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Question1  (*¥)
Solve the equation

5+ 4=7

giving the answer in the forrk + Invk, wherek is an integer.

Question 2 (*¥)
A new antibiotic is tested by spraying it on a th&h covered in bacteria.

Initially 1200C bacteria were placed on the dish &hours later this number has
fallen to 2000.

The number of bacteridl on this lab dish reduces according to the equation
N=Ae , t30,

wheret is the time in hours since the bacteria were filated on the dish andy and
k are positive constants.

a) Show thatk =0.0746¢€, correct to4 significant figures.

b) Find the value ot when the bacteria will reactDOC.

| ], [t»33.3

Created by T. Madas



Created by T. Madas

Question 3 (*¥)
Find, in exact form where appropriate, the solutbeach of the following equations.

a) e*=9
b) In(4- y)= 2

c) Int+In3=In12

[ ], [x=In3|, |y=4- &»- 3.39, [t=4

Question 4 (**)

A preservation programme, for elephants in Afrieas introduced years ago. The
elephants were then released to the wild.tLbé the number of years since the start of
the programme.

The population of elephant®, is given by

p=4006"9  ts 0.
Assuming thatP. can be treated as a continuous variable, find ...
a) ... the number of elephants when the programme dtarte
b) ... the number of elephants released to the wild.

C) ... the value ot when the number of elephants will read00.

| 1,]203, |400, [t =19
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Question 5  (**)
The value£ V of a certain model of cat, years after it was purchased, is given by

v=BeX t30
where B andk are positive constants.

The value of the car when new wB2100C and after five years it dropped £5000.

Find the value o8 and the value ok .

|[B=21004, [k » 0.2870
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Question 6 (**)
A curve has equation

y= A,
where A andk are non zero constants.
The curve passes through the poifis4) and(12,16).

a) Find the value ofA and the exact value d.

b) Determine the value of when x=30

(:\)uiv (0] |y= 12k
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Question 7 (**)
A cup of coffee is cooling down in a room.

The temperaturd °C of the coffeet minutes after it was made is modelled by

F i
T =20+50e1>, t3 0.

a) State the temperature of the coffee when it was fivade.

b) Find the temperature of the coffee, afg€r minutes.

c) Calculate, to the nearest minute, the valué when the temperature of the
coffee has reache8b’ C.

| ], [T=70, 26.8°g, t=18

Question 8  (**+)

Find, in exact form where appropriate, the solutbeach of the following equations.
a) 4- 3= :

b) In(2w+1) =1+In(w- )

[ 1. [x=-Lin3»- 0549, lw=2%2 518
2 e- 2
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Question 9  (**+)

A microbiologist models the population of bactenaulture by the equation

P=1000- 95082, t3 0
where P is the number of bacteria in tintehours.
a) Find the initial number of bacteria in the culture.
b) Show mathematically that the limiting value fBris 1000.

¢) Find the value ot when P =500.

PO :50 y t))lzg

Question 10 (**+)
It is given that

7z .
4In16 3In83 kln2.

Determine the value df.
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Question 11 (**+)
The function f is given by

f(x)=4-In(2x 1), %x x %
a) Find an expression fof "*(x), inits simplest form.

b) Find the exact value off (1).

c) Hence, or otherwise, solve the equatib(ix) = ff (1).

f1(x)=

(1+e* )|, [ =4- In7, [x=4

N~

Question 12 (***)
Find, in exact form where appropriate, the solubbeach of the following equations.

a) =4

b) In(4y+1)=2

¢) 2Int+In3=In(&+2
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Question 13 (***)

Find, without the use of a calculating aid, theuioh of the equation

XIN9+1n28=In12+ x In4¢

giving the answer as an exact fraction.

Question 14 (***)
Rearrange each of the following equationsxor

A

a) y=In(x-2}+3, A % 2

) y=3fed

x
"
Nl

x=ge¥ 3+ 2
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Question 15 (***)
A liquid is cooling down and its temperatuge°C satisfies

X

g=20+30e29,t30
wheret is the time in minutes after a given instant.

Find the value ot when the temperature of the liquid has reducdutbits initial
temperature.

| |, [t=35.9
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Question 16 (***)
A car tyre develops a puncture.

The tyre pressur®, measured in suitable units known as p.s.minutes after the
tyre got punctured is given by the expression

P=8+32e", 130,
wherek is a positive constant.
a) State the tyre pressure when the tyre got punctured
The tyre pressure halvés minutes after the puncture occurred.
b) Show thatk =0.4904, correct to4 significant figures.
c) Calculate the time it takes for the tyre pressarérbp tol2 p.s.i.

d) Find the rate at which the pressure of the tyrehenging one minute after the
puncture occurred.

[ ],[P=40d, [t»4.24, |-9.61 p.s.i/mi
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Question 17 (***)

The populationP, in thousands, of a colony of rabbits in titngears after a certain
instant, is given by

P=5+ae™ t30
wherea andb are positive constants.

