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Question 1  (¥**+)

Solve the following trigonometric equation

7 +3arccos(x+1)=0.

Question 2 (*%%)

It is given that arcsin x =arccosy.

Show, by a clear method, that

Question 3 (¥*%)

Solve the following trigonometric equation

3arccot(x—\/§)—7[=0.
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Question 4  (¥**4)

A curve C is defined by the equation

y=—arcsin(x—1), 0<x<2.

a) Describe the 2 geometric transformations that map the graph of arcsin x onto
the graph of C.

b) Sketch the graph of C.

The sketch must include the coordinates of any points where the graph of C
meets the coordinate axes and the coordinates of the endpoints of C.

.

translation by 1 unit to the right, followed by reflection in the x axis

Question 5 (***4)

Simplify, showing all steps in the calculation, the following expression

tan (arctan 3—arctan 2),

giving the final answer as an exact fraction.
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Question 6 (¥**4)

Show clearly that if x>0

1 T
arctan x +arctan| — |=—.
X 2

proof

Question 7  (¥*%4)

Solve the equation

2arctan (%) =arccos x,

showing clearly all the workings.
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Question 8  (¥**4)

Simplify, showing all steps in the calculation, the expression

tan [arctan 1 +arctan l} R

3 4

giving the final answer as an exact fraction.

Question 9  (***4)

Show clearly that

2arccos(%) = arccos(zls) .

proof
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Question 10 (***+)

Show clearly that

2 S _ 3
arctan 3 + arctan 7= arctan 5

proof

Question 11 (**%+)
Show clearly that

2x

x> +1

sin(2arctan x) =

proof
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Question 12 (**%4)

Prove the trigonometric identity

. T
arcsin x + arccos x = E .

proof

Question 13 (¥*%4)

Show clearly that

arctan% + arctan% =arctan3.

proof
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Question 14  (***4)

Solve the trigonometric equation

arcsin x = arccos2x.

=
Il
-

Question 15 (**%4)

Using a detailed method, show that

arctan % + arctan

W=
K=

proof
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Question 16  (***+)

Show, by detailed workings, that

RY/4
arctan 2+ arctan 3 = T .

proof
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Question 17  (**%4)
Use a detailed method to show that

_1 _1
arccos(S 2)+arccos(10 2):377[.

METOD A — 0ING. SNES AND GSINGS

e 2 = mtcas%‘— + afces 4 6 oo e,
= = 9 [ 0= ks
= = (6 +d) ‘ﬂ s
= o= wsBosd - mBanp —
=5 SO T R e Sw= 2.
= eo= = F& swb= 2
- Gum= A S Houd = 2.
= EE
- s S S g s
> (o = s ¢ armng
= 2= 2T (rocurasr) b=
. amcs SE 4 opeesioE = 3T S
“// w[cjm
v/ 4 3
METHED B — 0SNG TARGENZS e 2
= a- 8 +b e
= lapcs (00
o & b
*=
= b= U
= by = 2*3 - = .
1= 2%r3 s
= as o (s 06+ <)

- orccos $% v atng 612 r -

% 2600

Question 18  (**%4)

Find the general solution of the following trigonometric equation

2arctan (sin x) = arctan (sec x) .

. x=%+kﬂ', keZ
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Question 19 (**%4)

Solve the following trigonometric equation

() ern(35)
2arctan| — |=arctan| — |.
X 25
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Question 20

Prove that
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Question 21 (F*EL)

Differentiate with respect to x

arctan

Give a simplified answer in the form

A+ Bx
(Cx+D)1-22

where ‘A, B, C and D are integers to be found.

D =-5|

Ja=1], [B=-2].[c=4].

Ur 4= archay [:‘*'XZ\L‘ 1
J g
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Question 22 (¥*%4)

Differentiate with respect to x

sin| arctan
1—x

Give a simplified answer in the form

where A and n are integers to be found.

n=2|
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Question 1 (¥*%%)

YA YA
y; =arcsin x B Y, =arccos x

o o |,
/ x — .

A 0 E ~*

The diagrams above shows the graphs of y, =arcsinx and y, =arccosx.

