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Question 1  (**)
The curveC has equation

Xl_

y:

Nl

2x+1’

a) Show clearly that

dy _ 22X +2x
dx  (2x+1)*

b) Find the coordinates of the stationary point<of
[the nature of these stationary points need notdierchined

()

Question 2 (*¥)
A curve C has equation

y=+x-3, x>3.

Find an equation of the normal @ at the point wherex=7

L |, |[4x+y=39
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Question 3 (*¥)

Differentiate each of the following expressionshamigspect tax, simplifying the final
answers as far as possible

a) y:(xz- 4)3

b) y=xcos2x

5 —
]:|, ﬂ=6x(x2- 4) ’ ﬂ:cos’zk- X sin'X, ﬂ=—xcosx SinX
dx dx NG

Question 4 (*¥)

4x- 3
f(x)= 2x+3’

Xl

Evaluate f¢(3).

143) =

[(e]\¥]
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Question 5  (**)
The curveC has equation

X
=lnx-—, x>0.
y 4

Find the exact coordinates of the turning poinCafdetermining by calculation whether
it is @ maximum or minimum.

max(4,2In2 )

Question 6 (**)
The curveC has equation

y=xInx, x>0.

Find the exact coordinates of the turning poinCaf
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Question 7 (**)

Differentiate each of the following expressionshaiéspect tax, simplifying the final
answers as far as possible.

a) y=(1-%¢)
b) y=xsin3x
0 i
T 3—i=-12x(} 2. 3—i=3x2(sin3<+x0053<) , %:%

Question 8  (**+)

A curve has equation

y:(x2 +3x+2) COS .

Determine an equation of the tangent to the curdieeapoint where the curve crosses
the y axis.

L [ ly=3x+2
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Question 9  (**+)

A curve C has equation
y=xe?*, xi

Show that an equation of the tangenCiat the point where =% is

2y =¢(4x- 9.

|:| , |proof

Question 10  (**+)
A curve C has equation

y=vx2+1, xi

Show that an equation of the normalCoat the point wherex=1 is given by

y=\/§(2- X) .

]:I, proof
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Question 11 (**+)
The pointP, wherex =2, lies on the curve with equation

f(x):ln(x2+4).

Show that an equation of the normal to the curve ais given by

y+2x=4+3In2
proof
Question 12 (**+)
The curveC has equation
y= X x>0, xt el
1+Inx

Show thatC has a single stationary point and find its cocatbs.
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Question 13 (**+)
The curveC has equation

y=31+6x, x> L.

Show clearly that

dy_=

dx y2 '

proof
Question 14 (**+)
Given that
y = XcosX, XI

Show clearly that the value %X at x =37’D is 37’0 y
X

proof
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Question 15 (***)
a) Find i(xzcotZX)
dx
b) Show clearly that

i(tanx) = seé x
dx

|

:2x(cot2x- xcoset X)

dx

Question 16 (***)
The curveC has equation

y=(x-1)(% 2} Inx, x>0.

a) Show that one of the turning points Gf has coordinate%,%- In 2) and find

the coordinates of the other.

b) Determine the nature of the turning point with a:tinates( % In 2).

N

(1,0)|, max( % In2)

N

(5) TR
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Question 17 (***)
The pointP, wherex =2, lies on the curve with equation

Nlww

y:%(x2 +5) , x1

Find an equation of the tangent to the curv@at

Question 18  (***)

Differentiate each of the following expressions hwiespect tox, writing the final
answers as simplified fractions.

a) y= In x
1+Inx
1
b =In )
)y 219

d 1 d 2
[.[372 | & 2

dx X2 +9
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Question 19  (**¥)
A curve has equation

x:(y+2)3.
a) Find dy interms of x, byfirst finding %
dx dy

b) By makingy the subject of the equation and differentiating tbsulting
equation, verify the result of part (a).

Question 20  (***)
The pointP, wherex=p, lies on the curve with equation

f(x)=€*sin, 0£ x<2p.
Show that an equation of the normal to the curve ais given by

x+2ye’ =p.
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Question 21 (**)
The curveC has equation

a) Find an expression foZILy.

X

b) Find the exact coordinates of the turning point€of

dy _ 2\ -1x2 1 1
l:l,——(l-X)ez , 1,$ ,'1TTe

Question 22 (**)

a) Find an expression fdr{(x).

b) Find & in exact surd form, such thdty{ ) =0.
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Question 23 (***)
A curve C has equation

, X>0.

Dx

Find an equation of the normal @ at the point wherex=4

Question 24 (***)
A curve has equation

= 1
X=,2y+1,y3 5

a) Find dy in terms of x, byfirst finding %
dx dy

b) By makingy the subject of the above equation and differangahe resulting
equation, verify the result of pge).
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Question 25  (***)

Given that
y= cos x
find the value ofﬂl at x= E.
dx 4
d_y = 1
dx

Question 26 (***)

The pointP with x :% lies on the curve with equation

f (x) =3sin2x+ cosX, 0£ x< 2p.

a) Find the gradient aP .
b) Show that an equation of the tangent to the curv,as given by

4dx+2y = 6+p.
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Question 27  (***)
The pointA, wherex =1, lies on the curve with equation

f(x)=(x+1)Inx, x>0.

Find an equation of the normal to the curveAat

Question 28  (***)

Differentiate each of the following expressionshaiéspect tax, simplifying the final
answers as far as possible

a) y:L
(2x- 1)2.
b) y=xe %,
0 :2x2+1
X2 +1
dy 16 dy _ > x| |dy 2X
=L =- =L =x°(3- 2x)e |, L= ——==
] dx (2x-1)3 dx ( ) dx (3x2+1)2
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Question 30  (***)
A curve has equation

2x2 +3x 6 -
y= - , XI, 0<x<2.
2%%- % 6 X2 X2
a) Show clearly that
y:&?’, xI ,0<x<2.
x+1

b) Show further that the equation of the normal todiweve at the point where
x =1 passes through the origin.

I:I , |proof
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Question 31 (***)

Differentiate each of the following expressionshaiéspect tax, simplifying the final
answers where possible.

1

a = .
) Y 7 ol

b) y=e¥(sinx+ cosy).

In x
2

c) y=

[, ﬂ:(l- 2x)'% ; %:2e3x(sinx+ 2cox) dy _1- 2Inx
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Question 32 (***)
A curve has equation

y=xe", xl
Show clearly that
d’y ,dy
—-4—+ 4y= 0.
e dx Y

proof

Question 33 (***)

The point A, wherex =1 Jies on the curve with equation
y=e2x+3, x1 0.
X

Show that an'equation of the tangent to the currv& & given by

y=(2e- §x+ &

proof
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Question 34  (***)
Given that

y =2sinx tanx

find the exact value y at x=

P
dx 3

Question 35  (***)

Differentiate each of the following expressionshwigéspect tax, simplifying the final
answers where possible.

a) y=vx-1

b) y:x4lnx

l:l’ ﬂ/:X(Xz-l)-% : %’:4xslnx+x3, g_i: 2¢f

X
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Question 36 (***)
The pointA , wherex =2, lies on the curve with equation

f (x) = xIn x, x>0.

Find an equation of the tangent to the curveAatgiving the answer in the form
y = mx+ ¢, wherem and c are exact constants.

y=x(1+In2)- 2

Question 37  (***)
A curve C has equation

x:yzln y, y>0.

Show that an equation of the normalGoat the point wheregy =e is

y+3ex = e( 36 + )
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Question 38  (***)
Given that

y =In(cosx+ sex)

find the exact value oﬂ—y at x :E.
X

3

Question 39  (**)
The curveC has equation

x=4siny, x>0.

a) Find dy in terms ofy .
dx

b) Show that an equation of the normal to the curtb@point wherey :% is

3y+6x=p +12/3.

o f
dx 4cosy
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Question 40  (***)

f(x)=5In x+%, x>0.

a) Solve the equation
f¢x)=0.

b) Hence write down they coordinate of the turning point df(x) in the form
k- kin k, wherek is an integer.

c) Find f¢fx) and use it to determine the nature of the turpioigt of f (x).

x
1]
ol

. f¢®<)=%- %,f (@)= 125> 0 sominimury
P X
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Question 41 (***)

The curveC with equationy =4x+¢€ 2 has a turning point af.

a) Find the exact coordinates &f and determine whether it is a local maximum or
a local minimum.

The curveC lies entirely above the axis.

b) Calculate the exact value of area bounded by theedD, the x axis and the
linesx=1andx=-1.

min -%In2,2 2In%, area=%( é- 'e2)
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Question 42 (***)

The curveC with equationy = e?X- 18x+ 11has a turning point aA.

a) Find the exact coordinates &f and determine whether it is a local maximum or
a local minimum.