It is given that the initial population 8 thousands rabbits, and one year later this
population has reduced by 2 thousands.

a) Find the value ofa and the value ob.

b) Explain mathematically, why the population can meneach1000, according
to this model.

la=3|, |b=In3
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Question 18  (***)

a) Find an expression fogf ().

b) State the range of ( X).

c) Solve the equationgf () :%).

of (x) =4€*+ 2, [of (x)>2], [x=In3

Question 19  (**¥)
Simplify the following expression, giving the finahswer in the fornkin 3, wherek

is an integer.

2In9- In6 43 Inz
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Question 20  (***)
Rearrange each of the following equationsxor

a) y=1-2e”

b) y=2-In(x+1), x>-1

c) y=ve*- 2, @ In2
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Question 21 (***)
A hot drink is cooling down in a room.

The temperaturd@ °C of the drink,t minutes after it was made is modelled by

-1
T=22+5068, 130,
a) State the temperature of the drink when it was firade.
b) Assuming the drink is not consumed ...

I. ... calculate, to the nearest minute, the value when the temperature of
the drink has reached° C.

ii. ... determine the value off , when the drink is cooling at the rate of
2.5° C per minute.

| |, T =72, [t»8 min|, [T =42
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Question 22 (***+)

Solve the equation

Inx:i+1, x>0,
In'x

giving the answers in exact form.

Question 23 (***+)
A populationP is decreasing according to the formula

P=Ae" t30

where A andk are positive constants amds the time in years since the population
was 1000C.

Ten years later the population has reducesC.

Find the value ot when the population reach#&60C.
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Question 24 (***+)
Find in exact form the solution of the equation

In(x2-2x- 8): 5 In(x2- 6% @

Question 25  (***+)

The volume of water in a tank m3, t hours after midnight, is given by the equation

-1
V =10+861, t3 0.
a) State the volume of water in the tank at midnight.

b) Find the time, usin@4 hour clock notation, when the volume of the water
the tank ist4 m®.

c) Determine the rate at which the volume of the waechanging at midday,
explaining the significance of its sign.

d) State the limiting value o¥ .

| ], lv=14,08:19, |- %}»- 0.245, decreas,|t®¥ , V® 1
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Question 26 (***+)
Find the exact solution of the simultaneous equatio

e+ =8

26+ €Y = 1€

Xx=In6l, |ly=In2
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Question 27  (***+)
A curve has equation

y=AIn(Bx, x>0
where A and B are positive constants.

a) Given the curve passes through the points with dinates(3,0) and(6,1)
find the exact values oA andB.

A different curve has equation =y, e X, where Yo Is a constant.

n
b) Show clearly thatx =1In Yo , Wheren is a constant to be found.
y

>
I
w
I
Wl
]
I
N~

@ y= Al © 4eg.em
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Question 28  (***+)
Make x the subject in each of the following expressions.

a) y=ye 2.

b) y:In,[i, x>1.
x-1

x=1+5|n(l) x=1+4e? =
Yo

@ gy © 9= wfE

Question 29  (***+)
Determine, ‘in_exact simplified form where approf@jathe solution of each of the
following equations.

a) 2In54- xIn3= Inlz

b) €3+5=32

c) In(1- 2w)= ¥ Inw

X=5[,|ly=-1In3|, W:2-:iL-e»O'212
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Question 31 (***+)

The figure above shows the curves with equations
y=Inx, x>0 and y=2In(x-6), x>6.

The curves cross the axis at the pointA and B respectively, and intersect each
other at the poinC .

a) Write down the coordinates && and B.

b) Determine the exact coordinates©f

A(L,0)(, |B(7,0)[, |B(9,2In3
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Question 32 (***+)
Find the exact solution of the following equation

X 5%X= 3
e-e 2"

||, [x=In2|

Question 33 (***+)
Show clearly that

5in(2) +2in(4)- 5[} 21n(Y) ©  Ina i)

whereaandb are integers to be found.
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Question 34  (***+)
A curve has equation

y=Inx+4x x>0.

The pointsA and B lie on this curve, wherg :%f and x:%, respectively.

Show that the gradient of the straight line segnretis 4+ 4In 2.

proof
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Question 35  (***+)

The functionsf (x) and g(x) are defined
f(x)=4+Inx, xI , % 0
g(x)=ex, xi
a) Find an expression fof "*(x).
b) State the range off “*(x).

c) Show thatx =+/e is the solution of the equatiofg(x) =6.

Created by T. Madas



Created by T. Madas

Question 36 (***+)
Find, in exact simplified form, the solution of &éaaf the following equations.

a) 1- 256¥= 24,

(6]

b) In(e- 5)= ¥ In(5¢- 9.
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Question 37  (***+)
The value,£V , of a painting is modelled by the equation

V =600+ 2001 2+ ), t3 0

wheret is the number of years since the painting washased.
Determine...

a) ... the value of the painting when it was first plaséd.

b) ... the value oft when the value of the painting doubles.

c) ... the rate at which the value of the painting ir@asing twelve years after it
was purchased.