The graph of y; has endpoints at A and B.

The graph of y, has endpoints at C and E, and D is the point where the graph of y,

crosses the y axis .
a) State the coordinatesof A, B, C, D and E.

The graph of y, can be obtained from the graph of y, by a series of two geometric
transformations which can be carried out in a specific order.

b) Describe the two geometric transformations.
¢) Deduce using valid arguments that
arcsin x + arccos x = constant,

stating the exact value of this constant.

A(—l,fj, B(l,zj, c(-Lx)|. D(O,fj, E(1,0)|, [constant =~
2 2 2 2
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Question 2 (¥*%¥)

a) Show that

The point P (l

. : V4
arcsin3x+2arcsin y = >
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y=arcsinx,
ﬂ_ 1
dx 1-x2

b) Find the value of the gradient at P .

-1<x<1.

x|S%,

6 ,k) , where k is a constant lies on the curve with equation

y|S1.
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Question 3 (¥**%)

f(x)=2+2sinx, —7<x<7.
a) Find an expression for £~ (x).

b) Sketch the graph of f~'(x).

The sketch must include the coordinates of any points where the graph of

f - (x) meet the coordinate axes as well as the coordinates of its endpoints.

£~ (x) = arcsin (%x—l)

Question 4  (¥*%*)

Solve the following trigonometric equation

3
tan (arctan 3x = arctan 2) + tan (arctan 3= arctan 2.x) = .
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Question 5 (¥*%%)

A curve has equation
y=m—arccos(x+1), -2<x<0.
a) Describe geometrically the 3 transformations that map the graph of
y=arccosx, =1<x<1,
onto the graph of

y=rm—arccos(x+1), 2<x<0.

b) Sketch the graph of
y=7x—arccos(x+1), 2<x<0.

The sketch must include the coordinates of any points where the graph meets
the coordinate axes.

¢) Use symmetry arguments to find the area of the finite region bounded by
y=nm—arccos(x+1), -2<x<0,

and the coordinate axes.

L.

translation by 1 unit to the right, followed by reflection in the x axis|,
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Question 6  (¥**¥)

Solve the following trigonometric equation

arctan (lj + arctan (Lj =
X x+1

z
.

At bt
Akl

) " TANGENC o S} SR OWNG. (418} = B
i

= o) £ oo (3) = F
— bl () oo (- b T
1

a1
> 3 (
-2
t= i@:]
MXTIOMO ACRDSS
—_—

[ 1

1 =
- Eedl=0-

AN e g
= ()t = a) o
S aslio = a%ig o

TR = O S

= (& =2+ 1)=0

2

Y
=1 //

5‘ Jath Ko Bt AN ANy

= as <«

e
2 ;
S a0 + svha(w) = -E+E ~F
L a2
7 ettt 4 aobnt = T

R i <
A A A )

Created by T. Madas



Created by T. Madas

Question 7  (¥**¥)

f(x)=—2+2tan( x), —T<x<T.

=

a) Find an expression for £~ (x).

b) Sketch the graph of f~'(x).
The sketch mustinclude ...

e ...the equations of the asymptotes of f™(x)

e ...the coordinates of any points where the graph of f ! (x) meets the

coordinate axes.

7 (x) =2arctan (%xﬂ)
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Question 8

(****)
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Solve the following trigonometric equation

(el
2arctan| — |=arcsin| — |.
X 25

PRoceed As PG

= Zacton(3) = e (L)
R
® ¢
Promtud g awn(€) {7
bupe 2 sng= &
3\
D
swhe 2
T
P
TS O
= 26 = ¢

= W= Swb

== 29Be® = Swp

TOING THE Vhnes oAbk

= 2@ &

Created by T. Madas



Created by T. Madas

Question 9 (¥*¥%)

The curves C; and C, have respective equations
y; =3arcsin(x—1) and y; =2arccos(x—1).

a) Sketch in the same diagram the graphs of C; and C,.

