Created by T. Madas

IMPLICIT
EQUATIONS

EXAM QUESTIONS

Created by T. Madas



Created by T. Madas

Question 1  (*¥)
A circle has equation

X2+ y2 =25.

Use implicit differentiation to find an equation thle normal to the circle at the point
with coordinateq(3,4).

y=2x

Question 2  (*¥)
A circle has equation

(x- 4)°+ (y- 3% 25.

a) Show clearly that

_4-X
y-3

Q_|Q_
X 1<

b) Find an equation of the normal to the circle atythint (8,6).
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Question 3 (*¥)
A curve is given implicitly by the equation

y2 +3xy+ ¥ = 20.

Find an equation for the tangent to the curve aipiint P(2, 2).

L [|x+y=4

Question 4  (**)
A curve C has equation

X- 2xyr V- 13 0.

Find an equation for the normal ® at the pointP(-2,3).

|5x- 3y+ 19= ()
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Question 5  (*¥)
A curve is given implicitly by the equation

3y2+6xy+ 4% - 2y= &

Find an equation for the tangent to the curve aipiint P(- 2,1) :

|4y +5x+6=(

Question 6  (**+)

A curve has implicit equation
Ox2 + 2y2+ y=1
a) Show clearly that

dy _ 18x

dx = 4y+1

b) Hence find the coordinates of the points on tha@whereg—i =0.

©-3{o3
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Question 7 (**+)

A curve is given by
2C0sx+ tany = 2

a) Show clearly that

dy = 2sinx co$ y.
dx

b) Find an equation of the normal to the curve atibiat %% , giving the

answer in the formax+ by=p, wherea andb are integers.

L] [4x+y=p

®  2en v by =243 ® 2Tl

Question 8  (**+)

A curve is described by the implicit relationship
y3+ Xy=2y+4x-10.

Find an equation of the normal to the curve afpiet wherey =1.
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Question 9  (**+)

A curve C has implicit equation
X +2xy=¢.
Showclearly that

dy__ X+2y
dx  x3+2xy- 2x

Question 10  (**+)
A curve has equation

4cosy= 3 2sirx, xI =, yl
Show that the straight line with equation

4y- 2x%= p

is the tangent to the curve at the point with cowtes

oS

L
'3

proof
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Question 11 (***)
A curve has implicit equation

y2 +3xy- 2X0+ 17= C.

Find an equation of the tangent to the curve apthiet (- 2,3).
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Question 12 (***)
The curveC has equation

yx(2x- yp 1= 0.
a) Show clearly that

dy_ y-dxy
dx 2x%- 2xy

The pointP(k,2) lies onC.

b) Find the value ok.
c) Show thatP is a stationary point of .

d) Hence, state an equation of the tanger@tat P

@

B aer g
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Question 13 (***)
The curveC has equation

2cosX siny=, OEX,yEp.
The pointP E,B lies onC.
12 4

Show that an equation of the tangenCiat P is

y =3X.

L1 [proof]
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Question 14 (***)
A curve has equation

3% - Xy y2+ 2% 4wy 1
a) Show clearly that

dy _2+6x-y
dx 4- 2y x

b) Hence show further that the value »fat the stationary points of the curve
satisfies the equation

proof
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Question 15  (***)
A curve has equation

2x2 + Xy + y2 =14.
a) Show clearly that

dy 4x+y

dx  x+2y

b) Hence, find the coordinates of the stationary oaftthe curve.

(L-4).¢ 14

6 .

Question 16 (***)
A curve is described by the implicit relationship

y2- 2y 6x+ xC= 15,

Find an equation for the tangent to the curve apiint P(2,1).
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Question 17 (***)
The equation of a curve is given by

4%? + 4y? - 5xy= 10.
a) Find they coordinates of the points on the curve where2.

b) Find the gradient at these points.

_11] |dy

23e(28)95L =3

dx
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Question 18  (***)
A curve C has implicit equation

X - A Xy yz: 13.
a) Show clearly that

dy _ x\ gy
dx 2x- y

The pointsA and B are the two points o€ whosex coordinate i2.
b) Find they coordinates ofA andB.

The tangents t@€ at A and B, meet at the poinP.

c) Find the exact coordinates &f.

[ 1.]a(29),B(2- 3

o
—_
1

|—\
°’|oo
1
H
-
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Question 19  (***)
A curve C is defined implicitly by the equation

(2x- y)’= 37+ 3¢.

Find the value of the gradient at the point®@nwith coordinateg3,2).