V=600, [t »9.54, |£16 per yed|

Question 38 (***+)
Find, in exact form where appropriate, the solwgiohthe equation

Xx=0, x=1In
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Question 39  (***+)
The function f (x) is given by

f(x)=3€*- 4,4
a) State the range of (x).
b) Find an expression fof "*(x).

c) Find the value of the gradient dii *(x) at the point wherex=0.

f(X)>-4 , f'l(x):%ln(X_‘Mr) 1

Question 40  (***+)
Find the solution of the following simultaneous atijons

e2x+4 = ey

Iny =4x+86.
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Question 41 (***+)

The functionsf (x) and g(x) are defined
f(x)=x*-10x, A
g(x)=€"+5, xi
a) Find, showing all the steps of the calculation,\takie of g(3In2).
b) Find, in its simplest form, an expression fty( ).
c) Show thatg(2x)- fg( X= k, stating the value of the constdat

d) Solve the equatiomyf (x)=6.

g(3In2)=13, | fg(x)=€e*- 25, [k=30], [x=0,1

Created by T. Madas



Created by T. Madas

Question 42 (***+)

The figure above shows the graphs of the curveseagjttations

y=2e* and y=¢"- 1

The two graphs intersect at the poit

Determine the exact.coordinates®f

[ ].[P(n2,9

SOWNG THE CQUATIONS . SIIMUTANKSOSIY

y= 2™ Y
S Efa <o 2

el
Y= €1

=

- A- 2 (A=< 5

L ~ Sl
= A-A-= =S¢
— a2 % = lnz
= A+1)Ca=2) =0 i o
= @& /“f Z) e P(lay)) A saoes
= A=,
= 2o
= 2= 2
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Question 43 (***+)
During a chemical process the mass of a substandégj, at timet hours grows
exponentially according to the formula

m=20&°2 t3 0.
a) Find the time taken for the substance to increasleree times its initial mass.

b) Calculate the rate of change wf, whenm=2100.

, [t =50In3» 54.93 hour, |[— =2
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Question 44 (***+)
The half life of a radioactive isotope is the timéakes for a given mass to reduce to

half the size of that given mass.

A radioactive substance reduces frbgg to exactlyl0.24g in 30 days.

Assuming that the isotope decays exponentiallyerdahe the half life of the isotope,
correct to the nearest day.

, [»131 day#
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Question 45  (****)
A curve has equation

y=In(Ax+ B), x>0,
where A and B are non zero constants.

The curve passes through the poiR(<2,In3) andQ(4,In 27).

a) Find the value ofA and the value oB.

b) Show that the equation of the straight line throdgland Q can be written as

y=(x-1)In3.

|A=12], [B=-21
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Question 46 (****)
Find, in exact simplified form, the solution of &éaaf the following equations.

a) e 3=2e

b) In(2y- )= % In(e y).

X=

N~

(4+In2)|, |y=

e+2

Question 47  (****)
Find, in exact form if appropriate, the solutiontieé following simultaneous equations

x+e¥ =5

In(x+1)2 =2y.

] k=2 [y=i3
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Question 48  (****)
The function f is defined as

f(x)=aln(bx, xI , x>0
wherea andb are positive constants.

a) Given that the graph of (x) passes through the poir(t%,o) and(3,4), find

the exact value ofa and the value ob.

b) Solve the equation

f (x) =8.

a=2:[, [b=3, [x=27
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Question 49  (****)

The figure above shows the graph of the curve wjthagon
y=4- x+ 2In(x 1), x>1.

The point A is the maximum point of the curve and the pdinties on the curve
where x =5.

a) Find the coordinates oA andB.
The pointsC and D lie on thex axis directly below the poin&s and B, respectively.

b) Show that the area of the trapezit’BDC is 6In2 square units.

A(3,1+2Ind B(5: & 4In}
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Question 50  (****)

An area is to be replanted with eucalyptus tretss aflarge fire.

The height,H m, of one such tree is given by the formula
H =25- 24¢%% t30,
wheret is the time in years since the tree was planted.

a) State the height of a newly planted tree.

b) Find the height of a tree, aft@ryears.

c) Calculate, to the nearest integer, the valu¢ when the height of a tree has

reachedd0% of its eventual height.

[ |,[Hg=1m

,[H»5.35n], [t»16
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Question 51 (****)

A radioactive substance decays so that its nrasky, at timet years from now,
satisfies the exponential equation

m=400e%%% t3 0,
a) Find the time it takes for the substance to haklveniass.

b) Determine theexact value oft when the radioactive substance is decaying at
the rate of5 kg per year, giving the answer in termsiof..

t=20In2» 13.86 year, |t :40Ing

Question 52 (****)
It is given that

_In3-1In2
1+In3

Show clearly thaix is the solution of the equation

2°3F=3 e”.
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Question 53 (****)
Find, in exact form where appropriate, the solwgioheach of the following equations.