The sketch must include the coordinates of any points where the graphs of C;
and C, meet the coordinate axes as well as the coordinates of the endpoints of

the curves.

b) Use a suitable iteration formula of the form x,,, = f (x,) with x; =1.6 to find

the x coordinate of the point of intersection between the graphs of C; and C,.
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Question 10 (¥*%%)

Make x the subject of the equation

arctan (1+ x)+arctan(1—x)=y.
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Question 11 (¥*%%)

Itis given that

i(arcsinu): , |u|£1.

1
du Vi—u?

Hence show thatif y =sin (% arcsin 2xj , then ...

a) ... (1—4x2)(ﬂj2 =1+y°,

dx
b) ... (1-4 2)d—zy—4 LA
X P xdx y=0.
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Question 12 (¥*%%)

y=arcsinx, —1<x<T1.

a) By expressing arccosx in terms of y , show that
. V4
arcsin x +arccos x = p X

b) Hence, or otherwise, solve the equation

3arcsin (x—1) = 2arccos(x—1).

x=1+sin(%)zl.5878
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Question 13 (¥*%%¥)

A curve has equation

. T
y=arcsin2x, — —ESyS

[N

a) By finding % and using an appropriate trigonometric identity show that

&y 2
e \J1_4x2

b) Show further that ...

i d? _ Ax

. =
& 1-a?)
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i, .. —== 7
dx (1—4x2)2

where A, B and C are constantsto be found.
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Question 14  (¥*%%¥)
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y=arcsin x, —

| =
| =

a) By finding % and using an appropriate trigonometric identity show that

dy__ 1
dx 1-x? ‘
A curve C has equation
y = xarcsin 2x, —leSl, —ESySz
2 2 2 2

b) Find the exact value of % at the point on C where x =% .
X
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Question 15 (#*%)

Show clearly that
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y =2xarcsin 2x +~1-4x? | —
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Question 16 (FEEE)

Use trigonometric algebra to solve the equation

sin [arcsin% + arccos x] =1.

SO THE CRUATION 4 PUONS
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Question 17  (¥*%%)

The curve C has equation

y=arcsin(2x—1), -0< x<1.

Find the coordinates of the point on C, whose gradient is 2.
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Question 18  (¥*%%)

Find a simplified expression for

—| arctan
dx 4-x?

] - arctan

X ’ 1
dx \/4—x2 \/4—x2
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Question 19 (¥**%¥)

Solve the following trigonometric equation.

arctan 2x+ arctan x = arctan3, xeR.

1.
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Question 1 (¥**%4)

f(x) =2aresin/x —arcsin(2x—1), 0<x<1.

By considering f’(x) sketch the graph of f (x).
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Question 2 (¥**%4)

sin30 =3sin@—4sin> 6,

a) Prove the validity of the above trigonometric identity by considering the
expansion of sin(26+6).

b) Hence or otherwise solve the equation

arcsin x = 3arcsin (%) .

@) USND TRGDMTRIC TS o0 e LA,
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= 204t (1 -90f6) + sub — Zsufb-

oW

b) Feowen ac caay
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Question 3 (¥***4)

Solve the following simultaneous equations

arctan x +arctan y = arctan 8

ot 2

1 ,-3 "%y
X=7,y=%,n either order
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Question 4  (¥**%4)
zr
f(x)=secx, 0<x<= U =<x<7.
a) Sketch in the same diagram the graphs of f(x) and f~'(x)=arcsecx.
b) State the domain and range of f~'(x)=arcsecx.

¢) Show clearly that arcsec x = arccos (%) .

d) Show further that i(arcsec e p 1
dx x4 _ x2

, [domain: x<—1U x>1[, {range: 0< f' (x) <7, £ (x) 2=
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Question 5 (¥**%4)

Show clearly that

3 o] 2
2arctan| — |+arctan| — [=7.
2 5

, proof

Question 6  (¥***4)

Show clearly that

1—x T
arctan x +-arctan| —— :Z.

proof
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Question 7  (¥***F4)

Solve the following trigonometric equation.