Question 20  (***+)

The pointP(2,3) lies on the curve with equation

453 - Bxyr ¥= 23,
Show that the gradient of the curveRtis

K
4-9In3’

wherek is a positive integer to be found.

| 1, k=10
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Question 21 (***+)
A curve C is defined implicitly by

(x+ y)3 =27x, Xx,yl

Verify that the point orC wherex =1 is a stationary point.

s § el ue> W B0 w CrdiGeeg

SEN ¢ BTN SR
=9
= bHgs

i Z
D0 sthffon e/ /

Created by T. Madas



Created by T. Madas

Question 22 (***+)
A curve C is defined implicitly by

y2- 3xyr 4= 28, xI , yl

a) Find, in terms ofx and y, a simplified expression fogl.
X

b) Determine the coordinates of the stationary pant< .

[, |Y=3-8% 10579 (2.4

dx 2y- 3X

@j‘ Pp Ty dy

Question 23 (***+)
A curve has equation

5x% +8xy- 5y+ 4= (.

Find the coordinates of the two points on the Clﬂl\/‘ﬂhichﬂl =-

6
dx 13

(-42) .(4 3
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Question 24 (***+)
A curve C is given implicitly by

X2 - Xy Y= X

Find the coordinates of the points @Gnat which the gradient is zero.

Question 25  (***+)

The equation of a curve is given implicitly by
2Iny=xInx,  x,yl X, y>0.

Find the exact value of the gradient at the pomthe curve wherex=4.

[ 1,/8(a+m4
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Question 26 (***+)
A curve C is given implicitly by the equation

A2 +3xy+yY =2, xI i

a) Find, in terms ofx and y, an expression fogl.
X

b) Find the coordinates of the points Gn where the gradient i8.

dy  8x+3y
gy’ ((_19), (1
dx 3x+2y’( 2). (% 3

@dremgagee
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Question 27  (***+)
A curve C has implicit equation

X2 +4xy+2y2 =7.
a) Show clearly that ...

dy = x+2y

dx 2x+2y’
ii. ... the equation of the tangent to the curvéét, 1) is
X+4y=17.
The tangent to the curve at the poitis parallel to the tangent to the curvePat

b) Find the coordinates d.
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Question 28  (***+)
A curve C is defined implicitly by

22 - xy Ax X= 7, x,yl

a) Find an expression fozl, interms ofx and y .
X

b) Show that(- 1 2) Is one of the stationary points 6f and determine the exact
coordinates of the other stationary point.

dy y-2x 4
I e el W v
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Question 29  (***+)
A curve C is defined implicitly by

4xy- (% 2)°= y- 5.

a) Find a simplified expression fegz, in terms ofx andy.
X

b) Hence determine the coordinates of the two statjopaints ofC .

e Rk

dx = 2x-y
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Question 30  (***+)
A curve C is defined implicitly by

6% +6xy+y =0,
a) Show clearly that

dy_ 6y+6In6

dx  6x+2y

b) Find the gradient at each of the two pointsnwherex=2.

Give the answers in the foran+bln 6, wherea andb are integers.

= —

6Ing, ﬂ =-9+ 6In6
dx(z’_g)
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Question 31 (***+)
A curve C has implicit equation

2xy =2+ 2,

a) Show clearly that

dy _ y- 2¢%In2
dx y- X

The pointP lies onC, wherex=2.

b) Find an equation of the tangent@at P .
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Question 32 (***+)
A curve C has implicit equation

sin 3+ sin2y=\/_2, Of x,yE%.

The pointP lies onC and itsx coordinate is:’LO—Z.

a) Find they coordinate of P.
b) Show that the gradient & is - g

c) Show further that the equation of the tangenttat P is

4y +6X=p.
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Question 33 (***+)
A curve has implicit equation

2
3%-Sy:Z(x+8), xI ,yl

Find the coordinates of the stationary point of¢heve.

ytO.
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Question 34  (***+)
A curve C has implicit equation

xy(x- y+16=0, x!vy, xy!O.

Find the coordinates of the stationary point©f

[ 1](29

XPANDING & DIFFRGSIATIND: (MPuaTy
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Question 35  (***+)
A curve C has implicit equation

ax + xy- 2 y+ b= 0,
wherea andb are constants.
The normal to the curve at the poi{1,4) has equation
2y+3x=11.

Determine the value of and the value ob .

| |,la=3, |b=25
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Question 36 (***+)
The equation of a curve is given by

X% +3

e = .
x-1

a) Show clearly that

dy _ (x- 3)(x+1) |
dx (x2+3)(x- 1)

b) Find the exact coordinates of the turning pointhef curve.

. [&ng
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Question 37  (***+)
The curveC is given implicitly by

ax(2x- y)= b 3,

wherea andb are non zero constants.