~

a) 2In56- In168 In—= = xInz.

~N|w

b) ¥ F=2

C) ecos( i) _ 1, 1£w<5.

[ 1,[x=3,|y=(t- ¢ Ing, lw=¢?

Question 54 (****)
f(x)=In(4x), xI , x>0.
Find, in exact simplified form, the solution of tequation

f(x)+ £(5¢)+ 1) =6.

Created by T. Madas



Created by T. Madas

Question 55 (****)

Water is heated in a kettle which is kept in ahete. The kitchen is kept at a constant
temperature]j.

The temperaturel °C, of the water in the kettle satisfies
T=95- 756" 68 (,
wheret is the time in minutes since the kettle was svetchn.
a) Find the time it takes for the water in the ketleeach a temperature 85 °C.

b) Determine the initial rate of the temperature aséhe water in the kettle.

Once the water has reached a temperatu@s0€C the kettle is switched off and is
allowed to cool. Its temperature is now given by

T=15+ Ae Kt t3

whereA andk are positive constants, anchow represents the time in minutes since
the kettle was switched off.

c) Find the value ofA.

d) State, with a reason, the constant temperatureedfitchen,T.

, [t» 2.01 minuteg, |75°C/min, |[A=70Q], |T; =15
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Question 56 (****)
f(x)= In(5x2 +9x+ 5), x1
Show that the statement
“ f(x) is positive for all real values of”

is in fact false.
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Question 57 (****)

y=2+3¢ P

y=-1+ &3

The figure above shows the graphs of
y=2+3€ and y=-1+ &3,
The graphs meet at the poiRt

Show that they coordinate ofP is

|:| , |proof
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Question 58  (****)
Find, in exact form where appropriate, the solufmmeach of the following equations.

a) 2Inx=In(4x+12.

b) 3¢V+2¢éY=1.

t
e

c) —=e.
) 2t

N
—

X=6, X1-

. ly=In2,-In3,

_ 1
1-In2
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Question 59  (****)

When hot cooking oil cools down, its temperatufe5C, is related to the time,
minutes, for which it has been cooling, by the falan

d)

T=20+160&%" t3 0.

Sketch the graph ol againstt, clearly marking its asymptote and the
coordinates of the starting point of the curve.

Determine the value df, whenT =100.
Find an expression faclg.

Calculate the value ofl , at the instant when the oil is cooling down & thte
of 2°C per minute.

[ ], [t=10In2» 6.93, |9 =-166°*|, [T =40
dt
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Question 60  (****)
The pointP(In2,50- 3a) lies on the curve with equation

y = a+ be*,
wherea andb are non zero constants.
The gradient aP is 8.

a) Find the value ofa and the value ob.

b) Determine the exact coordinates of the point wlileeenormal to the curve at
P crosses thexaxis.

a=3,b=4,|(88+In2,0

Question 61 (****)
Find the exact solutions of the equation

36 4¢% 54 2 |

x=In2,- In3
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Question 62 (****)
A curve has equation

y=%x3- 6Inx+ 1, x>0.

The pointsC and D lie on this curve, wher& =4 and x =8, respectively.

Show that the gradient of the straight line segnt&btis 28- L2

2
proof
Question 63 (****)
Find in exact simplified form the solution to thguation
2* e =10
_ -1+ In10
3+In2

]
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Question 64  (****)
Find the exact solution of the following simultansaquations

x+e¥ =1

In (x+1)2 - 2y= 2.

] x=22

e+l
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Question 65  (****)
Find the exact solutions of the equation

2¢°%. 5&% 3&%= .

| |, [x=In3,- In2)
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Question 66 (****)
Find, in exact form where appropriate, the solwitor each of the following equations.

a) e *=3e.

b) - & —>—.
& 1

| |, [x=-1n3|, [w=In5|
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Question 67  (****)
Show that the following simultaneous equations

e+ 4=x
In(x+1)=2y-1
are satisfied by the solution pair

4+e 1n 5e
1- e’ 2 1-e

and hence explain why the equations have no réaios.
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Question 68  (****)
Solve the following logarithmic equation

3
Inx%+—=7.
In x

Created by T. Madas
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Question 69  (****)

The valueV , in £, of a computer systemyears after it was purchased is modelled by
the following expression

V =100+ Aekt, t3 0,
where A andk are positive constants.

Its value after one year w&650 and after a further period of four yed850.

Find, correct to the nearest £, the value of tistesy when new.

| |, [£770
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Question 70 (****)
The curveC has equation

y=e?- 4 1&.
a) Show that thex coordinates of the stationary points@fsatisfy the equation
2X
eX- 2~ 8 C(

b) Hence find the exact coordinates of the statiopaipt of C, giving the
answer in terms oln 2.