The curveC lies entirely above the axis.

b) Calculate the exact value of area bounded by theedD, the coordinate axes
and the linex =1.

min(In3,20- 18In3 area=%( é+ ;&‘

Question 43 = (***)

f(x)= xln(1+ x2) x1

Show that an equation of the tangent to the curitie equationy = f(x), at the point
where x=1, is given by

y=x(1+In2)- 1.

Created by T. Madas



Created by T. Madas

Question 44 (***)
The equation of the curv€ is given by

y =€ (cosx+ sirnx).

a) Find an expression fc}zl.
X

b) Show further thatg—y can be simplified to
X

A e (sinx + 3cox).

dx
c) Hence show that thg coordinates of the turning points Gf satisfy

tanx=-3

[, ﬂ=2ezx(cosx+ sik) + &( cos- siN
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Question 45  (***)

A curve has equation
2 =2x+1 3. l 30
y x+1, x3- 5, y30.

a) Use implicit differentiation to findﬂl

in terms ofx.
dx

b) By making x the subject of the equation and

differentiating ttesulting
equation, verify the result of pge).

dy_ 1
dx 2x+1

Question 46 (***)
By differentiating both sides of the equation

In(sinx)= In(sec), O£ x<%,

show that the only solution is= p

4

proof
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Question 47  (**)
A curve has equation

y = x2cosx, XI

Show that the tangent to the curve at the pointrevlie=p is given by

y+2px=p°.
proof
Question 48 (***)
Find an equation of the normal to the curve withatpn
- 7 2
y=xJ/1+3x- In(3% 2, xI , x>£,

at the point on the curve whexe=1.

y=4x- 2
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Question 49  (***+)
A function is defined by

f(x):\/Tl, x3 0.

a) Find the values of ...

i, .. f(In5).
i. ... tqIn5).
The inverse function of (x) is g(x).
b) Determine an expression fg( ).

c) State the value o§¢2).

, g(x)zln(x2+1)

f (In5) =2, | f¢In5) =

Alon

. |1992) =

ol
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Question 50  (***+)
A curve has equation

y(y-1)= 5% 3.

Find the gradient at each of the points on theewherex = 3.

I+
~on

Question 51 (***+)
The curveC has equation

f(x)=(2x-1) e, xi
a) Find an expression fof ¢x).
b) Show clearly that

fofx) =4(2x- 3 6.

c) Hence find the exact coordinates of the statiopaipt of C and determine its
nature.

fgx)=4(1- x) e max( 1,é2)
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Question 52 (***+)
A curve has equation

y=(3x+2)e .

Show clearly that ...

a) ... OI—y:-(6x+ e,

dx
b) ... CI—2y+4$/+4y=0
dx®  dx '

proof
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Question 53 (***+)
The curveC has equation

y=x2e", xi

a) Find the exact coordinates of the stationary pahts .

2
b) By considering the sign e% at each of these points determine their nature.

[ ], [min(0,0), max - Z,i2

e
Question 54  (***+)
The curveC has equation
3
y=12Inx- x2, x>0.
Determine the range of values »ffor which y is decreasing.
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Question 55  (***+)
The curveC has equation

y=kx2- a
k+a

wherek anda are non zero constants.

a) Find a simplified expression fcgl in terms ofa andk.

X

b) Hence show tha€ has a single turning point for all valuesafandk, and
state its coordinates.

], | =43k |5 )

dx (kx2 + a)2
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Question 56 (***+)
The curveC has equation

x2- 6xr 12 . 11
= xI ,xt* =
4x- 11 4
: o . dy
a) Find a simplified expression fGéL.
X

b) Determine the range of values »f for which y is decreasing.

] dy _4xX- 22x% 18 9
,|=—=—""1, |1<x<3Z
dx  (4x-11)° 2
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Question 57  (***+)
A curve C has equation

y=4In(3x-1, xI , x>=.

w

2
Show that the value O% at the point wherex=1 is

15+ 8In2.

Created by T. Madas
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Question 58  (***+)
The curveC has equation

wherea is a non zero constant.

Given that f {2a) = - 2, determine the value .

l, la

2
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Question 59  (***+)
Show clearly that ...

d §2x

i, ...— X2e :%(4x+3)x% 2

i i 4x+1 _ 6
7 dx 1- 2x (1- 2x)2'

d
i, ... &(In(secx+ tanx)) = seq.
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Question 60  (***+)
The curveC has equation

y=x/In x, x>1.

Find an equation of the tangent to the curve apthiet wherex = et giving the answer
in the formay = bx- e*, wherea andb are integers.

[ ] |4y=9x- ¢
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Question 61 (***+)
The curveC has equation

y=e(2x- 1, xi

Show clearly that

dy_ axy
dx 2x-1

proof

Question 62 (***+)

f (x) =In(cosex- cok), 0<x<p.
Show clearly that
f ¢ x) = cosecx .

proof
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Question 63 (***+)

Solve the equationf x) :g :

Question 64  (***+)
The curveC has equation

y:In(x2-4)- éx2,|x|>2.

Find the exact coordinates of the turning point€oénd determine their nature.

max(- 3,In5 %) : max( 3,In5 %)
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Question 65  (***+)

X “
f(x)= , Xl
() X2 +4

a) Find an expression fof ¢x).

b) Determine the range of values of, for which f (x) is decreasing.

[ 1] fqx)

Created by T. Madas
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Question 66 (***+)
A curve C is defined by the function

F(x)=1rSNX oe <o,

_4+COSZ(

a) Show clearly that

f¢(x) _ 2+ 2sin+ 8cos?
(4+cosx)®

b) Show further that the equation of the tangenCtat the point Withx:% is

given by

2x+3y=p +1.

proof
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Question 67  (***+)
A curve C has equation

4x+ Kk
4x- k

Xl

NN

wherek is a non zero constant.

a) Find a simplified expression fez'!, in termsk.
X

The pointP lies onC, wherex=3.

b) Given that the gradient ® is - % show that one possible valuelofis 48

and find the other.

It
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Question 68  (***+)
A curve C has equation

y=e2x(x2- 4x 2), x1
a) Show clearly that

j—§:2e2"(x2- 3 4)

b) Show further that

d—2y:2e2X(2x2- Ix- 1).

dx?
. . . d?y
c) Hence find the exact coordinates of the statiormpaints of C and used—x2 to

determine their nature.

, Imin(4,- 2&)|, |max(- 1,3&2
(4 2€)), jmax(- 1.3¢?)
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Question 69  (***+)
The curveC has equation given by

, y>0.
y2+Iny Y

Show that an equation of the normalGoat the point(1,1) is

4x+y=>5.

1, [oroof

Question 70 (***+)
1 3 7
f(x):zxz- In(% 1)°, xI , x>1.
Find the range of values of for which f (x) is a decreasing function.

1<x<3
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Question 71 (***+)
Show clearly that ...

L di 23(2x+ 9 = 2¢( 160+ 9( 2+ ¥
X
d 2x%%+1 _ 2X

dx 3x%+1 (3Xz+1)2'

iii. ...— In(sex+ tarx) = ses.

proof
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Question 72 (***+)
The curveC has equation

y=e?- 4&¢ 1.
a) Show that thex coordinates of the stationary points@fsatisfy the equation

- 2¢¢ 8 C(

b) Hence determine the exact coordinates of the statygpoint ofC, giving the
answer in terms oln 2.

[ 1, |(2in2- 32In2

Question 73 (***+)
Given that

y:(x2+8x)e'4x,

find the exact value ogl at x=-
X

N
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Question 74 (***+)
The equation of a curv€ is
X “

y= , X1
X2 +9

a) Find the coordinates of the stationary point<Cof

2
b) Evaluate the exact value e?fy at each of these stationary points.

dx?
1 [33). (= 4 ) _ 1
) !6 ) ) 6 ) dX2 B 54
x=%3
Question 75 (***+)
The point A, wherex =2, lies on the curve with equation
1x
y=(x2 - 3)e2 .
Show that an equation of the tangent to the currv& & given by
2y =(9x- 16) €.
proof
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Question 76 (***+)

Differentiate each of the following expressionshmiespect tax, simplifying the final
answer as far as possible.

a) y:sec2 X.

b) y=x(1- 2%°.

sinx
c) y=
2- COSX
ﬂzZse@x tam,ﬂl:(mx_ J)(Zx ])5: (_1 14()(_1 2()5 ’gl: 2C0oSXx- i
= dx dx  (2- cosx)
Question 77 (***+)
Given that
y:3tan3 24
find the value ofd—y at XZE.
dx 6
dy =216
dx|,.r
6
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Question 78  (***+)
The following trigonometric identity is given

sin3x° 3sinx  4sif x.