The point(2,2) lies onC and the gradient at that point-i%.

Find the value ofa and the value ob.

,|la=2, b=2
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Question 38 (****)

Al

XS + y3 =8xy

The figure above shows a curve known as “the folairDescartes”, with equation
X2 + y3 =8xy.
The pointA( K, k) , Wherekis a non zero constant, lies on the curve.

a) Find the value ok.

b) Show that the gradient & is - 1.

[ 1=
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Question 39  (****)
A curve C has implicit equation

ax - 3xy by= 224,
wherea andb are non zero constants.
The normal to the curve at the po{- 2,6) has equation
15x- 13y+ 108& (.

Determine the value oi and the value ob.

| |, la=8§|, [b=7|
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Question 40  (****)
The equation of a curve is given implicitly by

4y+y e =x3+C,
whereC is a non zero constant.

a) Find a simplified expression fcgl.
X

The pointP(1,k) , where k >0, is a stationary point of the curve.

b) Find an exact value foC.

i 3(x2 ) yzeax)

'
Nlw

dx 2(2+ yé”x) ’
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Question 41 (****)
A curve C has implicit equation

_2x+1
Xy+3’

a) Find an expression fO-glLy, interms ofx andy.
X

b) Show that there iso point onC, where the tangent is parallel to theaxis.

. |&-2
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Question 42 (****)
A curve has implicit equation

8x* + 32xy3 + 16y4 =1

Find the coordinates of any points on the curveselgradient i%.

1.
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Question 43 (****)
A curve C has implicit equation

(xy- 2)( v+ 5)= 10.
The curve crosses thg axis at the pointA.
The straight linel is the tangent t&€ at A.

a) State the coordinates .

b) Find an equation fot.

c) Determine the coordinates of the point whereneetsC again.

[ 1,|A(0,- 10

=25 14,

—_—
ol
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Question 44 (****)
A curve C has implicit equation

4%+ 2xy + P =13.

a) Show clearly that

dx X+ y

dy  y+4%In2

There are two points 0@ whosex coordinate i2.

b) Find the gradient at each of these two points.
Give the answers in the fora+bln 2, wherea andb are integers.

ﬂ =1- 16In2, ﬂ =-3+16In2
dx(z,-l) dx(zl- 3

Created by T. Madas



Created by T. Madas

Question 45  (****)
A circle has equation

(x+3)° +(y-1)*= 282,
a) Find an equation for the normal to the curve atpihiat P(12,9) :

b) Find the coordinates of the poi@, where the normal to the circle &
intersects the circle again.

8x- 15y+ 3% 0, |Q(-18; 7)
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Question 46 (****)

The pointP(4,2) lies on the curve with equation

2%y + 2Y x = 6xy.
Show that the gradient of the curveRatis

1- aln2
bin2-1’

wherea andb are positive integers to be found.

| | ]a=4,b=2

Created by T. Madas



Created by T. Madas

Question 47  (****)
A curve C is defined implicitly by

sin2coty=1 xi , yl , O<x<%, O<y<%.

a) Show clearly that
ﬂ=cot2xsin .
dx

The point A B,ﬁ is a turning point ofC.
4 12
d?y . .
b) Used—x2 to show thatA is a local maximum.
,| proof
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Question 48  (****)
A curve has equation

sinx+ cosy:%, 0E£x<2p,0£y<2p.

Find the coordinates of the points on the curveere@ltthe tangent to the curve is parallel
to they axis.

ZRE

Created by T. Madas



Created by T. Madas

Question 49 (***¥)
The equation of a curve is given by

X - 2y2- Xy & 5% 34 C.
a) Show clearly that

QZZX- y 1
dx x+4y-5

b) Find the exact value of gradient at the point adhrve with coordinates

(1+ WN2-5 fz).

c) Determine the coordinates of the turning pointthefcurve.

_%(2+ 3\/_2) , (3,5) , (- I 3
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Question 50  (****)

The figure above shows the curve with equation

X2 - 8y+ 4y?= 0.
a) Show that

dy__ X
dx 4(1- y)

The curve fits perfectly inside a rectangle whosesiare parallel to the coordinate axes,
so they are tangents to the curve.

b) Show further that the area of the rectangl® square units.

|:| , |proof
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Question 51 (****)
The equation of a curve is given implicitly by

y2- x*=1, |y*1 .
Show clearly that

d?y 1

=5

y
dx?
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Question 52 (****)

°>

X2 + y3:6xy

The diagram above shows a curve known as “the fobtiDescartes”, with equation
X3+ y3 =6Xy.
The curve is stationary at the origih and at the poini.

Find the exact coordinates &f in the form(2”,2m), wheren and m are fractions to
be found.