[ 1.|(2n2-32In2

Question 71 (****)
Find, in exact form where appropriate, the solgiohthe following equation

4

d_4 -4
dx 3-¢*

x=0, In9
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Question 72 (***¥)
The temperature of an oven is modelled by

g =225- 200e’",t3 0
whereg °C is the temperature of the ovanminutes after it was switched on.
a) State the highest temperature of the oven accotditigs model.
b) Determine the value df when the oven temperature reach2s’ C.

c) Show clearly that

dg 1
1 =—(225-q),
at 10225 9)

and hence find the rate at which the temperattiteeooven is increasing when
its temperature has reachtzb’ C.

v | Qax = 229, t»6.9§, 10°C/mi
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Question 73 (****)

y=2- 3¢

y=1+e" 1+ g !

The figure above shows the graphs of
y=2-3& and y=1+&*+e
The graphs meet at the poiRt

Show that they coordinate ofP is

26+ 3e+ 2
e®+3e+1
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Question 74 (***¥)
The functionsf (x) and g(x) are defined by

f(x)=¢- 3, %
g(x)=x+1, «i
a) Find an expression fof “*(x), the inverse off (x).

b) State the domain and rangefof(x).
c) Solve the equation
gfg(x)=2(e 9,
giving the final answer in terms of logarithms g simplest form.

d) Solve the equation

,%- 3, ()T |, [x=In2], [x=In 2+In(3+¢)
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Question 75 (****)

The number of bacteri&l present in a culture at timtehours, is modelled by the
equation

N = Ae", t3 0.

At the instant whert =In64, there arel20Q bacteria present in the culture and
bacteria are increasing at the rate26D bacteria per hour.

a) Find the value ofA and the value ok .
The timeT it takes for the bacteria to triple in numberaesistant.

b) Find the exact value of .

| |, |A=600, |k

ol

, [T =6In3
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Question 76 (****)
Simplify the following logarithmic expression

In(&/é)-%ln e—% - In —;e ,

giving the answer in the forr%+|n b, wherea andb are positive integers.

[ ] [5+m3
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Question 77 (****)
Find, in exact form where appropriate, the solgitor each of the following equations.

a) In(2x)- In(x+ 2)= 1.

b) (3¢)’ =

Ol

c) €'+15=8é.

X=

2e 2In3
-7.57,|y=- ,[t=In3, In
o Y= 1o
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Question 78 (****)
Solve the equation

In(exz)lnle, x>0,

giving the answers in exact form.
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Question 79 (****)
A curve has equation

f(x)=€*+10e*- 7, xi
a) Solve the equatiorf (x)=0.

b) Hence, or otherwise, solve the equation

X% 7¢ % 16

,[x=In2, x=Injg,

x=In(2€),x=In(59
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Question 80  (****)

A hot metal rod is cooled down by dipping it intolaage pool of water which is
maintained at constant temperature.

The temperature of the metal rod,’C, is given by
T =20+ 480e%",t2 0,
wheret is time in minutes since the rod was dipped invtheer.
a) State the temperature ...
i. ... ofthe rod before it enters the water.
ii. ...ofthe water.

b) Determine the value df when the rod reaches a temperatur@@®° C.

¢) Find the value ot when the rod is cooling at the rate 6f532°C per minute.
d) Show clearly that

OI—Tz-i(T- 20).
dt 10

[ ].[T=50d, [T =20, [t»6.93, [t» 45

water
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Question 81  (****)
The massM grams, of a leaf days after it was picked from a tree is given by

M=Ae ", t30
where A andk are positive constants.
When the leaf is picked its massli@ grams andb days later its mass & grams.

a) Show clearly that

k==In2.

ol

b) Find the value ot that satisfies the equation

d_M:|n Q
dt 2
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Question 82  (****+)

A scientist investigating the growth of a certgresies of mushroom observes that this
mushroom grows to a height diL. mm in 5 hours.

He decides to model the heiglit, mm, t hours after the mushroom started forming,
by the equation

-1
H=k 1- €1 30

wherek is a positive constant.
a) Show thatk =120, correct to three significant figures.

The equation
-1t
H=k 1-e12 [t30,

is to be used for the rest of this question.

b) Determine the value df whenH =90, giving the answer in the formain 2,
wherea is an integer.

c) Show clearly that

H 0.1y
dt 12

d) Hence find the value o when the height is the mushroom is growing at the
rate of 7.5 mm per hour.

e) State the maximum height of the mushroom accorttirigis model.

[ 1.[a=24,[H=3d, [H_, =120
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Question 83  (****+)
Determine, in exact simplified form where approf@jahe solutions for each of the
following equations.

a) e+2=3¢.

b) € ?+2=3¢e" 1,

c) e =3n3,

, [x=0, x=In2,|y=1 y=1+In2, [t=3
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Question 84  (****+)

Find the solution of the following logarithmic edioan

2In108- xIn48& xIn3 8In-.
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Question 85  (****+)

The function f is defined as
f(x)=3-In4x, ¥ ,x O

a) Determine, in exact form, the coordinates of thenppwhere the graph of
crosses the axis.