By differentiating both sides of the above trigorarit identity with respect tx, find
the corresponding identity faros X in terms ofcosx.

cosX = 4codx- 3coﬂ

Question 79  (***+)
f(x)=8x%+8x+Inx, x>0 .

a) Show clearly that

wherea andb are integers.

b) Hence show thaf (x) is an increasing function.
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Question 80  (***+)

f(x)=2-SI2c))(sx' 0£x<2p .

a) Find a simplified expression fof ¢ x).

b) Hence find the minimum and maximum value fofX) .

f(x —M ££ f(x)££

(2- cosx)2 L3 3
Question 81  (***+)
f(x)=x*V2x+1, x3- % .
Show clearly that
x(5x+ 2)
f R —
G(X) V2x+1
proof
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Question 82  (***+)
The curveC has equation
X+13

The pointA lies onC and hasx=-1.

a) Find the value of%’ at A.

X

b) Find an equation of the tangent@at A, giving the final answer in the form
ax+ by+ c=0, wherea, b andc are integers.

,|x- 6y 1t (

Created by T. Madas



Created by T. Madas
Question 83  (***+)

y=e X sin(«/_:%() ,xi
Find the exact value of each of the constddtanda so that

g—i: Re * cos(\/_3<+a),

whereR>0 andO<a <%.

oS
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Question 84  (***+)
A curve has equation

Nl

y= In(é), x>0.

a) Find an expression fogl in terms ofXx.

X

b) By making x the subject of the equation and differentiating tsulting

equation, find 2(
dy

c) Use the results of parts (a) and (b), to dedude tha

dy, dx_

dx dy

Created by T. Madas
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Question 85  (***+)
A curve C has equation

1 R
y=e2"- 2, XI
The curve has a single stationary poinkat %, such thamn < x, < n+1, ni

Determine the value af.
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Question 86  (***+)
A curve has equation

y=(x+a)sin x,
wherea is a non zero constant.

a) Find an expression foclll .

dx

2

b) Show that%+ y is independent o&.

2
dy _ (a+x)cosx+ sinX M+ y =2c0SsX

dx " dx®

Created by T. Madas




Created by T. Madas

Question 87  (***+)
The curveC has equation

(x+3)(x- 1)

=2 2.3In(x+ 2), x>-2.
y X+2 ( )
a) Show clearly that
ﬂ/: ax + bx+ ¢
dx (X+2)2

wherea, b and ¢ are constants to be found.

b) Deduce that the graph & is increasing for all allowable values »f

la=1], |b=1], [c =1
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Question 88  (***+)
The curveC has equation

Show clearly thaC has a point of inflection, determining its exagbinates.

. 1 2.1
In2,2(ln2) 16
Question 89  (***+)
X+1 1
= x!2, 6 xt =,
YT x-2)(2% 1 2
Find the value otd—y at x=1.
dx
a4
dXx—l
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Question 90  (***+)
A curve C has equation

l 2X T
=—e"+ 3, xl
y 4

The pointP lies onC wherex=1In2.
a) Show that the equation of the tangent to the catthe poinP is
2X- Y 4= In4.

This tangent meets the axis at the pointA, and the normal to the curve at the pdnt
meets thex axis at the poinB.

b) Show that the area of the trianghd”B is 20 square units.

proof
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Question 91  (***+)

The figure above shows the graph of the curve eafiation

f(x)= Sinxsx, 0EXEp.

The curve has a stationary pointRat

Determine the exact coordinates®f
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Question 92 (***+)

The figure above shows the graph of
y=e* and y=e *sinx, 0EX£p.
The curve with equatiory = e * sinx has a local maximum at the point whetre X .

The curves touch each other at the point wherex, .

Show clearly that

|:|, proof
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Question 93 (***+)

y:e’dl_2 sin 6x

The figure above shows the graph of the curve eaphation
y:ex*/l_2 sinex, O£ XE%.

The curve has a local maximum at the pohnt

Find, in terms ofp, the x coordinate ofA.
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Question 94  (***+)

6x- 13 -
f = — Xl ®- 23
(x) (x+2)(x-3)" o '3
a) Show clearly that
A B
f = ]
M=) %9

where A and B are integers.

b) Hence show further that (x) is a decreasing function.

A=5, B=
Question 95  (***+)
3
x=1In ( v +9)2 .
Show clearly that
dy_y,3
dx 3 vy
[ 1, [proof
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Question 96 (****)
The curveC has equation

y:12x2- 2%+ sirf 2.

Show clearly thaCC has no points of inflection.

proof
Question 97  (****)
y=a*, a>0, at 1.
a) Show clearly that
% =a*Ina.
A curve has equation
y=(Inx)*-12(0.5*, x>0.
b) Show that at the point of the curve whete 2, the gradient igtin 2.
proof
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Question 98  (****)
The curveC has equation

_2%%- 1 2InX*
X

, X>0.

The curve has a point of inflection Bt.

Show that the straight line with equatigrn= x is a tangent t&C at P.
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Question 99  (*¥**¥)

X- 2

_ 1
= x1-1, x! 5.
Y= x+1)(2x- 1 2
’y
Find the value otd— at x=1.
dx®
dX2 x=1 4
Question 100  (****)
The equation of a curv€ is
y=e*Jx, x30.
Determine the exact coordinates of the stationamtf C .
(; _1)
4’'2/e
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Question 101 (****)
The curveC has equation

X=yy1- 4y, y£%.

a) Show clearly that

oy i 4y
dx 1- 6y

b) Show further that an equation of the tangenttat the point wheregy=-2 is

3x-13y- & C.

proof
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Question 102 (****)
Differentiate each the following expressions widspect tox, simplifying the final

answers as far as possible.

(Fractional answers must not involve double frattjo

a) y=sin® 2x.

b) y= xtan4x.
c) y=In x+1 :
X

d—y:6sin22xc032<, Y _ tanac+ 4 set 4, dy__ 1
dx dx dx  x?+x

Question 103 (****)

a) Show thatf (x) in a decreasing function.

b) Hence find the range of (x).
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Question 104  (****)

Given that
y=5-262* 3
show clearly that
dy _
Fol 2(5-y)

proof
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Question 105 (****)

f(x)=x/9- 4xX , 0EXES .

a) Find an expression fof {x).

b) Show further that

2
fc(x): 9- 8x

V9- 4x? .

c) Hence calculate that the exact coordinates oftdtesary point ofC .

1
2

ffl(x)=(9- 4x2)

- 489 2@

Nl

=5
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Question 106 (****)

Differentiate each of the following expressions hwitespect tox, simplifying the
answers as far as possible.

a) y:e'4x(x2+1).

b) y=vi1+2&* .

_4x2+3x
c) y=

X% - Tx

dy 2 dy 4xe? dy 31
Foge™(2% o 9, | L= | =

dx " dx [+ 224 " dx (x- 7)2
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Question 107  (****)
A curve has equation

e'2X+axe' 2x'

y

wherea is a non zero constant.

‘;ﬂ/ : . o 2
Show that the value o 2 at the stationary point of the curve-igae2 ~.
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Question 108  (****)
The curveC has equation given by

x

, X3 2.

x
1
N

a) Show clearly that ...
dy  x-4

.. dX_2(X- 2)%-

d2y= 8- X
& 4(x- 2)3

b) Hence find the exact coordinates of the statiomeaipt of C, and determine its
nature.

min at(4,2/_2)
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Question 109  (****)
The curveC has equation

_2Inx-1

= , X>0.
2Inx+1

a) Show clearly that

dy__ 4
dx  x(2In x+1)2 '

b) Show that the equation of the normal at the poimtn& the curve crosses tke

axis is given by

y+x/e=e.

Created by T. Madas
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Question 110  (***¥)

f(x):\/lzi, x<1
- X
a) Find an expression fof {x).
b) Show further that
2- X
fox)= 3
(1- x)2
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Question 111 (***¥)
A curve C has equation

y=X- 2In(x2+ 4), x1
a) Show clearly that

azy_4{<- 4
N (x2+4)2 '

The curve has a single stationary point.

b) Find its exact coordinates and determine its nature

[ 1]

point of inflection af 2,2 6In}
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Question 112 (****)

y = X- +/sin X, 0<x<%.

2
Show clearly that whesinx =1, the value OM is 1—7.
4 dé 8

proof
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Question 113 (****)
f(x)=e¥*- 46, xi
a) Show that the inequalities
f (x)>0 and f¢fx)>0

have the same solution interval.

b) Determine, in exact form, the common solution wndér

I:l, x>%|n2
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Question 114 (***¥)
The equation of the curv@ is

y=(x+2)2e1'x, x1

a) Show clearly that ...

i d—i=-x(x+ 2)elx
i .j:(xz-Z)elx
dx?

b) Find an equation of the normal @ at the point(1,9).