R 23 23
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Question 53 (****)

The figure above shows the cur@ewith the equation
4y- 2xy+ 6= Y+ 3X.
a) Show clearly that

dy _ y+3x
dx 2- % y

The straight lined, and L, are parallel to each other and are both tangerts. t

The equation ol is

b) Find an equation oL,

[ [ ]y=x+10
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Question 54 (*¥***)
A curve C is given implicitly by

X2 +4y?- 8% 16y 28 (.
a) Find the coordinates of the turning points®f

b) Show clearly that

c) Hence determine the nature of these turning points.

(4,3 &(4,)], |max at( 4,3 &mindt 4)1
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Question 55  (****)
A curve C has equation

y:ZSi”ZX, XT

a) By taking logarithms on both sides of this equatmmotherwise, find an

expression forg—y in terms ofx.
X
b) Find an equation of the tangent to the curve aptiet wherex :%.

I:I, %’zzsinzx' 2InZ cosx ?—sinZt In2 cosA, y=2
X
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Question 56 (****)
The equation of a curve is given by the impliciatenship

Show that at the point on the curve with coordisgtel) , the gradient is7 .
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Question 57  (****)
A curve C has implicit equation

2

(x+2y) by =3x+2.
4x-y

a) Show clearly that

dy _2kx ky 8
dx 6y+ kx+2'

wherek is a constant to be found.

b) Find the gradient at each of the points@nwherex=2.

[ 1.

gradient= -

Nl

[63

(o]
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Question 58  (****)
A curve C is given by the implicit equation

Xy + y2 = +5.
a) Show clearly that

dy_2x y
dx x+2y

b) Find the coordinates of the turning points®f

c) Show further that

dy . dy? fy
2o b (xv2y) =2
dx dx ( y)dx2

d) Hence determine the nature of these turning points.

(L,2) &(- 1; 2)|, |maxat(- & 2 &mindt 12
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Question 59  (***¥)
y=arcsinx, -1£ y£ 1.

a) Show clearly that

The pointP(

ol

arcsinX+ 2arcsiry:%, x|£%, |y E£1.

b) Find the value of the gradient Bt.

,k) , Wherek is a constant, lies on the curve with equation

1
Nl
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Question 60  (****)
A curve C is given implicitly by

X% +3xy- 2yP+ 17= C

a) Find the coordinates of the turning points®f

b) Show further that

2

2+ 4 WY + (3 4y)

dx dx

Fy
dx®

C.

c) Hence determine the nature of these turning points.

(3-2) &( 3,2,

maxat( 3; 2 &mingt 3R
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Question 61 (****)
The curveC has equation

y:ln_y' y>0
X-y

Show that the equation of the tangenCiat the point wherey =e can be written as

e(x- y)= 1.
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Question 62 (****)
A curve C is given by the implicit equation

X2 +2xy- 3y?= 4% 4y 2.
a) Show clearly that

dy x+y-2
dx 3y- x 2

b) Find the coordinates of the turning points®f

c) Show further that

d’y ,dy’ ,dy
3y )8 3 WY, LW 4
(x- 3y )dx2 dx dx

d) Hence determine the nature of these turning points.

[ 1./(02&(4-2)|, |maxat( 4 2 &mindt 08
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Question 63 (****)
A curve C is given by the implicit equation

X2 +4xy+ 2y +18= (.
a) Show clearly that

dy _  x+2y

dx  2x+2y
b) Find the coordinates of the turning points®f

c) Show further that

dy ., dy? fy
144 42 W poax+y) =0
dx dx 4 y)dx2

d) Hence determine the nature of these turning points.

[ 1l(-63&(6r 3|, [maxat(6 3 &mindt 68
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Question 64  (****)
It is given that

d ) 1
— (arcsiru) =
du 1- u?

. Ju£1.

Hence show that ify = sin %arcsin X ,then ...

a) ... (1- 4x2) dy 2: i3 y2.

dx
b) (1- 4x2)d2—y P
dx? dx '

proof
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Question 65  (****)
A curve C has implicit equation

ye¥ =x*, x>0
Show clearly that

dy _ y(1+Inx)

dx 1+y

Created by T. Madas
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Question 66 (****+)

A curve C is given implicitly by

4y*+3xy- 2¥= 2% 2y 1.,

a) Show clearly that

ﬂ’: 2+4x- 3y
dx 8y+3y+2

The tangent taC at two distinct points has gradien®.

b) Find the coordinates of these two points.
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Question 67  (****+)

A curve C is given implicitly by
2%+ xy- V- 4x 4 28 C
a) Show clearly that

ﬂ:4x+ y- 4
dx 2y- %1

b) Find the coordinates of the stationary point&aof

c) Show further that

dy . dy? oy
4+2% 2 & 4 (x ay ¢
dx dx (2 ])dxz

d) Hence determine the nature of the stationary poihpart(b).

