7—=dt
, (t+1)(t+2)
b) Find an exact value for the above integral.

c) Show that a Cartesian equation®@fis

2

e*+1

[continues overleaf]
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[continued from overleaf]

d) Use the Cartesian equation©®fand the substitution = €*+1 to show that
the area ofR can also be found by the integral

e) Without evaluatingd , show thatd =1 .

I:I, 2In(

ulo
N —
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Question 25 (***¥)

X+y=6

The figure above shows two sections of a curve péatametric equations
2 2 N
x:?+1, y=4-t°, for tI , & O.

The curve crosses the axis at the origir© and at the poinAA.

The straight line with equatior+ y =6 intersects the curve at the poit

a) Find the value ot at the pointA.
b) Determine the coordinates &.

The line BC is parallel to they axis.

The finite regionR, bounded by the curve, the axis and the lindBC is revolved by
2p radians to form a solid of revolutioB.

c) Use integration in parametric form to find an exzalue for the volume 0§.

t=2], [B(3,3)[, |volume=1%
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Question 26 (****)

The figure above shows the cur@ewith parametric equations
x=t?, y=4sin2, ti ,# 0.

The curve crosses theaxis for the first time at the poirA. The finite regionR,
shown shaded in the figure above, is boundedlgnd the part of th& axis from
the origin O to the poinfA. This region is revolved about theaxis to form a solid of
revolution S.

a) Show that the volume ofS is given by the integral
p
| =p 2 16 - 16cosd dt.

0

b) Hence find an exact value for the volumeXf
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Question 27  (****)

The figure above shows the cur@ewith parametric equations

x=2sint, y=tant, for O£t<%.

The curve passes through the orign

The regionR is bounded byC, the y axis and the liney =1.

Use integration in parametric form to find an exaalue for the area oR.

area= 2/_2- ?
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Question 28 (****)

The figure above shows the graph of the curve pattametric equations

xzz-%t, y=2-2 ti

The curve meets thg axis at the poinP and they axis at the poinQ.
a) Find the coordinates d? andQ.

The finite regionR is bounded by the curve and the coordinate axesisashown
shaded in the figure above.

b) Show that the areR is given by the integral

c) Hence find an exact value f&.

], P(%,O), Q(0,259], [ 227 7

2In2

7
2
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Question 29  (***¥)

The figure above shows an ellipse with parametyicaéons

X=2C0xy,y~= 65inq+% ,-PE @< p.

The curve meets the coordinate axes at the pdint8, C andD.
a) Find the coordinates of the poings, B, C andD.
The straight lind is the tangent to the ellipse at the pdint

b) State the equation df, given thatl is parallel to they axis.

c) Find the value ofy at the pointE.

[continues overleaf]
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[continued from overleaf]

The finite region bounded by the ellipse and thaxis for whichy3 0 is shown
shaded in the figure above.

d) Show that the area of this region is given by titegral
2p

3
3- 3cos 2+ 3/_33in2 dg.

-b
3

e) Hence find the area of the shaded region.

[ 1.]A(-10),B(19 .c( 3,0 .Df 3], [x=2,g,=0], [area= P
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Question 30  (****)

The figure above shows the curve with parametriaggns

x=20052q, y=\/§tanq, 0£q<%.

The finite regionR shown shaded in the figure, bounded by the ciineey axis, and
the straight lines with equations=1 and y =3.

Use integration in parametric to show that the rauof the solid formed wheR is

2

fully revolved about they axis isp—.

N
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23 HARD QUESTIONS
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Question 1 (****+)

The figure above shows the cur@ewith parametric equations
x=6cost, y= 3sin2, Oft £%.

The pointP lies onC wherex=3.

a) Findthey coordinate ofP .
The line L is the normal to the curve &. This normal meets thg axis atQ.

b) Show that an equation @f is

2y +2x/3=9/3.

[continues overleaf]
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[continued from overleaf]

The line PR is parallel to they axis.

c) Show that the area of the finite region boundedhythe line PR and thex
axis is given by the integral

I3
*36sirft cos dt.

0

d) Hence find an exact value for the area ofghaded region bounded byC,
the normalL and thex axis

33| |area= —278@’

N
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Question 2 (****+)

A curve has parametric equations

a) Find the gradient at the point on the curve Wrten%.

b) Show that the finite area bounded by the curve,xtlais, and the straight
4

lines with equationsx = andx = % , IS exactly

ie(e- 4.

c) Determine a Cartesian equation of the curve irfdha y = f(x) .

4- In(t 4X) V1 4
=-8¢, |y=

dy
sl -

dx
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Question 3 (****+)

P(3,2)

The figure above shows the cur@ewith parametric equations
x:4co§q , Y=4sing, O£q£%.