The curve has two stationary pointsfatand Q.

c) Find the exact coordinates & andQ, further determining the nature of these
stationary points.

Ix- 3y+ 26= 0, maxat( 0,44, |minat(- 2,0
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Question 115  (****)
The equation of the curv€ is given by

y=X X +1, x3- 1.,
a) Find an expression fejrz.
X

b) Show further thatj—y can be simplified to
X

dy_ 5X+2
dx  2yx3+1

c) Hence show that an equation of the normaCtat the point wherex=1 is

7y+2x/2=9/2.

e 3y
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Question 116 (****)
It is given that

i(secx) = sex tam.
dx

a) Prove the validity of the above result by writiegcx asi.
COSX

The curveC has equation

y=e*seck, - Pex<P,
4 4

b) Find an equation of the tangent@oat the point wher& crosses the/ axis.

The curve has a single stationary poinPat

¢) Find the x coordinate ofP, correct to3 significant figures.

y=3x+}], X » -0.491
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Question 117  (****)

y
M
A
y =2x- XIn x
B
B
X
O

The diagram above shows the graph of a c@veith equation
y=2x- xIn x, x>0.
The curve has a maximum bt .
a) Find the exact coordinates df .
The pointA lies onC wherex=1.
The curve crosses the axis at the poinB.
b) Determine the coordinates @& and the exact coordinat@s.

c) Show that the tangents to the curvefatind B are perpendicular to each other.

d) Show that these tangents intersect at the @in%l,%ﬂ .

M (e,9)], A(1,2),B(<§,()
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Question 118  (****)

a) By differentiatingy =e*"2, find the derivative ofy = 2.

b) Hence find the exact value of the gradient on theewith equationy = 2"2 at
the point wherex=2.

i(2*): 2In2,

dx

Question 119  (****)
y= arctar(% x) , x1
By writing y = arctar(% x) as x= f(y), show that

dy_ 2
dx x2+4
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Question 120 (****)
Prove that ...

. 4 _2x3(9x- 2
. %((x M)_%

d 3x*+6x-5 _ 16
dx (X+1)2 (X+1)3'

Created by T. Madas

proof
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Question 121  (***¥)
The curveC has equation

f(x)=€*sinx, OEXEp.
a) Find an expression fdr{(x).

b) Show clearly that

f ¢fx) =86 cos X.

c) Hence find the exact coordinates of the stationmuiynts of C and determine
their nature.

3p Ip
4 in Ly _N2o4
,min gp,-*Fe

N
CDOO

fqx) =2 (sinx+ cos2)|, |max %p, 5
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Question 122  (****)
The curveC has equation given by

y=xJ/1- 2x, x£%.

a) Show clearly that

dy= 1- 3x
dx 1- 2x
b) Show further that
d2y_ 3x- 2
= o
¢ (1 21)?

c) Hence find the exact coordinates of the statiomaint of C, and determine its

nature.

Created by T. Madas
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Question 123 (***¥)
A curve has equation

y=x/Inx, xI , x>0.

Find the exact coordinates of the two points onctin@e which have gradie%.

[ 1|(e9.

(¢"\'N
N~

(¢" N
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Question 124 (***¥)
The curveC has equation

y:ln_y, y>0

X-y

Show that the equation of the tangenCat the point wherey =e can be written as

e(x- y)= 1.
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Question 125  (****)
At the pointP, which lies on the curve with equation

y3_ y2= ex'
the gradient is%.

Determine the possible coordinateshof

[ 1,|P(inss, 4
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Question 126  (****)
A curve has equation

y=e"(2cosX- sing).

Show that
d_zy_ 4$/+ 13y= G
dx@  dx '
||, |proof
Question 127  (****)
Find, in exact form where appropriate, the solwgiohthe equation
a4 4
dx 3- &
x=0, x=1In9
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Question 128  (****)
The pointP(In2,5b- 3a) lies on the curve with equation

y = a+be*,
wherea andb are non zero constants.
The gradient aP is 8.
a) Find the value ofa and the value ob.

b) Find the exact coordinates of the point where threnal to the curve aP
crosses thecaxis.

a=3,b=4,|(88+In2,0
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QueStion 129 (****)

X+ 2

x- 2)(x+ 2)(2x+ 1)’ Xt£2, X*t-

a

Find the exact value o%/ atx=-1.
X

1

2 .
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Question 130  (****)
The curveC has equation

2
y= —— (2x+1), -1 x£ 1.

By taking logarithms on both sides of this equatimnotherwise, show that at the point
on C wherex=1  the gradient is %\/5

2 1

1,
Question 131 (***¥)
The curveC has equation

y=arcsin - )}, O£ x£1.
Find the coordinates of the point @), whose gradient i2.
1
(3:9)
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Question 132 (****)
A curve C has equation

X= YW9- 4y?, |y|£%.

a) Show clearly that

dy _9- 4y°

dx 9- 8y

b) Find the exact coordinates of the two pointsywith infinite gradient.

133413 33

IN{{e}
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Question 133 (****)
Given that

y =3coq Inx) + 2sif Inx), x>0,

show clearly that

2
de_y+ Xﬂl: Ay,

dx? dx

stating the value of the constaAt

| l, [A=-1|
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Question 134 (****)
The equation of a curv€ is

X “
, X
1+ 2Inx

y= , X>0 .

The curve has a single turning pointfat
a) Show that the coordinates &f are (\/E,l\/_e) :

2
b) Evaluate the exact value gf—y at P and hence determine its nature.

dx?

]:I OI—Zy:i>0 SO minimum
laX 2Je

Question 135  (***¥)
Show that if x=sec?y, then

Q_|Q.
X <
1
I+
|—\

2xy X2 - 1.

proof
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Question 136 (****)
A curve has equation given by

y=x/Xx+1, x3- 1.
a) Show clearly that

dy—%(3x+2)(x+1)'

Nl

dx

The function f is defined as

f (x) = %/ x+1sin2x, x3 1.

b) Show further that

I:I , |proof
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Question 137  (****)
The curveC has equation

y= 2
2- sinx
Show clearly that
dy :lyz COSX .
dx 2
| |, [proof
Question 138  (****)
Given that
- 2x+1
2x-1
find the exact value og—y at x :1.
dx 4
dy_16
dx 3

Created by T. Madas



Question 139  (****)

Created by T. Madas

The function f is defined by

Show clearly thatf 2)

Question 140  (****)

Show clearly that

=-16.

y =In(secx+ tanx) - sirx.

dy _
ax

sinx tanx .

Created by T. Madas

proof

proof
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Question 141 (****)
It is given that

di(tan x) = 2set 2.

X

a) Prove the validity of the above result by considgithe derivatives o$in 2x
and cos X.

A curve has equation
y =6xtan2x, xI

b) Show that the tangent to the curve at the pointevixe %p meets they axis at

the point with coordinate@),- %pz) :

, |proof
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Question 142 (****)

yex- 2t 2 X x1-3,x2 1
X“+2x-3 Xx-1
a) Show clearly that
_x2+3x+3
X+3
b) Solve the equation
d_y:_2

X=-2, X=

Created by T. Madas
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Question 143 (***¥)
A curve has equation

y:%rezx'g- 4In(—%x), x>0.

The tangent to the curve, at the point where2, crosses the coordinate axes at the
points A and B.

Show that the area of the triangD®AB, whereO is the origin, is given by

(16- 387

, |proof
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Question 144 (****)
Show clearly that

di 26 (x+ 12 =- 1xe™( a .
X

proof

Question 145 (****)
Differentiate each of the following expressionshwigéspect tox .

a) y=(2x+In x)3.

X2

b = .
)y 3x-1

c) y=sin?3x.

[P 20k ||| 2320 0 g0 5 cos

X X | |dx (3x—1)2 dx
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Question 146 (****)
The functionsf and g are defined by

f(x)=3In2x, xi ,% 0
g(x)=2X+1, xi
Show that the value of the gradient on the cuyvegf ( x) at the point wherx=e is

36
—(1+In2).
O(1+1n2)

, |proof

Created by T. Madas
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Question 147  (****)

The graph of the curve with equati(yn:%eX is shown below.

The pointsA and B lie on the curve, wherg =0 and x=1In4, respectively.
a) Show that the equation of the tangent to the catithe poinfA is
2y- x ¥ 0.
This tangent meets the normal to the curve at tivet B at the pointP .

b) Show that the coordinates &f are given by

3 5
—+In2,—+|n\/_2 )
2 4

[continues overleaf]

Created by T. Madas
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[continued from overleaf]

The regionR bounded by the curve, the normal to the curvB a&nd coordinate axes is
shown shaded in the diagram above.

c) Show that the area &R is 131 square units.

proof

Created by T. Madas
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Question 148  (****)

y =20+ 4806°%> xi

Show clearly that

dy 1
—Z=-__(y- 20
dx 10(y )
proof
Question 149  (****)
A curve has equation
y=106*, xi
where k :%Inz.
Find the value ofx that satisfies the equation
g =In @
dx 2
I:l, x=10

Created by T. Madas
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Question 150  (****)
A curve C has equation

y:%ezx- 4x+ 1, x1

The pointP lies onC wherex=In4.
a) Show that the equation of the tangent to the cat\tbe poinP is
y=12x+9- 32Inz.
The pointQ lies onC wherex=In2.