Consider the following sequence of transformati®nsl, andT;.

INX¥%® IN4YE-  Inde@ 2 3 Indx

b) Describe geometrically each of the transformatidnsrl, andT;, and hence
sketch the graph of (x).
Indicate clearly any intersections with the cooadéaxes.

The functiong is defined by

c) Show that
fg(x)=x- k Kn k,

wherek is a positive integer.

|:|, (%ef*,o) , | Ty =stretch inx , scale factok , | T, =reflection in thex -axig

T, = translation, "up”, 4 unit, k=2
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Question 86  (****+)

A curve has equation

y=4e % & X i

Use differentiation to find the exact coordinatéghe stationary point of the curve,
and determine its nature.

[ ], |max(2- In2,9

Question 87  (****+)

Find, in exact form where appropriate, the solwgiohthe following equation

6%+ 1= 76",

| |, [x=0,-In2)
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Question 88  (****+)

When a tree of a certain species was planted it 2vagetres in height and after
years its height was measured31 metres.

The height,h metres, of this tred, years after it was planted, is modelled by the
equation

h=A- Be' M,
where A, B andk are positive constants.

Given that this species of tree will reach initstime a maximum height df2 metres,
find the value oft whenh =10.

| |, [t»16]
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Question 89  (****+)

The figure below shows the curve with equation
y =3In(Ax+ B), Ax+ B>0,

where A and B are positive constants.

y =3In(Ax+ B)

The curve passes through the poiR{s 1,0) and Q(0,In 27).

a) Find the values oA andB.
b) State the equation of the vertical asymptote tccthee.

The shaded regioR is bounded by the curve and the coordinate axes.
c) Show that the area &® is

g(ln 27- 2).

I
1
Nl

Created by T. Madas




Created by T. Madas

Question 90  (****+)

Find, in exact form where appropriate, the solgitor each of the following equations.
a) 4e=g" "

b) L*/_z"'l:mx_
In x

| | [x=5+2In2, |y=e"??
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Question 91  (****+)
The function f is defined as

fix 6-In(x3), 4 % 2
Consider the following sequence of transformati®nsTl, andT;.
nx¥%3® n(x 3B- Infx @S 4n(x I 6.

a) Describe geometricallf;, T, and T, and hence sketch the graphfofx) .
Indicate clearly any intersections with the axes #re graph's starting point.

b) Find, in its simplest form, an expression fb'rl(x) , Stating further the domain

and range off "*(x).
The functiong satisfies
%2 R
g:x® e°- 3, k

c) Find, in its simplest form, an expression for tbenposition fg(x).

rn

, | T, = translation, "left", 3 unitg, [T, =reflection abouk -ax

(29

T, = translation, "up”, 6 unit;, |(0,6- In3)|, (3+ eG,Q

flix -3+ X, |x£6, fH(x)3-2,[fg:x 6-X
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Question 92 (****+)

Show that the value ot in the following expression

3In2
2In2-1

satisfies the logarithmic equation

2+log, x=2In X , Xx>0Q.

Je

Created by T. Madas



Created by T. Madas

Question 93  (****+) non calculator
An implicit relationship betweex and y is given below, in terms of a constaft

ysed x= A+ 2l se), O£x<%.

Given thaty=2 at x= 3 show clearlythat whenx = %p

(8- In3).

ENN

y:
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Question 94 (****+)

Find, in its simplest form, the solution of theléoling equation

1

™ =18n2,

The answer must be supported by detailed workings.

| [x

1]
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Question 95  (****+)

A population of bacteri@ is growing exponentially with timeé and the table below
shows some of these values.

P 576 2304 a

Show clearly thatn=9216.

1. proof

Created by T. Madas



Created by T. Madas

Question 96  (****+)

Find, in exact form where appropriate, the solgitor each of the following equations.
a) e =2
b) eY+e? =4

e4t- 1

x=1_|n|§2, —%In(Zi\/é)=i—;ln(2+x/?3) , [t=1

<
|
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Question 97  (****+)

The temperaturd °Cin a warehouse is regulated by a thermostat sowhan the
temperature drops tb2 °C the heating system is switched on.

It takes10 minutes for the temperature to rise2® °C and at that point the thermostat
switches the heating system off. It tak#&& minutes for the temperature to drop back
down to12°C.

The cycle then repeats.

This is shown in the graph below, where the tinis in minutes.

20

12

O 10 60 70 120

The section of the graph for whid® £t £ 60 is modelled by the equation
T =10+ Ae", 10£t £ 60
where A andk are positive constants.

a) Find, correct tob significant figures, the value oA and the value ok.

[continues overleaf]
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[continued from overleaf]

The section of the graph for whictD£t £ 120 is a horizontal translation of the
section of the graph for whictD£t £ 60.