The pointP(3,2) lies onC. The straight lind is the tangent t€ at P.

a) Show that an equation ofis
X+y=5.

The finite regionR is bounded byC, | and thex axis. This region is to be revolved
by 2p radians about the axis to form a solidS.

b) Find an exact value for the volume 8§t
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Question 4 (****+)

The figure above shows the cur@ given parametrically by

x=3sin, y= cog , for O£q£%.
: , dy .
a) Find an expression f(}(ljL in terms ofg.
X

The lineT is parallel to they axis and is a tangent © at the pointP .

b) Show thatg :% atP.

[continues overleaf]
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[continued from overleaf]

The finite regionR bounded byC , T and thex axis.

c) Show that the area oR is given by

p

2 .
12sirf g cogy- 6cog dg.
p

4

d) Hence find the area oR.

e) Find a Cartesian equation far in the formx* = f(y).

dx

dy_

sing

6Ccos 2y

, |[area= 2/_2-

: x2:36y2(1- y2)
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Question 5 (****+)

The figure above shows part of the cu@ewith parametric equations

The curve crosses the axis atP .
a) Determine the coordinates &X.

b) Show that the gradient at any point Gnis given by

dy 4t +1

dx 4t2-1

c) By consideringx+y and x- y find a Cartesian equation f@ .

[continues overleaf]
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[continued from overleaf]

The regionR bounded byC, the line ng and thex axis is shown shaded in the

above figure.

d) Show that the area &® is given by

Nlw
[ —

H
Q.
—

Nl

e) Hence calculate an exact value for the areR of
x?- y*=1], |Area=

'—\
‘9|o
1
Nl
=1
)

P(1,0)[,
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Question 6 (****+)

The figure above shows part of the cu@ewith parametric equations

x:2t+%, y:2t-%L , t> 0.

The curve crosses the axis atP and the poinQ is such so that=2.
The straight linel. is a normal taC at Q.
a) Determine the exact coordinatesff

b) Show that the gradient at any point Gnis given by

dy 2t2+1

dx 2t%-1

[continues overleaf]
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[continued from overleaf]

The normallL crosses thes axis atR.

The finite region bounded b§, L and thex axis, shown shaded in the figure, has
areaA.

¢) Find the coordinates dR.

d) Calculate an exact value fax.

3_6In2

>
I
(o)

P(2v2,0), [R(9.9)].

+|
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Question 7 (****+)

The figure above shows a curve known as a Carabidh is symmetrical about the
X axis.

The curve crosses the axis at the pointsA(- 2,0) and B(6,0).

The pointP is the maximum point of the curve.
The parametric equations of this Cardioid are

Xx=4coxy+ 2cosg ,y= 4sig+ 2sing , Hg< p.

a) Find a simplified expression fcgl, in terms ofg, and hence find the exact
X

coordinates ofP.

b) Show that the area of the top half of this Cardisltbwn shaded in the figure,
is given by the integral

p
16sirf g+ 24sig sing2+ 8si @dg,
0

and hence find the exact value of the area enclogdke Cardioid.

[, [, L0 098 Ty 573)), [areas 28]

dx sing+sindy

[solution overleaf]
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Question 8  (****+)

The figure above showssgmmetrical design for a suspension bridge asBCD.

The curveOBCR is a cycloid with parametric equations
x=6(2g- siny), y= 1 cosq) ,DE p.

a) Show clearly that

—=cotq .
q q

[continues overleaf]
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[continued from overleaf]

The arch design consists of the curved Bt and the straight line&B andCD.

The straight lineAB is a tangent to the cycloid at the poatwhereq:%, and

similarly the straight lineCD is a tangent to the cycloid at the poﬁhtwhereq=2?p.

b) Show further that ...
i. ... the tangent to the cycloid & meets thex axis at

X=4p - 12/3.

ii. ... the length ofAP is 9/3.

ii. ... the area between theaxis and the part of the cycloid betweBn
and C is given by

¥

36 3- 4cosg+ cosd dg.

3

c) Hence find an exact value for the area encloseABZD and thex axis.

[ ]

[4'R)

area= 3@ + 164
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Question 9  (****+)

The figure above shows the curve with parametriaggns
x=t?+1, y=2t+2, ti
The straight line with equatior =10 meets the curve at the poifeisand Q.

The area of the finite region bounded by the cané the straight line with equation
x =10 is shown shaded in the figure above.

Show that this area is given by

and hence find its value.

| |, larea= 72
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Question 10 (****+)

X T

The figure above shows the curve with parametri@agqgns
x=12, y=sint, OEt£p.
The curve crosses the axis at the origir© and at the poinAA.

The pointP lies on the curve where= %p .

The straight lin€l is a tangent to the curve Bt.