The normal to the curve at the pol@tmeets the tangent to the curve at the pBinat
the pointR.

b) Show that the coordinates & are

(In2,9- 20In3.

proof

Created by T. Madas
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Question 151  (***¥)
A curve C has equation

y:(x+1)2e2X, x1
a) Show that

- Doo(x (x4 @

.. d2y_ 2 X
il. d—X2—2(2x +8x+7)€ .

b) Hence, or otherwise, find the exact coordinatethefstationary points of and
determine their nature.

[ 1 |min(-10)], max(- 2,é4)
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Question 152  (****)
A curve C is defined by the equation

x:sec(%), OEy<p.

a) Show clearly that

dy__ 2
dX  xJ/x2-1

b) Hence find the exact coordinates of the poinCQfWhere(;I
X

NS
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Question 153  (****)

f(x):-%x+ sinxcosx, 0£ x<20.

Use differentiation to find the range of valuesxofor which f (x) is increasing.

0ex<P B Loy P g P X< 2p
6 6 6 6
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Question 154  (***¥)
A curve has equation

y =arcsin X, -EE XE —1 -—£ y£ E.
2 2 2 2

a) By finding % and using an appropriate trigonometric identitgvghhat
y

dy__ 2
dX 1 ax?

b) Show further that ...

dzy: AX

L2 . 4x2)§

d’y _ BX+C
R (

1- 4x2)g |

where A, B andC are constants to be found.

, |proof
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Question 155  (****)
Show, with detailed workings, that

a) di(cos&tanz): 2C0s%.
X

Question 156  (****)
A curve C has equation

3x 7

y=2+262- 3 i

Find the exact coordinates of the stationary poinf and determine its nature.

max{ () &%)
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Question 157  (****)

3x%- 10 2 .

y= xI , x>2.

(1- 20 (% 2*

Find the exact value o%/ at x=3.
X

dy

" | dx

Xx=3

52

25
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Question 158  (****)
A curve C has equation

Find, in exact form, the equation of the tangenCtat the point wherex = Je.

ly=2¢

Created by T. Madas
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Question 159  (****)
The function f is given by

f (x)° emx(x2+ x), xI

wherem is a non zero constant.

Show thatf has two stationary points, for all non zero valags.

, |proof
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Question 160 (****)
y=cotx, 0<x<4.
Show, with detailed workings, that

a) - cosedx .
dx

b) —X2=2y(y2+1).

, |proof

Created by T. Madas
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Question 161 (****)
The curveC has equation

x=sec y+ tany, O£ y<%.

a) Show that

dy_ cosy
dx 2tany+1

b) Hence show that the equation of the normaCtat the point wherey :% is

4y +24x=p + 72.

, |proof

Created by T. Madas
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Question 162 (****)

y = arcsinx, -Eﬁ xE —1, -BE yE E.
2 2 2 2

a) By finding % and using an appropriate trigopnometric identitgvghhat
y

A curve C has equation

y = xarcsin 2, -EE XE —1 Pg yE P
2 2 2 2

N

b) Find the exact value ogll at the point orC wherex =
X

1.

ol

(p+24/3)
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Question 163 (****)

y:2xarcsin2<+m, le vt _%

2

Show clearly that

d’y dy _ Py
d® dx PV

, |proof
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Question 164  (****+)
The curveC has equation

y= x/In x, Xx>0.
The equation of the tangent @ at the point wherex=a is
4y = bx- a,
wherea andb are non zero constants.

Determine the exact value af.

Created by T. Madas
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Question 165  (****+)

y=arccox, -1£ xE 1, OLy£p.
a) Prove that

dy_ 1
dx 1- %2

The curveC has equation given by

y =arccos«, -%£ xXE %f
b) Show that an equation of the tangenCtONherex:%, is given by

3y +8J/3x=p +/3.

proof

Created by T. Madas
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Question 166 (****+)

, V1+6sirf x

, tanx1- 1.
(1+ tanx)2

t(x)

By using logarithmic differentiation, or otherwisdgtermine the value of ¢ % .

[ ] |f¢

NGRS

1
ol ol
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Question 167  (****+)

x=(y+2)In(3y+4)

The figure above shows the graph of the curve eaphation

x=(y+2)In(3y+4).

The curve meets the coordinate axes at the @diand at the poin@.

Determine the gradient, in exact from where appabeyatP and atQ.

L1

Created by T. Madas

day _ 2

dx|p  3+4In2’




Created by T. Madas

Question 168  (****+)
It is given that

i(arctanx) =
dx 1+Xx

If tan3y = 3tarx show that

dy__ 1
dx 1+8sirfx

, |proof
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Question 169  (****+)
The curveC has equation

y=4¢eX- 282X 3% «xi

a) Show clearly that ...

i ...ﬂ’=-eax(4e?x- 48 ;B

dx

i ...Z—;':eax(4éx- g& §>

wherea is a constant to be found.

b) Hence find the exact coordinates of the statiomaint of C and determine its
nature.

=CEE

Created by T. Madas



Created by T. Madas

Question 170  (****+)
The curveC has equation
X ~

y= , XI
X2 +1

a) Show that there is no point d where the gradient is1.

b) Find the coordinates of the points Ghwhere the gradient %—é

Created by T. Madas
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Question 171 (****+)
y=(x+2)zel'x, x1

Show clearly that

2
(x+2)22—xg+x(x+2)%+2y: 0.

, |proof

Created by T. Madas
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Question 172 (****+)
A curve has equation

y=4e X & 2 xi

Use differentiation to find the exact coordinatéshe stationary point of the curve, and
further determine its nature.

L

max( 2- In2,9

Question 173 (****+)
The pointP lies on the curve with equation

y=x/In x, x>1.

Determine the two possible sets of coordinate® afiven further that the gradient of

the curve atP is % .

1P

@D
Bl
N
(R‘H

P(e.¢
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Question 174  (****+)

f(x)
X
O

The figure above shows part of the graph of theewith equation

F(X) =X X

3- sinx

Use differentiation to show that

-%\/5£ f (X)E %ﬁ

, |proof
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Question 175 (****+)
The curveC has equation given by

X

e
y=——, 0O<x<p.
sinx

a) Show clearly that

b) Show further that

d?y _ dy

—2 =—2(1- cotx)+ y cosetx.

dx2  dx

c) Use the above results to find the exact coordinaftéise turning point ofC, and

determine its nature.

]

yoi
min at % NPY:
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Question 176 (****+)
The curveC has equation

The normal to the curve at the poiRtwhere x = p passes through the origin.

Show thatx = p is a solution of the equation

2xe’- E G

, |proof
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Question 177  (****+)

f(x)=e"+ke™

The figure above shows the graph of the curve eaphation

f(x)=e™+ke™ xI ,k>1,n>0.

Find the range off (x) in exact form.

[, f(x)3 2vk
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Question 178 (****+)
A curve has equation

y=In tan x+% , wheretan x+% > Q.

Show that

|2

2secX .
dx

, |proof
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Question 179  (****+)

INgR]

y= %arcsea&

The figure above shows the graph of the curve eafiation

y:%arcsea/;, x*1,0£ y<%p,

wherearcse€u) is the inverse function afedu).

Show clearly that ...

dy_ 1

dx Axx- 1

a) ...

d’y _  2-3x
dx® 8x2(x-1)%

b) ...

proof

Created by T. Madas




Created by T. Madas

Question 180  (****+)

a) Differentiate the following expressions with respecx, fully simplifying the
answers.

i y=(4x-1)e*.
. y=4sin” 2x.
b) Prove that

d x-1 _ 1

E( \/§+1 _2\/;('

ﬂ’:e-X(5- 4x) : ﬂ:24sinz X cos2
dx dx
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Question 181  (****+)
The curveC has equation

y=+e*- 2x, > X.

The tangent to the curve at the poiitwhere x = p passes through the origin.

a) Show thatx = p is a solution of the equation
(1- x) &= x.
b) Show that the equatiofl- x)€*= x has root betweef.8 and1.
The iterative formula
X =1- X, €7
with x, =0.8 is used to find this root.
¢) Find, to3 decimal places, the value &f, x,,x, and x, .

d) Hence show that the value @f is 0.8439, correct to4 decimal places.