(x—Sj (x—4j .2
arctan + arctan :Z , xe R.

x—1 x—3
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Question 8  (¥**%4)
y=arccosx, —1<x<1,0<y<r.
a) By writing y =arccosx as x=cosy, show that

b VL

dx 1—x2 '

The curve C has equation

yzarccosx—%ln(l—xz), x>0.

b) Show that the y coordinate of the stationary point of C is

1
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Question 9 (¥***4)

Solve the following trigonometric equation

arcsin x + arccos% =2 arctan% .

_ 44
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Question 10 (¥*%**4)

Find the solution of the equation

1
—arctan x .

=
o
3
)
=
I/
— | —
|
L
N
I

+X

i
w|®

o el
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Question 11 (**%%*4)

The functions f and g are defined by

T T
=3sinx, R, ——<x<—
f(x) sinx, xe 5 X ;

g(x)E6—3x2, xeR.
a) Find an expression for f~'g(x).

b) Determine the domain of f~'g(x).

I:I, f_lg(x)zarcsin(2—x2), ~J3<x<41 or 1<x<3
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Question 12 (*¥*%%4)

y=arctanx, xe R.

a) By writing the above equation in the form x= g (), show that

i(arctan x)= )
dx 1+x°

The function f is defined as
f(x)zarctan\/;, xeR, x>0.

b) Show further that

f7(x)= —%x_% (Bx+1)(x+1)".

, |proof
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Question 13 (¥**%4)

nx

f (x)=arctan (Sl—

cosx—1

Show that f (x) represents a straight line segment.

Created by T. Madas

j, O<x<2rx.
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Question 14  (¥**%4)

1 1 31
2 arctan + arctan =arctan| — |.
o aen

Show that x =35 is one of the solutions of the above trigonometric equation, and find
in exact surd form the other two solutions.

L 10£51190

31
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Question 15 (***%4)
y=arccosx, xe R, -1<x<1.

a) By writing the above equation in the from x= f (), show that

i(arccos x)=-— !

dx 1= x? '

A curve has equation

y=arccos(1—x2), xeR, O<xS\/§.

b) Show further that

¢) Show clearly that

a  Ruseme THe svosestar Gy

> Y= ofcosy
— oy

BT Y= areesde Iy A
STRICTY DEReAYNY Rnan

P -

Q) DfFeenT AP 2
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Question 16 (¥**%4)
y = (2+\/;)\/;+arcsinm ,0<x<1.
Show with detailed workings that

Q_ 1—x

dx \/;—1'
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Question 1 (F**%k)

Given the simultaneous equations

3tan@+4tanp =8

V4
0+p=—,
4 2

find the possible value of tan @ and the possible value of tan ¢ .

[tan 6, tan @] = [2,%} = [%,
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Question 2 (Fx*FF)

Simplify, showing all steps in the calculation, the expression

4
arctan E +arctan2 —arctan 3,

giving the answer in terms of 7.

SN
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Question 3 (F¥*FE)

X
y =arctan x+arctan| — |, x€ R.
1+ x

Without simplifying the above expression, use differentiation to show that for all
values of x

proof
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Question 4  (kF*FE)

A curve C has equation

y:earctanx’ xe R.

a) Show, with detailed workings, that

d3y (6x2 _6x_1)earctanx
dy’ (1+x2)3

b) Deduce that C has a point of inflection, stating its coordinates.
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Question 5 (FF**F)

Solve the following trigonometric equation

cos(arcsinz) sin (arccos x) =

1

N

(4—x) , xeR.

(&' 2

Menbo A

ATOUMPE 0 CLEATE A SINE COMPooND_10aTY.
@)
-
— x4 tos(owun s (oriow) = |
U A= amnd g B = arcosy

= s (c\m:m Y m(avugu) + w(onivl ) sm(mm;;) N

— cos&mesm#) s (aveusa) =

= ws(awsml) smlawoy) =

— <w (oresnk + arccona) = (

md
—  amnktomsa = T Loamr gl
BT oot AN oy DUTIRN AW Refiothy O 4T

= owsmi +akesx =T
=5 ouea = F —awwm %
—  s(oneq) = m@mumwg)
= x= sn(arsm) 62(5-8)= sy
L g
=
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Question 6 (Fx*FFF)

Simplify, showing all steps in the calculation, the expression

2
arctan 8 + arctan 2 + arctan 5 ,

giving the answer in terms of 7.
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Question 7  (Fx*EE)

It is given that

where « is a constant.