This section is modelled by the equation
T =10+Be", 70£t£120

where B is a positive constant.

b) Find, to4 significant figures, the value @ .

|A=13.797, |k =0.032189, |B=95.18
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Question 98  (****+)

Find, in exact form if appropriate, the solutiorigtee following equation.

3
e = &% 2.

wiho
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Question 99  (****+)

A scientist is investigating the population growfifarm mice.

The number of farm mic®&l , t months since the start of the investigation, islelied
by the equation

d)

600
N=—————,1t30.
1+ 5028
State the number of farm mice at the start of tivestigation.

Calculate the number of months that it will take gropulation of farm mice to
reach455.

Show clearly that

dN_1. 1 2

d 4 2400

Find the value ot when the rate of growth of the population of thésen
mice is largest.

|, 109, [t»11], [t=4In5»§
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Question 100  (****+)

The populationd and P, of two bacterial cultured, hours after a certain instant, are
modelled by the following equations

1 1t .
R =1600€', P,=100€", t] ,t2 0.
Whent =T, B contains4800 more bacteria thaf,.

a) Find, in terms of natural logarithms, the possi@&ies ofT .

At a certain time there ar@ extra bacteria irf, compared withP; .

b) Determine the greatest value Bf.

,[T=8In2 or 4In12, |P=640(
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Question 101 (****+)
The function f is defined as

f(x)=In(4-2x), 4 ,x 2

a) Find in exact form the coordinates of the pointeretthe graph off (x)
crosses the coordinate axes.

Consider the following sequence of transformati®nsl, andT;.
nx¥%3® In(x 4% In(2x %" -In(+ 2x 4

b) Describe geometrically the transformatiols T, andT;, and hence sketch
the graph off (x).

Indicate clearly any asymptotes and coordinatestefsections with the axes.

c) Find, an expression fdr *(x), the inverse function of ().

d) State the domain and range bf*(x).

]

T, =stretch inx , scale facto% , | Tz =reflection in they -axi ,|asymptote< = |2 ,

f'l(x):Z-%eX AL [ (x) <2

(%O) (0,In4)]|, |T, = translation, "left", 4 unit,
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Question 102 (****+)

The amountX milligrams, of an anaesthetic drug in the blocestn of a patient, is
given by

X =De% t30

where D is the dose, in milligrams, of the anaestheticiattered and is the time in
hours since the dose was administered.

A patient undergoing an operation is given anahiiose of20 milligrams.

This patient will remain asleep if there are mdr@t12 milligrams of anaesthetic in
his bloodstream.

a) Show that one hour lateX =16.37, correct to two decimal places.

b) Show, by calculation, that two hours after theiahitiose was administered, the
patient should still be asleep.

Two hours after the initial dose was administerefdirther dose oflO milligrams is
given to the patient.

¢) Find the amount of the anaesthetic in the patidribedstream one hour after
the second dose is given.

No more anaesthetic is given and the operatios fas@4 hours.

d) Show by solving a relevant equation that the patiemould “wake up”
approximately80 minutes after the end of his operation.

| |, [X»19.14
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Question 103 (****+)
The temperatureg °C, of an ovent minutes after it was switched on is given by

g =300- 280&%%% t3 Q.
a) State the initial temperature of the oven.
b) Find the value ot when the temperature of the oven ...
I. ...reached60°C.
ii. ...Iisincreasing at the rate df°C per minute.
c) Determine, with justification, the maximum temperatthis oven can reach.

The temperaturey °C of a different ovent minutes after it was switched on is
modelled by a similar equation

g=250- 230&% t30.

d) Assuming that both ovens are switched on at theedame find the time when
both ovens will have the same temperature singeweee switched on.

[ 1,[20cd, [20In2» 13.86, 20In(%) » 25.06, [300° 4, 20|n(2—53) » 30.52
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Question 104 (****¥)
The populationP of seals on an island obeys the equation

_ 80k &3

P=—— e,
1+ kDA

t3 0,

wherek is a positive constant artdis the time, in years, measured from a certain
instant.

Initially there werel75 seals on the island.
a) Find, showing a detailed method, ...
i. ... the value oft when the number of seals reacl&®.
ii. ... the long term prospects of the population of ¢he=als.
b) Show further that

dP _ P(800- P)
dt 3200

| |, |t »8.44,|P, . =80
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Question 105  (****¥)
Find, in exact form where appropriate, the solgitor each of the following equations.

a) In(x+1)=2+In(3x).

c) ez“z(ez- 19: + é( é )Z

Nl

1 1 .
, »0.0472, |ly=In3|, [t=In e2+e
-1

x
I

w
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Question 106 (*****)
Solve the following logarithmic equation.

giving the value ofx in exact form.

=N
'L+
® o
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Question 107  (****¥)

On the # January 2000 a rare stamp was purchased at aiorafmt £16000 and by
the P! January 2010 its value was four times as largts gmirchase price.