[%=0838, x,= 0.843, x= 0.844,x,= 0.8%
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Question 182  (****+)
The curveC has equation

y=2%_32 &, x30.
a) Show thatC has a turning point dt2,- 256) .

b) Without further differentiation explain why thisriing point must be a
minimum.

, |proof

Created by T. Madas



Created by T. Madas

Question 183  (****+)
The curveC has equation

y=4"g* 2

Show that an equation of the tangent to the clatvthe point wheré€ crosses the
axis is given by

y=(x+2)In2.

, |proof
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Question 184  (****+)
y=arcco, -1£ x£ 1, 0£y£p.
a) By writing y=arccos as x = cosy, show that

dy_ 1
dx 1- x2'

The curveC has equation
= S va
y =arccox- 5 Ir(l ),x>0.

b) Show that they coordinate of the stationary point Gf is

1
— In4).
4P *in4)

proof
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Question 185  (****+)
y=In(1+sinx), sinx®- 1.

2
Show clearly thatd—y = f (y), where f (y) is a function to be found.

dx?

[ 1 ly=-¢"
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Question 186  (****+)
A curve C has equation

Show thaty is a solution of the equation

d?y_ dy® ¥

yW' dx X

Created by T. Madas

, |proof
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Question 187  (****+)

The figure above shows that the graph of

The curve has a turning point At.
a) Find the coordinates oA.
The pointB lies on the curve wherg=e.

b) Show that the equation of the tangent to the cat\ is given by

e y+ 2x= 3e.
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Question 188  (****+)
Show, with a detailed method, that

d 1 1
In =

dx \/x2+1-x \/x2+ 1.

, |proof
Question 189  (****+)
A curve C has equation
y=xV xI , x>0.
1 2
Show that the coordinates of turning pointfare g,ee
proof
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Question 190  (****+)
A curve C has equation

1
b) ... the coordinates of turning point &f are e,e

proof
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Question 191 (****+)
A curve C has equation

y:(cosecx)x, xI , x>0.

a) Show that

j—i: In(cosex) - x cok ( coseg)".

b) Find the equation of the tangent@at the point Whereng .
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Question 192 (****+)

y =arctanx, x|

a) By writing the above equation in the frore g(y), show that

di(arctanx) = 5 -

X 1+ X

The function f is defined as
f(x):arctan&, xI , x30.

b) Show further that

Nlw

X 2(3x+ 1) ( %+ 1)'2.

o) = -

NN

proof
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Question 193 (****+)
The function f is defined as

f(x)=xe®, xI , x>0.
a) Find an expression fdrd(x).

b) Show clearly that

Fox) = £ (8)(In x- 1) )

X

c) Show that the value of ¢fx) at the turning point of the function is

1
e¢.=:-+l'

fox)=xe*(Inx- 1)

Created by T. Madas



Question 194
Given that

find the value o

(****+)

Ay
dx

at x=3.

Created by T. Madas

(x- 1)4(x- 2)2 i

(x+1)?

X1 , X1-

dy

dx x=3

_13
16
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Question 195  (****+)
y=x*, x>0.

a) Show by using logarithms that

ﬂ:(lﬂnx)xx.
dx

A curve C has equation

y= X , Xx>0.
e

b) Show that at the point 0@ wherex:%, the gradient is In2

proof
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Question 196 (****+)

, 2
y=2 &+ 3ln x+(é‘+j

Show that the value ogl/ at x=0 is 23(1+ 6In 2
X

1, |[proof
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Question 197  (****+)
A curve has equation

oyx- 6x(yr O+ w =0, xi xl%.

Find, in exact form where appropriate, the thrdatgsms of the equation

d2y
—= =6x+1,
dx®
d2y o .
where d_x2 represents the second derivative of the abovetiequa

e

x
I
1
[

, %(Ji J6)
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Question 198  (****+)

-3

The pointP, with x coordinateT, lies on the curve with equation

; P P
Xx=sin 2y+= ,0£y£L.
y 2 y 5

-
2

I

Show that the value of the gradientRtis

proof
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Question 199  (****+)

A curve C; has equation
y:In\/7<+\/In X, Xx>1.
a) Differentiate y with respect tox, simplifying the answer as far as possible.

A different curveC, has equation

y=(2x+ (1 492, - 26 x< 2
2 4
b) Show thatC, has no turning points.
A third curve C5 has equation
2x-1 ;s 1
= , X3- =,
V2x+1 2

c) Show that

d 2x-1 _ 2% 3

dx 2x+1 (2x+1)%'

A

dx 2x 2x|n\/;(

Created by T. Madas



Question 200  (****+)
Show clearly that

Question 201 (****+)
Solve the equation

dx

Created by T. Madas

proof

d (\/1- cosZ<): , 0E£EXx<2p.
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Question 202 (****+)

Given that
p= 5600 |
7+25¢%#
show by a detailed method that
dP _ P(800- P)
dt k ’

wherek is an integer to be found.

| 1, k=3200
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Question 203 (****+)

Determine in exact simplified form the coordinati#sthe stationary point of (x)
fully justifying its nature.

2

. 1 2
[ 1, |local maximum at—; ,&
e
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Question 204 (****+)

y:3tar‘?2(,xi ’Xlﬁm-

Determine, by showing detailed workings, the vamegl/, at x= arctan% .
X

[ﬂ
" dx

x:arctar%
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Question 205  (****+)

_ 1+ cosx

, 0E x< , X1 3 .
1+ sinx 2P 2P

Determine, with full justification, the coordinateSthe minimum point ofy .

[ 1.|(p.o)
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Question 206 (****+)

x=In(secd), O<y<%p.

Determine, with full justification, an expressi(mf%/, in terms ofx.
X

d 1
1. |%-
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Question 207  (****+)
A curve C has equation

X eSx ~

=—— x|l , x?tk,
y 2x+ k

wherek is a non zero constant.
It is given thatC has a single turning point &.

Find the exact coordinates 6.
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Question 208  (****+)
A curve has equation

23€2X ~

dy

Express— in terms ofy .
dx

Created by T. Madas
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Question 209  (****+)
A quartic curveC has equation

y = x(x- 2)3, x1

Show that there is only one point @hwhere the gradient 0.

, |proof
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Question 210  (****+)
The pointP lies on the curve with equation

X

xy=e", Xxy>0.

The tangent to the curve B passes through the origd .

Determine the coordinates 6.

—

2,

)
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Question 211 (****+)
A curve has equation

y=-log, (2 x)In2, xI , x<2.

Determine a simplified expression f%ly in terms ofy.
X

d_y:2y

dx
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Question 212 (****+)

y=arccox, xI , -1£ x£ 1.

a) By writing the above equation in the frore f(y), show that

A curve has equation

y:arccox{ 1 xz) xT ., 0<x£2.

b) Show further that

c) Show clearly that

dy _, d?’y dy”® dy®
16— = 4x—2 —2 +(2+x%) — .
dx® dx  dx ( )

, |proof
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Question 213 (riwr)
A curve C has equation

y= 2x+3 cx1 x>,
J2x- 1 2

Find the coordinates of the stationary pointQof further determining the nature of this
point.

You may not use the product rule, the quotient rude logarithmic differentiation in
this question.

1w (3

Nlon
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Question 214 (riwr)
Show with a detailed method that

a4 e+1-1 _ 1
dx \/ex+1+1 \/é(+]

IJ, proof
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QueStiOﬂ 215 (*****)
A curve C has equation

1. oroo]

Question 216 (****¥)
Find, in terms ofp, the solutions of the equation

&%((J?wzcos&) =1, O£ x<4p?.

_ 4902 12
X="36 "gs
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Question 217  (¥***¥)

Given that
y= Jx
1+/x
show that%/ = f(y), where f (y) is a function to be determined.
X

[ 1t ()
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Question 218 (*****)
A curve C has equation

y=82- 4% 2X i

Show thatC has no stationary points.

proof
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Question 219 (riwr)

The figure above shows the graph of the curve eafhation

2
y=e X, x30.

The pointP lies on the curve and the poif}t lies on the positivex axis so that
|OP| =| PQ whereO is the origin.

Show with full justification that the largest arefthe triangleOPQ is i.

J2e
| |, |proof
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Question 220 (riwr)

Nl

(3- 2c08x]( 2 6sifx)

Fx)? , tanx1- 1
¥ (1+ tanx)2
Determine the value of ¢ % ,
[ |fe”2 =21
4 4
Question 221 (*****)
Show clearly that
i In \/ﬁ- 1 _ 2
dX 1 %241 xR
proof
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Question 222 (riwr)
A curve is defined over the largest real domairtigyequation

1
y_xe"\/x+1

Show that
dy _ f(x) g X

dx 232 (x+ 1)%

where f (x) is a quadratic expression and hence find, in efant, the coordinates of
any stationary points of the curve.

f()=2@ +5x+2, |(- 3 2/2¢)
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Question 223 (*****)
Show clearly that

1

d
— In |
’ X% - 4x+ 13

X

X- 2+ Aok 13):

|_i, proof
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Question 224 (*****)
The function f is defined as

f(x)=x*, xI , x>0.
Show that the value of ¢fx) at the stationary point of the function is

e+?2

-2e € .

|_i , |proof
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Question 225 (*****)

f(x)=In (x2+1)%+x , x1

Show clearly that ...

a) ...

b) ...