Show that

Created by T. Madas

a+CoSx

y = arcsin
I+acosx

dy _ Nl-a
dx l+acosx

, |proof
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Question 8  (FF*FE)

The functions f and g are defined by

f(x)=cosx, xe R, 0<x<7w

g(x) 1-x%, xeR.

a) Solve the equation fg(x)=

=

b) Determine the values of x for which f™'g(x) is not defined.

x:i\/l—% , |lx<—=/2 or x>x/§
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Question 9 (Fx*FF)

The acute angles 8 and ¢ satisfy the following equations

2¢cos@ =cos@

2sin@ =3sin@.
Show clearly that

0+¢=7L’—arctan\/E

Created by T. Madas



Created by T. Madas

Question 10  (Gk#%%¥)

Show clearly that

4 arccot 2 + arctan (%j =T.
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Question 11  (¥¥%%)

Solve the following trigonometric equation

. R4
arcsin 2x + arccos x = ? ]
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Question 12 (k¥EF)

Find the only finite solution of the equation

. X 1 T
arcsin| — |+ 2arctan| —— |=—.
(x—l] (x+lj 2
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Question 13 (¥**%¥)

Solve the trigonometric equation

2arctan(x—2)+arcsin(l_—xj:§, xeR.
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Question 14  (e¥¥EF)

Use trigonometric algebra to fully simplify

\/1+sinx—\/1—sinx
arctan _ . , 0<x<—,
J1+sin x++/1=sin x 4

giving the final answer in terms of x.

o=
=
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Question 15 (Gk¥%%¥)

Use trigonometric algebra to solve the equation

27
arctan x + 2arccot x = ? .

You may assume that arccot x is the inverse function for the part of cotx for which

0<x<r.

x=+3
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Question 16 (¥¥%%¥)

Use trigonometric algebra to fully simplify

|5 raees| 75 | arun 5
2arctan| — |+ arccos| —= |+arctan| — |,
5 52 8

giving the final answer in terms of 7.
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Question 17  (F¥%%¥)

f (x) =arctan(3x) + arcsin{

;]R
Vox? +1

Show, by a detailed method, that ...

a) ... f(x)=0.

b) ... arctan (3x) + arcsin{ J = kxr, stating the value of the constant & .

1
V9x% +1
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Question 18
It given that

(*****)

Created by T. Madas

arctan x + arctan y + arctan z =

Show that x, y and z satisfy the relationship

xy+yz+zx=1.

Created by T. Madas
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Question 19 (k¥¥%¥)

The positive solution of the quadratic equation x?>=x—1=0 is denoted by ¢, and is
commonly known as the golden section or golden number.

Solve the equation

xcos(%arctanZ):\/E, xeR .

Give the answer in the form X/m , where m and n are positive integers.

CANG-A Surstiwonie]). ©= Sanknn.

= 26=tup
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= o=t
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= Sc® =45

= e L
= D= g5

TS (oS = (os(Sortu) = JEEET
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Question 20  (k*xkF)

Prove that if |x| <1

arctan| ,|— | = %arccosx.

WoRk 48 fouons
LT LS = &= archu,
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= e =
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Question 21 (F*¥%%F)

Use a trigonometric algebra to solve the following equation

2
arctan x 2 + (arccot x 2 =L.
(arctan x) g

You may assume that y = arccot x is the inverse function of y=cotx, 0<x<7x
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Question 22 (Fx*EE)

Solve the following trigonometric equation

arctan [xcos (Zarcsin%ﬂ =

=

Created by T. Madas
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Question 23 (k¥EF)

On a clearly labelled set of axes, draw a detailed sketch of the graph of

L2
y =(arcsin x)” arccos x, —1<x<1.

, |graph
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Question 24  (F*x**k)

Solve the following trigonometric equation

sin [arccot (x+ 1)] = cos(arctan x).