Show that the area of the finite region boundethieycurve, the tangefit and thex
axis, shown shaded in the figure above, is

3(o45-0).
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Question 11 (****+)

A curve lies entirely above the axis and has parametric equations
x =sin’t, y:4tan?'t, O£t<%p.

The finite regionR is bounded by the curve, theaxis and the straight line with
equationx =% .

Use integration in parametric to find the exacbarER.

| |, [10- P
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Question 12 (****+)

A curve lies entirely above the axis and has parametric equations

The finite regionR is bounded by the curve, theaxis, they axis and the straight
line with equationx=2.

Use integration in parametric to find the exacbaséR.

| |, [2-In3
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Question 13 (****+)

The figure above shows the closed cu@revith parametric equations
X=Cc0sg, y=sing - %{sinZy, O£g<2p.

The curve is symmetrical about tixeaxis.

The finite region enclosed b is revolved byp radians about th& axis, forming a
solid of revolutionS.

Show that the volume db is given by

p psin3q(1- %coszf/)2 dg,
0

and by using the substitutian=cosg, or otherwise, determine an exact value for the
volume of S.

0

Ui~
i)
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Question 14 (****+)

win
N

The figure above shows the curve with parametrniaggns

X=—, y:—l, -l t< 1.
1+t 1-t

The regionR, shown shaded in the figure, is bounded by thee;uhe x axis and the

straight lines with equatioms:% andx=2.

a) Show that the area @® can be found by the parametric integral

N

1

(1- t)(2 t)?

and hence find the exact areaRf

dt,

'
N

b) Determine a Cartesian equation of the curve, inftm y= f(x), and by
evaluating a suitable integral in Cartesian vettiiy answer given to pajd).

— 2.1 (1
I:l, area= +2In\

3

A~ =
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Question 15  (****+)

The figure above shows the ellipse with parameimations

x=8cogy, y=4sing, 0£g<2p.
The pointP lies on the ellipse, wher@:%p.

The straight lin€l is a tangent to the ellipse Bt.

The finite regionR, shown shaded in the figure, is bounded by thpse] the tangent
T and thex axis.

Find an exact value for the areal®f

| |, larea= 16 #|
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Question 16 (****+)

The figure above shows the cur@ewith parametric equations
x=sint, y=t>, 0£t£ 2p.
It is given thatC is symmetrical about thg axis.

The region bounded b§ is to be revolved about theg axis byp radians to form a
solid of revolution with volumé/ .

By considering a suitable integral in parametricptherwise, find an exact value for
this volume.

1

Nl
ks
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Question 17 (****+)

The figure above shows the curve with parametriaggns
Xx=2+2sing, y=2cogy+ sinz, - %pE gt —%p.

The curve meets thg axis at the origirO and at the poinP .

The finite region bounded by the curve and ¥haexis is rotated byp radians in the
X axis, forming a solid of revolutio.

a) Show that the volume & is given by

Lo
2

p  8(1+sing)” codq dg,

-p
2

and hence find its exact value.

b) Determine a Cartesian equation of the curve anfiblsging and evaluating an
appropriate integral in Cartesian verify the ansfeerthe volume ofS, found
in part(a).

=%
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Question 18 (****+)

The figure above shows a curve with parametric gojs
X=C0sg, y=sinZg- cogy, 0Eqg<2p.

The curve, which has rotational symmetry aboutdhgin O, crosses the axis at
the pointsP, Q andO.

The finite region bounded by the curve, for whixh 0, y3 0, and thex axis is
shown shaded in the figure.

Show, with detailed workings, that ...

i. ...the area of shaded regioné%.

ii. ... the area enclosed by the two loops of the cm%.i

iii. ... aCartesian equation of the curve is

4x2(1- xz): (e y)2.
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Question 19  (****+)

8
X=—, y=Int
" y

The figure above shows part of the curve with pataimequations
xz%, y=Int, t>0

The finite regionR is bounded by the curve, theaxis and the straight line with
equationx =1.

(3)

a) Show that the area &R is given by

> Bt )
t2
']

where thet; andt, are constants to be found.

b) Evaluate the above parametric integral to deternimexact simplified form,
the area ofR.

c) Find a Cartesian equation of the curve and hencfy ke answer of pai(b).

=1, [t, =8|, |7- 3In2

[solution overleaf]
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Question 20 (F***+)

A semi-cubical parabol&, which consists of two sections meeting at thgiorD,
has parametric equations

x=t2, y=t3, ti
The pointP lies onC wheret =2.

The straight linel is the tangent t&€ at P and the poinQQ is whereL re-intersects
C, as shown in the figure.

a) Find the coordinates dD.

b) Determine the area of the finite region boundedCbgnd L, shown shaded in
the figure above.

[ ] |Q@- 1), [area= 27
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Question 21 (*¥***¥)

Figurel above, shows the curve with parametric equations
x=sinZ, y=1-sin3y, O£q£%p.