[ 1.|(2-4&(0,4)|, [maxat( 2; 3 &mindt O}
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Question 68  (****+)

A curve C has implicit equation
2 2
X-2y+ 4xy 4x 6 4 (
a) Show clearly that

ﬂ/: 2y+ x+ a
dx 2y- 2x% b’

wherea andb are integers to be found.

The straight lind; with equationy =2x- 3 is a tangent t&C at the pointP .

The straight lind, is parallel tol; and is also a tangent © at a different poinQ.

b) Find an equation of; .

,la=-2, b= 3, |y=2x-

10
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Question 69  (****+)

A curve has implicit equation
2xsiny+ 2cosd= , OEy£2p.

Determine the equations of the two straight livelsich are parallel to thg axis, and
are tangents to the above curve.

I

I
I+
Nolw
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Question 70 (****+)

y
X
O
C
The figure above shows part of the cu@ewith equation
X2 + 2%+ y3 =63+ Xxy.
a) Show clearly that
dy _y-2x% 2
dx  3y?- x
b) Show further thaC has only one stationary point @t 4) .
[ 1. [proof
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Question 71 (****+)
If tan3y = 3tarx show clearly that

dy _ 1

dx 1+8sirfx

1. [
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Question 72 (****+)

v + X2 = axy

The figure above shows the curve with equation
y?+x* = axy,
wherea is a positive constant.

The pointY lies on they axis so that the straight line segm#&iat is a tangent to the

curve parallel to thec axis. Similarly the poinX lies on thex axis so that the straight
line segmentXZ is a tangent to the curve parallel to heaxis.

The area of the rectang®YZX, whereO is the origin, is288 square units.

Determine the value od.

| |, la=6|
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Question 73 (****¥)
The curveC has implicit equation

Xy + X y+ ay=1,
wherea is a positive constant.

Use implicit differentiation to show that the grewi at every point o€ is negative.

I:, proof
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Question 74 (****+)

A curve has equation
y = By

Express%/ in terms ofy .
X

D_|Q.
X I

=2yiny
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Question 75 (¥***¥)
The curveC has implicit equation

y=xe¥, x1 0, yt1, yt 2.

Show clearly that
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Question 76 (*****)
It is given that

1
x=t2,t>0.
Given further thaty is a function ofx, show clearly that

2
M:Ziy+4tiy
2  dt dt?
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Question 77 (¥***¥)
y>- X= 4, |y]3 2.
Use differentiation to show that

d’y_4
e

. [proof
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Question 78  (*¥***¥)
A curve is defined implicitly as

y3- X%+ x(3y 2)- 3¢ 2

The y axis is a tangent to the curve at the painand the poinB is another intercept
of the curve with they axis.

The tangent to the curve at the poBitmeets the curve again at the pdiht

Determine the exact coordinate @f.

l:l c 41 783

64’512
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Question 79 (****)
The curveC has equation

y=In(l+cosx), xI ,-p< x<p.
Show clearly that
4 2
M+e'y y +2é2y:c.
dx* dx
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Question 80  (****¥)
A curve is defined implicitly by the equation.

JX+Y - X% F JK,
where k is a positive constant.

a) Use implicit differentiation, directly onto the almequation, to show that

b) Verify the result of par{a) by differentiating the equation of the curve, mayi
first madey the subject of the equation.
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Question 81 (Frr**)
The pointT lies on the curve with equation

X2 + y2- Sxy= 15.
The tangent to the curve at passes through the point with coordina(é.’sG) :

Determine the two possible sets of coordinatesTor

L 1L[(-12 T( 2,13
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Question 82  (*****)
A curve has the following implicit equation

x2+3xy- y2+ 4% 1.

Two tangents to the curve, at some points on theecinoth pass through the point with
coordinates(6,- 4).

Determine the equations of these two tangents.

,|(3x+5y+2)(11x+ 28y+ 46 = (
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Question 83  (****¥)
A curve is defined implicitly by the equation

men - ( X+ y)m+n’
wherem andn are rational constants, anxd 0, y!* 0, x+y* 0, my- n¥ O.
Show that

dy
dx

x <
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Question 84  (*¥***¥)

2x% + 2xy+ y2 =50

The figure above shows the curve with equation
2x2 + 2xy+ y? = 50.

Determine the area of the finite region boundedh®yx axis and the part of the curve
for which y3 0.

| |, [250|
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