You may assume that y =arccot x is the inverse function for y=cotx, 0<x<rx.
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Question 25 (¥¥%#¥)

Prove that if |x| <1

tan [l arcsin x} X
X

2

, D, proof
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Question 26  (¥¥¥EF)

It is given that

(arcsin x)’ + (arccos x)° = k7z°,

x|£1,

for some constant k .

a) Show that a necessary but not sufficient condition for the above equation to
have solutions is that

1
k232.

b) Solve the equation given that it only has one solution.

¢) Given instead that that k = % , find the two solutions of the equation, giving

the answers in the form x=sin(az), where ae Q.
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Question 27  (k¥¥EF)

Sketch the graph of
f (x)=arcsin(cos x),
in the largest domain that the function is defined.

Indicate the coordinates of any intersections with the axes, and the coordinates of the
cusps of the curve.

, |graph
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Question 28  (Fk¥¥EF)

x2 j , fully simplifying the answer.

Differentiate y with respect to arcsin(
I+x

]
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Question 29  (Gk*EF)

2

5 ) X ' /
Differentiate arctan| ——— | with respect to arccos[2x l—sz, and hence sketch
X

the graph of the resulting gradient function.

) [

er A= ot (0222 ] ado | A u= oo [T o o A & ~ 4x
Ao [ ] oo 2o i) DN TEe  TWGwr |
S (0L 0 AN SIMAUE _ - Lo L . zsipl
: = W T e
oy s T Y = i w =
= _—p
N TR
al L2, e
= iv L : ! B Fedpw g &an(ﬁ»xw(‘;,%
& Py
2y () L (ol fnviy e Bt
Erisd sk e b = 1 4 [ K d dy 4
= - ) . () - S-du
) b=t aeG-) e =] SV 3
[SEN Ry o ==
B Alodi T gl
b= ()? 2 g S
= e T TNl
t = 111?\ | I /
e A e S Guows
|

® 4= asona e u= amw () *
= t du i 1
Bk b= R e
Sdi A
T T A b

Created by T. Madas



Created by T. Madas

Question 30  (k*EF)

It is given that
arctan2 +arctan A+arctan B=7 .
It is further given that A and B are distinct positive real numbers other than unity.

Determine a pair of possible values for A and B.

1[5
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Question 31  (k¥EF)
By sketching the graph of the integrand, or otherwise, determine the maximum value
of the following function

b
F(ab) = 2arcsiny/x+2 — arcsin(2x+3) dx.

, |proof
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Question 32  (k¥EF)

If 0<x<1, simplify fully
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aresin (2x—1)—2arcsin Jx.
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Question 33 (k¥EF)

Prove that for all x such that =1<x<1

arccosx+arccos[%(x+\]3—3x2 ” =% f

Created by T. Madas



Created by T. Madas

Question 34  (kFEF)

Find, in exact surd form, the only real solution of the following trigonometric equation
; T
arcsin (2x—1)—arccos x =

The rejection of any additional solutions must be fully justified.

=

1]
=

|
A\~
B

Created by T. Madas



Created by T. Madas

Question 35  (F¥%EF)
By considering the trigonometric identity for tan(A=B), with A =arctan(n+1) and

B =arctan(n), sum the following series

[}

Z arctan(%j.
n“+n+l

n=l1

You may assume the series converges.
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Question 36 (k*EF)

A circular wheel of radius r and centre at the origin O of a positive x axis. A particle
P is constrained to move on the positive x axis, so that the distance OP is x. The
particle is connected to a taut cable which runs over the wheel and hangs vertically
down on the other side of the wheel as shown in the figure above. The section of the
cable RT , which is in contact with the wheel has length /. The section of the cable
TP is a straight line.

a) Given that the angle TOP =6 show that

a__ 7

dx xNaxZ —r?

Let s=l+|TP| and suppose that P is moving in the positive x direction with

constant speed 2 units per unit time.

b) Find the rate at which s is increasing when P is at a distance of 2r from O.

NG}
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Question 37  (F¥¥EF)

Prove that if 0 < x <1

1+2tan %arcsinx 1

i iarctam
dx| /3 J3
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