The future value of this stampgy , t years after theS1January 2000 is modelled by
the equation

V= AeP!, t3 0,
where A and p are positive constants.

On the % January 1990 a different stamp was purchasedor £

The future value of this stamplU , t years after theS1January 1990 is modelled by
the equation

U=Be*™, 30,
where B is a positive constant.

Determine the year, during which the two stamps wadhieve the same value,
according to their modelling equations.

| |, [2044
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Question 108  (****¥)
Use algebra, to solve the following equation.

e+e X=e+ 1

y X=
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Question 109  (****¥)
It is given that

y=2|n(e?<+])- In( & i x1

Expressx in terms ofy .

Question 110  (*¥***¥)

Given thatx:%(ey- e y) show that

y=|n(x+ x2+1).

proof
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Question 111 (****¥)
Solve the following equation

e”+16° 4+ e .
= bl

(4€) 2\Je’
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Question 112 (****¥)

It is given that2'© is approximatelyl000.

a) Given further thain?2 is approximately0.7, find the approximate value of

In10, giving the answer in the forn%, wherea andb are positive integers.

b) Given further thae® is approximately20, show that the approximate value of

ic 9
In2 is 13"

[ 1 |;n10»%
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Question 113 (****¥)
Show that the expression

x+1

2 e+ Ine

D
NI
[ER

mI

simplifies toe- €%,

oot

Question 114  (*r+*¥)
Find, in exact form, the solutions of the followiaguation

2- Inx’ )
- In)(2+(Inx) 0.

[ 1 |x=e,&@ e
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Question 115  (****¥)
Solve the following equation

2
)" = |hee +( 1+%) 4 2

[l x=-13( 2 V2

Question 116 (*****)

ot .
y=16e 3ln2, tl

Show clearly that wheh=10, y =34

1. oroo]
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Question 117  (****¥)
Solve the following simultaneous equations.

(2x)"?=(3y)"® and 3"x=2"Y,

Nl

wl=
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Question 118  (****¥)
A function f is defined as

f(x)=e®+b, -IN2E xE£ In2,

Created by T. Madas

wherea andb are positive constants.

It is given that f (In (%)) :17:3’

a) Show clearly that

It is further given that

[of3) -

ol

b) Find the value ofa and the value ob.
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Question 119 (****¥)
A curve has equation

y =+ 28"

Find a simplified expression foﬂ—y in terms ofy.
X

d 1
1 | =y -yri=(yr - (9
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Question 120  (****¥)

Find in exact form the solution of the followinguedion.

X+1 2

e ~
e?- X % 5 o Xl
e— X
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Question 121  (****¥)
f(x)° (2+ (297~ & §%, i
a) Find in exact simplified form the solution of theuation f (x) =0.

b) Determine, in terms ofh 2, the two solutions of the equatidr‘(x) =1.

_In(2+e 1 _ In2
[ 1 |x= ;| X X

1+In2 " 1+In2 T 1+1In2
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Question 122  (****¥)
The distinct pointsA and B lie on the curve with equation

In(x+y) =Inx+1Iny, xi (0¢), yi(0f).

a) Determine possible coordinates fér and B, further verifying that these
coordinates indeed satisfy the above given equation

b) Sketch the curve, showing clearly all the rele\gettils.

1[4
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Question 123 (****¥)

Sy

18

Two exponential curves;, andC,, intersect at the poinP(In8,6).

C, meets they axis at(0,18) and the straight line with equatign=2 is an
asymptote taC; .

C, meets they axis at(0,2) and the straight line with equatign=10 is an

asymptote taC,.

Show that atP, C; andC,; cross each other at an acute anglarofa %)
, |proof
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Question 124  (****¥)
Solve the following equation.

30N (29%( & §r 32 A«

Give the two solutions of the equation in the foxm A, whereA is in the form
a-In3

——— , wherea andb are positive integers.
b-1n2

[ =
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Question 125  (****¥)
Solve the following equation.

(iee2)() 0 = @ 8
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Question 126 (*¥***¥)

The positive solution of the quadratic equaticn- x E 0is denoted by, and is
commonly known as the golden section or golden rermb

Show, with a detailed method, that the real sotutad the following exponential
equation

9% + 12X = 16%,
can be written in the form

In(/ - 1)

In3- In4’
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Question 127  (*¥***¥)
The product operatof), is defined as

Ol =uww 6 4 oy

Given thate is Euler's number, use a detailed method to fireeaxact value of

-~
() (2r+1)\/6 ’
r=1

N~
)
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Question 128  (****¥)
The distinct pointsA and B lie on the curve with equation

In(x- y)= Inx+ Iny, xi (0 ), yi(0f ).

a) Determine possible coordinates fér and B, further verifying that these
coordinates indeed satisfy the above given equation

b) Sketch the curve, showing clearly all the rele\gettils.

[A(a.2), B(

Nl
Nolew
N —

Created by T. Madas