1

X2 +1

fqx)=

f (x)is an odd function.

proof
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Question 226 (riwr)
Show clearly that

-sinx- cosx O£x£ap

d _COSX  _ inx+ cosx ap ExEbp
dx 1+ sin2

-sinx- cosx bpEXE2p

wherea and b are constants to be found.

', |proof
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Question 227  (****¥)
Show clearly that ...

d x-4 _ 1

Tk Jx+2 | 20X

S (1) (V-

d 4x- 8/x+ 3 _ 1

, |proof

Created by T. Madas




Created by T. Madas

Question 228  (*****)
y = arctanx+ arcta(%) , X1
Without simplifying the above expression, use défgiation to show that

dy =0, for all values ofx.
dx

proof
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Question 229 (riwr)

v x

The figure above shows the trianghd8C, where ACB=gq.

The pointsA and B have respective coordinaté8,1) and(0,3), while thevariable
point C(x,0) lies on the positivex axis.

Show that a<C varies, the maximum value gf is %

]:I , |proof
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Question 230 (*****)
A curve C has equation

y= earctanx ' X’l‘

a) Show, with detailed workings, that

d3y_ (6X2- 6x- ]_)éarctarx
¢ (14 X2)3 '

b) Deduce thaC has a point of inflection, stating its coordinates

[ .

1

Nl

earctar%
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Question 231 (riwr)

P y=+/2X- 4

The figure above shows the graph of the cubweith equation
y=+/2X- 4, X3 2.

The pointP lies onC, so that the tangent to the curve at the pBimasses through
the originO.

Use a calculus method to find the coordinate® of

Created by T. Madas
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QueStiOﬂ 232 (*****)

Given that
eX
YTl e
show thatg— = f(y), where f (y) is a simplified function to be determined.
X

[ 1lf(=y-¥

Created by T. Madas



Created by T. Madas

Question 233 (riwr)

The figure above shows the graph of a curve witlaégn
v- v2= x, xI vl

There exists a tangent to the cuive so that this tangemtrossesthe curve at the point
of tangency.

Show that an equation df is

27X+ 9y =1

Created by T. Madas
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Question 234 (*****)
1

Show clearly that ...

N

a) ... f¢x)=In (x2+1) +X .

b) ... f(x) is an even function.

+x-(%+g

Nl

o x1

proof
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Question 235 (*****)
A curve is defined in its largest real domain by dguation

acosx+ b
y=arccos———
a+bcosx
wherea andb are constants such>b>0.

Show thaty increases withx at a rate which lies between

la- b la+b
—— and ,|——.

a+b a-b
1

1- x°

You may assume tha(%([arccoy] =-

|, |proof
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QueStiOﬂ 236 (*****)
The function f is defined, in terms of the real const&ntby

f(X)0 X3+ kx2+ x+1, x1

Investigate the number of turning points bffor different values ok, distinguishing
further which ones are stationary

| ., |investigatio
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Question 237  (****¥)

The figure above shows the walBof a certain structure, which is supported by a
straight rigid beanPR, whereP is on level ground an® is at some point on the wall.

In order to increase the rigidity of the suppdne beam is rested on a steady pul@,
of height3.2 metres.

The pole is placed at a distanceld35 metres from the bottom of the wal.
The beamPR is forming an acute angle with the horizontal groundPNB.
The angleg is chosen so that the length of the bel@R,, is least.

Determine the least value for the length of thenbé¥R, assuming thaR lies on the
wall, fully justifying that this is indeed the mmum value.

[ ].[e.2d
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Question 238 (riwr)
The variablesx and y are such so that

ax+ by= c,
wherea, b andc are non zero constants.

Show that the minimum value of + y? is

C2

a® +b?

I, |proof
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Question 239 (riwr)

The pointA(a,O) lies on the circle with Cartesian equation

2+ y? = a2,

The pointP is also on the same circle , and the p§nlies on the tangent to the circle
through P, so thatAQP is a right angle.

Use a calculus method to show that for all posstlasitions ofP, the largest area of
the triangle AQP is

3\/§a2_
8

1, [proof
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Question 240  (****¥)
A curve has equation

3 N
y = 2Kkx2 - éln kx, xI , x>0.
16
wherek is a positive constant.
: . 1
The point A lies on the curve, wherre=E.

Given that the normal to the curve At passes through the orig, find an equation
of the normal to the curve &.

L1 ly=44
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Question 241 (****¥)

The figure above shows a circle with centre&Caand radiusl.5 metres.
The pointsA and B lie on the circle so that BCA=2g, 0<g <p.

The pointD lies outside the circle so that the line segm@idsand AD are equal in
length and the length d)C is 3 metres. The poinE lies on the circle so thddCE is
a straight line segment of length5 metres.

The total length of the line segmenBD, the line segmerAD and the circular arc
AEB denoted byl .

Given thatg varies, show that has a stationary value Whep:% and determine

further the valueL and the nature of this stationary value.

|:, inflection at % Db+ 33
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Question 242 (HrrH)

B P Q C

A 2a

The figure above shows a netwoAPQD inside a rectangl@BCD, Where|AB| =—a
and|BC| =2a. The endpoints of the network and D are fixed. The point$ andQ

are variable so that they always lie BC with |AP|=|QD . The anglesBPA and
CQD are both equal tg. A particle travels with constant speedn the sectionAP

and QD, and with constant spe%lv on the sectiorPQ.

Let T be the total time for the journefPQD.

Given that the positions of the poifisandQ can be varied as appropriate, show that

the minimum value of is 15ia , fully justifying that this is the minimum value.
v

, |proof
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Question 243 (*¥***¥)
The functionf is defined as

f(x)° 4x- 12x% 8x, xI , 0ExX£3.

Find the range off , and hence sketch its graph, showing clearly toedinates of any
relevant points.

[ 1 |- 8432 1(x)e 24

Created by T. Madas



Created by T. Madas

Question 244 (****¥)

y=arccos, - 1£ x£ 1.

a) Show that

dy _ 1

dx 1- X '

The Chebyshev polynomials of the first kifﬁﬁi( x) is a family of functions defined as
T,(x)=cog(n arccos), - 1I£ x£ 1, ni

b) Show further that

d 2\3 d _
& (1'X) E(Tn()() = n X2

', |proof
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Question 245  (****¥)
The real functionsf and g have a common domaid£ x £ 4, and defined as

f(x)°(x 1)(x 2)(x 3 and g(x)°  f(t) dt.

Use a detailed algebraic method to determine thgeraf g.
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Question 246 (*****)

1
ax+b’

y= x30,

wherea andb are positive constants.

Show, by a detailed method, that

d"y _(-1)"y(2n)! a
dx" n! 4(ax+b)

|, |proof
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Question 247  (*¥***¥)

2xtanx=1, x* =np, ni

Nl

a) Show that the above equation has a solution iimtieeval (0.6,0.7).

b) Use the Newton Raphson method to find the solutiotinis equation, correct to
5decimal places.

The figure below shows a circle, centre@t The pointsA, B andC lie on the
circumference of this circle. A circular sectaBC, subtending an angle o2g at C, is

inscribed in this circle.
A
‘ B
C

c) Determine the greatest proportion of the area efcilcle, which can be covered
by this sector.

You may give the answer as a percentage, corregetdalecimal places

| |, [x»0.65327, |» 52.45
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Question 248  (*¥***¥)

A lump of metal, of volume&’6 cubic units ignoulded into the shape of a cuboidal box,
with a square base, rectangular sided and no lid.

All the faces of the box ark unit thick.

All the metal is moulded in the construction ofsthbox, and the construction it has
maximum capacity.

If the internal width of the box ig, find the value ofx which maximises the capacity
of he box, and hence determine this maximum capacit

 [x=4], |Crax =382
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Question 249  (****¥)

The variablesx, y and z satisfy the following relationships.

_ d’y_ y
x=In(z+1) and Pl
Show that
d’y _ dy
_ = 4 .
dxé  dx y

, |proof
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Question 250  (****¥)
y=e¥ K1 0.
Find a simplified expression for

dé  dy?

giving the answer in terms & and ek,

Created by T. Madas

, |proof
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Question 251 (riwr)

0.6°+0.8=17 xi

Find the only solution of the above equation, fyligtifying the fact that it is the only
solution.