Figure 2 above shows a glass design. It consists of theecaf figurel, reflected
successively in thex and y axis.

The resulting design fits snugly inside a rectangthose sides are tangents to the
curve and its reflections, parallel to the coortinaxes. The region inside tHheloops

of the curve is made of clear glass while the negnside the rectangle but outside the
4 loops of C is made of yellow glass.

Determine the area of the yellow glass.

I:l, yellow area=%3
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Question 22 (****+)

A curve is defined in terms of a paramederby the following equations.
X=c0sg, y=8sing, 0Eg<2p.

Determine an exact value for the area of the fireggon bounded by the curve, tlye
axis for whichy 3 0, and the straight line with equatiorn=4 for which y3 4.

[ 1. areaz%p -3
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Question 23 (****+)

The figure above shows a curve with parametric ggus
x=t?+2t, y=t3- o, ti
The curve meets the coordinate axes at the ofigand at the pointd, B andC.

a) Determine the coordinates @&, B andC.

The finite regionR, shown shaded in the figure, is bounded by theecand the
coordinate axes.

b) Find the area oR.

The finite region bounded by the curve and thexis, for whichx<0, is revolved
by 2p radians about th& axis, forming a solids.

c) Calculate the volume 0%.

[ . |A(30),B(159 , C( 0,1], [area= 17.Ji [volume» 282
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8 ENRICHMENT
QUESTIONS
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Question 1 (*****)

The figure above shows the cur@ewith parametric equations

Xx=4cosg, y=4sing, 0£q£%p.

The curve meets the coordinate axe®fd,2) and atQ(4,0).
The straight lineL is the tangent t&€ at the pointP .
a) Show that an equation af is
6y + %/3=12,

The finite region bounded by the cur@the tangenL and thex axis is shown
shaded in the above figure.

b) Show further that the area of this region is e)yaoﬁi square units.

', |proof
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Question 2 (*****)

The figure above shows the cur@ewith parametric equations
x=tsint, y=cog, 0£t<2p.
The curve meets the coordinate axes at the péint®, R and S.
a) Find the value of the parametent each the point®, Q, R andS.

The finite region bounded by the cur@is shown shaded in the above figure.

b) Show that the area of this region is exagur’ysquare units.

I:I’ tp ZO,ts:%,tQ:p,tR:;ngQ
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Question 3 (*****)

The figure above shows a curve given parametridsily
x=sind, 1+ycosd3= 2%, tI , Oft £%p .

The finite region bounded by the curve and thexis, shown shaded in the figure is
revolved by2p radians about they axis , forming a solid of revolution.

Determine an exact simplified value for the voluofi¢his solid.

[ 1 |4p[In3- 1
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Question 4 (*****)

The figure above shows the curve with parametriaggns

X = sin t+%  y=1+cos2, 0£t<2p.

Given that the curve is symmetrical about thexis, show that the area enclosed by

the two loops of the curve é\?{—é
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Question 5 (*****)

The figure above shows the cur@ewith parametric equations
x=2t, y=t*-1, ti

The finite region, bounded b§, the x axis and the linex=4 is revolved by2p
radians about the ling =4, to form a solid of revolutiors.

Find an exact value for the volume 8f

, volume:%
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Question 6 (*****)

The figure above shows the curve with parametri@aggns
x=t3, y=t?, ti
The tangent to the curve at the poihtmeets the curve again at the pant

Given that the area of the finite region boundedHhsy curve and the tangent, shown
shaded in the above figure,:f.%0 square units, determine the coordinatesof

1. [PG3)
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Question 7 (*****)

The figure above shows a set of coordinate axesrsuposed with a circular cotton
reel of radiusa and centre a€(0,3a).

A piece of cotton thread, of leng®pa, is fixed at one end & and is being
unwound from around the circumference of the figgdular reel. The free end of the

cotton thread is marked as the poBitx y) which was originally atA(0, 6a) .

The unwound part of the cotton threB® is kept straight ang is the angleOCD as
shown in the figure above.

a) Determine the parametric equations that satisfyldcas ofB(x, y), as the
cotton thread is unwound in the fashion descrilf@mdywhich x>0, y>0 .

b) Find the total area enclosed by the curve traceB bin the entirex-y plane.

[,

x=3a sing+(p-g)coyy ,y= & 1 cog (p q) sig ,area=%pa2( B2+ f}
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Question 8  (*****)

A curve C has equation
X2 +xy+y =1. , 0EXE3.
By seeking a suitable parameterizationin the form
x=Acosg+Bsing and y=Acosg- Bsing,
where A and B are suitable constants,

determine the area of the finite region in thetfgqgadrant, bounded by the curve and
the coordinate axes.

You may assume that the curve does not intersett. it

|

area= %p\/_ 3
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