1. [x=2
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Question 252 (*****)
From a thin sheet of metal, a circular sector ehak is removed.

The circular sector is folded without any overlaggpinto the curved surface of a right
circular cone of volumé&/ .

The measurements of the circular sector are sutas® is maximum.

Find the angle subtended by the circular sectatsatentre and show further that the
maximum value oV is

4

12A8
p*

Ol

i
b
A
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Question 253 (riwr)

The variable pointP lies on the positivex axis and the variable poiQ lies on the
curve with equation

y= , xI, x30.

X +4
The x coordinateQ is always half thex coordinate ofP .

The pointP starts at the origi©® and begins to move in the positixedirection at
constant rate.

Determine the largest rate of area increase andatijest rate of area decrease of the
triangle OPQ, as P is moving away fronD.

L

largest rate of area increase |, |largest rate of area decrease 0
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Question 254 (****¥)
X%+ px+q=0, xI
The cubic equation above is given in terms of ga& constantsp and(q.

Use differentiation to determine the conditionsttpaand q must satisfy so that the
above equation has ...

... one real root.
... three real roots, of which one is repeated.

... three distinct real roots.

I
o

~ 4p° > 4p
lpzoE oc & 2P5 ol [p<o - 2P
[ 1.lp < 0C of - p<0 Cof- —

4p
<0 2. P <0
P Cq 57
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Question 255 (riwr)

The figure above shows the cur@ewith equation
y:%\/az- X2, X3 0,

wherea andb are constants such thiat>a>0.

The pointP lies onC and the tangent t€ at P meets the coordinate axes at the
points A and B, as shown in the figure.

Show with full justification that the minimum areé&the triangle AOB, whereO is the
origin, is ab.

, |proof

Created by T. Madas



Created by T. Madas

Question 256 (*****)
The function f is defined as

X ~
f(x)° ke ——, xI
( ) X2 +1
wherek is a positive constant.
Given that f is increasing forx] , show thatk >% and hence sketch the graph ©f,

showing clearly the behaviour df at +2..

[, [orapf
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Question 257  (*¥***¥)
The function f is defined as

Nlw

(1+ 4sirf x)% ( 8+ set x)

f (o]
() tan® x

Find in exact simplified form the value o‘fﬂ(%p) .

/;
Wl
=
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Question 258 (riwr)
The curveC has equation

_ X2 +2

X2 - x+ 1

Find the coordinates of the stationary poinfand determine its nature.

[ .

point of inflexion at( 1,3
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Question 259 (riwr)
A curve C is defined in the largest real domain by the equat

y =log, 2.
a) Sketch a detailed graph f.
The pointP, wherex=2 liesonC.

The normal toC at P meetsC again at the poin®.

b) Show that thex coordinate ofQ is a solution of the equation

[1+xIn4 - In1§ Inx= In2.

c) Use an iterative formula of the form,,; = ef(X”), with a suitable starting value,
to find the coordinates d, correct to3 decimal places.

,|Q(0.518; 1.05)
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Question 260 (riwr)
A sphere of radius , whose centre is @, is fixed on a horizontal plane.

A thin right circular conical shellyithout a base is placed over the sphere.

The axis of the conical shell is vertical and pagbeoughO. The circumference of the
missing base of the conical shell is at the samiztatal level asO.

Show that the minimum value of the outer surfaea af the conical shell is

3J/3pr?

>

I, |proof
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Question 261 (riwr)

The functiony = f(x) satisfies the following relationship.

2 2
Y N oW g

4x
dx® dx dx

It is further given thatx = t? and y=Inv.

Show that

[, |proof
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Question 262 (riwr)
The pointP(x, y) lies on a circle with centre t,0) and radiusl.

Find, in exact surd form, the greatest valuexefy, for all the possible positions of the
point P.

[ 1 h+2
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Question 263 (riwr)
Assuming thatp » 3.14 ande» 2.7, showwithout any calculating aid that

e’ > pt.

You must show a detailed method in this question.

D , |proof
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Question 264 (riwr)
A general curveC has equation

n

y=x"(x-1)",
wherexi ,ml ,m32,nl ,n32.
Sketch in four separate of axes, theseparate shapes whi€h can takems 2.

The sketches must contain the coordinates of atisary points.

L[ |grap
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Question 265 (*****)
The pointP lies on the curve€ with equation
1 R

= , Xl , X3 0.
Y 1+ x°

The straight linel is the tangent to th€ at P.

Determine an equation fdr, given further thal. meetsC at the point(O,l) .

| [2y+x=2
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Question 266 (riwr)
The pointP has rational coordinates and lies on the ci@veith equation

y=x2-4x+ 3, xi
The straight linel is the normal to th€ at P.

L meets the curve again at the pdiht

Given that|PQ| = J/8, determine the possible coordinatesPoind Q.

g e A3 F db)

1A

Nl
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Question 267  (*¥***¥)
Leibniz rule states that th@" derivative of the product of the functiorfs(x) and

g(x) satisfies

Wherefo(x): f(x), fl(x): fqx), f2(x): fefx), ..., fk(x):w (x) .

Show, by a detailed method, that

"4 4 4
— X*Inx =n X" r f(nr) ,

dx"
r=0

where f (n,r) is a function to be found.

4

d
— x*Inx =n X"
n r n

dx
r=0

“ 4 (0

-1
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Question 268 (riwr)
A curve C has equation

y - ) XI y X>1

Show that there exist exactly two tangent£tavhich pass through the poi(ﬁ, 2), and
find their equations.

[ 1.[y=2 . [27y= 45
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Question 269 (riwr)
A curve C has equation

3x- 1 )
- Y
y 2X2+2-|X+ 21 X

11
, X10, x 5-

Find, in exact simplified surd form, thg coordinate of the stationary point & .

|:|, y=7- 2/10
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Question 270 (rHx)
A curve, defined in the largest real domain, hasaéiqn

y=In|x+4-d.

Determine, in its simplest form, an expression%gr.
X

1

], [@= x 2
dx 1

X+10’
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Question 271 (riwr)
Show that

A
n 142420, x4 =

" xeexea’

where A is a non zero constant.

d 8
X

| |, [A=-2]
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Question 272 (riwr)

f(x) o w x] (O, ]

XCOSX- Sinx’

Show that
fG(X) = g( X)Seé[ X+ arCCOD} ,

where g(x) is a rational function to be found.
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Question 273 (*****)
The function f is defined as

f (x)° sinx+ cosx+ tanx+ cot ses+ cose,

Determine with full justification the range df.
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Question 274 (riwr)
Assuming thafp » 3.14, showwithout any calculating aid that

F >pd.

You must show a detailed method in this question.

I_i, proof
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Question 275 (riwr)

The function f is defined in the largest possible real domaimtaioed in the interval

(-2p,2p), and its equation is

f(x)° In tan(%p- %x) .

a) Find the domain off .

b) Show thatf ¢x)°

k
V1- sin2

, for some constark .

[ (-2,0,— %

Created by T. Madas




Created by T. Madas

Question 276 (*****)
A curve has equation

a) Show thaty is a solution of the following differential equari.

2
XS%- X(Z In X)%(Y,_ (3 2InY ¥y O

b) Show further that

, |proof
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Question 277  (*¥***¥)

The positive solution of the quadratic equati x E 0 is denoted by, and is
commonly known as the golden section or golden rermb

This implies thatf?-7- £ 0, f =

(1+\/§) »1.62.

N~

Show, with a detailed method, that

%( x(xf +1)1_f = ()é +1)_f.

D , |proof
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Question 278 (*****)
The curveC is defined in the greatest real domain by the &ouia

y-2)(y (v 3

a

a) Show that

dy _ 1
dx 2(y-1)(a+ by g’

wherea, b andc are integers to be found.
b) Determine the exact value of the gradient at thetp@mn C, where x=40.

c) Sketch the graph of .

The sketch must include the coordinates of anytpowhereC meets the
coordinate axes, the coordinates of the pointsnfafiite gradient. You must
also find, with a full algebraic method, the liolesymmetry ofC .

la=2, b=-4, c=- 3, 17—18
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Question 279 (*****)

y 1.2 2x-1
2Y = x-1

y=2

O X
y=-2

x=-1
. . 2x-1
The figure above shows the curve with equat%)]n2 = 1 whose three asymptotes
X_

are marked with dotted lines.

A circle centred at the poir€ and of radiusr is drawn, so that it touches all three
branches of the curve, as shown in the figure.

Determine the coordinates @f and the value of .

0
s
(@)

N —
-

11
Ao
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Question 280 (riwr)

The function with equatiory = f (x) has smooth first and second derivatives.

Show that

d?y, dy®dx.
dé  dx  dy

I

, |proof
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